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REPRESENTATION FORMULAS FOR |
INTEGRABLE AND ENTIRE FUNCTIONS OF
EXPONENTIAL TYPE Il

CLEMENT FRAPPIER
1. Introduction. We adopt the terminology and notations of [5]. If f € B; is an

entire function of exponential type 7 bounded on the real axis then we have the comple-
mentary interpolation formulas [1, p. 142-143]

. , B 0 _ sin” 7y km +7y
(1) sm’yf(t)+7'cos’yf(t)—7k§m( 1) (ke +7)2f( o +t)

and

00 s 02 (km+y
@ sy fO-cosy =2 3 (D (3 )f(k7r+7 +f)

k=—00 (k7l' +7 )2 T

where ¢, Y are reals and

~ i[ T .
3) 1= —— [ sign(u)e™y (u) du
J:= = [ sientey
is the conjugate function associated to f, which has always a representation of the form
[1, p. 138]:
(4) f© = fO)+ —= \/_* [ e“vaw du,

with ¢ € L*(—r,7). If, in addition, hf( ) < 0, where

i6

is the indicator function of f, then

\/l% ]OT e (u) du, teR

where 1) € L*(o,T), with (see the second part of the proof of Lemma 1)

3 fo=

@) F) = fO) + —— ¢ﬁ e w) du.
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The assumption Ay (g) < 0 appears naturally in our context since it is realized in
particular for those functions f € B, of the form f(z) = P(¢®), where P is any algebraic
polynomial of degree < n. It follows from (3'), (4’) that
™

) Fw=igo-roy ith (3

) <o.
In that case formula (2) may be written in the form

00 s 22 (km+Y
(6) Nl =2ir 3 (—1)"Sln (* )f(k”” +t).

k=—00 (k'/T + ’Y )2

Except fory = 7 (mod ), the example f(z) = e~ shows that formula (6) is not

true in general without the restriction Ay (%) <0.

REMARK. It follows from (6) that the inequality (take Y = —tT)

k
) I7'(0)] <7 sup l/ (1)
kez T

holds whenever f € B; satisfies hy (%) < 0. This is a refinement of the famous Bern-
stein’s inequality, namely |f'(£)| < 7 SUP_ o< e o0 |f ()], t € R. The inequality (7) does
not hold for arbitrary f € B, (take f(z) = sin7z); however we have [7], for all f € B;,

, teR,

®) 120 + )| 5A<r>supp("l)', [eR,
keZ T

with an explicit constant A(7).
It is also known [10, p. 50] that if f € B, satisfies the condition Ay (g) = 0 then:

) e in?y 2(km +7)
9 H+if (1) — ie® (1) = > ( +f)~
) SO+ OO =1 Y oS
(A factor 7 is missing in formula (2.2) of the aforementioned paper.)
Applying (9) to the function g € By, g(z) := €7%f(z), where f € B., we readily
obtain (1).

2. Statement of Results. We adopt the following convention: >,<,<pA,:= 0
whenever a > b, a, b € R. The formula (9) is a corollary of the following

THEOREM 1. Letf € B, such that f(x) = O(|x| =€), € > 0, x — £o00. For all reals
Y #0 (mod 7)and a > 0 we have
(10)
Diaf')  2a —2)rf(t)  4Tf(1) 00 gmalkm)i ( (k7 +7) )
A—em  (I—en) T{d—eny +Tk:z_:oo Gr 2 \ & !
[2V =T — 1 4 2(a — v)iTx]

x2

e~21/i7

=3 L * Flox+ nexirs

1<v<a T

dx.
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If, in addition, hy (%) < 0 then the summation, in the righthand member of (10) is re-
stricted over the integers v such that 1 <v < ¢.

See 5.1.5 for the limiting case Y =0 (mod ).

The summation over v, in (10), is interpreted as being equal to zero if < 1; we
obtain (1) with a = 1. If ks (%) < 0 then the corresponding summation is zero for
0 < a < 2 and we can also see that (9) is a consequence of the particular case o = 2.
The distance between two interpolation points, in the summation of the lefthand member
of (10), is equal to %7; it can be made arbitrarily large but, in order to compensate, we
need a lot of 1ntegrals in the righthand member. A similar circumstance happens in a
paper of Olivier and Rahman [9] where it is proved that the quadrature formula

1 m—1 1\# 00 1
an [Trwa= TS (B, 5 e (D)

pn=0 V=-—00 T
[ even

holds, in particular, for entire functions of order 1, type 7, belonging to L'(—00, 00). Here
m > 1 is an odd integer and p!a, »—1 = v “(0) where

b= 11 <1+£2§>.

1<p<mst K

(”’”’” ; it can be made arbi-

In (11) the distance between two interpolation points is
trarily large but, in order to compensate, we need a lot of summatlons in the righthand
member.

We observe also that the integrand, in (10), is equal to

. d e—Z(Vfa)i'rx —1
(ax+t e(2vfa)n'x Rl —;
s ) dx X

integrating by parts we see immediately that the righthand member of formula (10) is
equal to

1<v<a X

e v Qu—a)irx _ jairx
2 ~/ ((xf(ax+t)+(21/—a)sz(ax+t))(e e > d.

Multiplying both members of formula (10) by (1 — e*7)? and letting Y — O give only
a trivial result. A related result is given in that case by the

THEOREM 2. Let f € B;. For all real t we have

1 oo (2 inx)>2 5 ., | oo (2 4y
(12) ;[wf(—x+t) (1‘2—") di= 20~ 0= 5 3 &)

T 2 V=—00 14
#

The formula (12) is an extension to entire functions of exponential type of a
trigonometric formula (see Lemma 3, below) involving the Fejer’s means, o,(s;0) :=
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S (1= % bje , associated to a trigonometric polynomial s(8) := Y, bje .
Like Theorem 1 it will be proved with the method of approximation described in [5] (see
also sections 5.1.5 and 5.2). In order to do that we shall need a particular case of a result
given in [4], namely
3r2 x 1, (2
@) T 5 () =rrossaro-gro. ses. () <o
M2 500 V T 2
v#0
We take the opportunity to present here a generalisation of the result in question. It is
readily seen that (13) is the case ¢ = 7, r = 2 of the

THEOREM 3. Let f € B, such that hy () < 0. Suppose that 0 < 7 and 0 < x <
1 — g Wehave, forr=2,34,...,

() 2
V40

27rn/x

2y r
( ) 3 () Betotios o)

Vr

We have also the

THEOREM 3'. Letf € B.. Suppose that o > 21 and 0 < x < 1 — 27} We have, for

r=2,3,4,...
v#£0 =0

In (14), (15) we have By(z) := ! —0 ( )B 724~ where B is the j# Bernoulli number

defined by the generating function ;% = 3%, i 5 4. Of course (14) and (15) are valid
under a less restrictive hypothesis of the form f(x) = O(|x|"~!7¢).

3. Some Lemmas. In order to prove the second statement of Theorem 1 we need
the

LEMMA 1. IfF € B, is integrable then for every 6 & (—1,7) we have
(16) 7 Foe ax=o.
—00

If in addition hy (%) < O then (16) holds for § & (—,0).

PROOF. The first part of Lemma 1 is known: the Fourier transform of an integrable
and entire function of exponential type 7 is a continuous function equal to zero outside
[—7,7] (see [8, p. 109, Theorem 3.1.3]).

The second part is also essentially known but an adaptation of a standard proof of the
classical Paley-Wiener theorem (e.g. the first proof in [3, p. 105]) is necessary. We need
to observe that if, in addition, iy ( ) < 0 then [3, Theorem 6.2.4]

|F(x+iy)| < sup [|Fu)|, —00< x<00,y>0

—o0o< U< 00
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(instead of |F(x + iy)] < e™Plsup_ ,co0|F(w)|). The result follows since B, N
L'(—00,00) C B, N L*(—00,00) (see [8, p. 126, Theorem 3.3.5)).

The next two lemmas contain the appropriate formulas on trigonometric polynomials
that we shall need for the proofs of Theorems 1 and 2.

LEMMA 2. Let t(f) := DD/ cjeifo be a trigonometric polynomial of degree <
n,n>2. Forallreals § andy #0 (mod 27) we have

. _ (s+D)m—sn—1 i
cpe™ + S S ((s+D)m—sn—1—j)ce
05.?5%1’%' j=—n
_it®)  (m—Di8)  (n—m(@)
(1—é") (1—¢") (1—e")?
e nom g Gy RV ( 2km +7Y
0 ) ,

4(n—m) (=] sin (23(’;[—*;))

a7

n—m

where m < n is an integer.

PROOF. Let us consider the integral

1,0) :=

f H(—iln¢) dC

27” <| o (C _819)2<m l(Cn m__e:(n m)0+l‘7)

We have
lim 1,(8) = c,.
p—00
On the other hand, using the residue theorem (with p > 1),

2km+Y

Ip(g) = RCS(C = eio) + %Res (Ck = ei(0+ n—m
=1

) +Res(C = 0)

_”’9/(0) (m— e ™0¢@0) (- m)e~ ™0 ¢(9)
(l—e”) (1—e") (1 —e)2

e*mf)—l“l n—m o= -m (9 2km +7Y

4(n—m) (=} sin’ (22&7:::)

) +Res(( =

n—m

To compute the residue at ( = O we observe that, in a neighborhood of the origin,

n . 1 o) C(n~m)x
— — Ve = — -
t( zlnC) - Z CJC ’ Cn—m _ ei(nAm)9+i“/ - Z eis+D)(n—m)f +7) °
s=0

j=—n

and

Lot
(C e10 )2 = ei(r+1)0 ’
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whence
t(—iln¢)
(C _ eiB )2( m—l(C n—m __ ei(n—m)9+i’v)
n oo oo er<j+r—m+(n—m)s
— _j:["j,,,;o;) 10 (r1+(s+ 1) (n—m)) i (s+1)
1 . ) (s+1)ym—sn—1 »
=== 3 M N (54 Dm—sn — 1 — j)cje
C OSXS”—’,”f—;' Jj=—n

+..., m<n

Thus,
. . (s+1)m—sn—1 ..
Res(( =0)=— Y ™D S ((s+ 1ym—sn— 1 — j)cje?
0<s< mm=1 j=—n
and we readily obtain (17). n
The formula (12) will be obtained by comparing two representations of the Fejer’s
means associated to a trigonometric polynomial 1(0) := ©7__, cje’ . One of them is the
classical representation of De la Vallée-Poussin:
1 2 inx)?
(18) ont;0)=— [~ z(i‘ +e) (if) dx.
mJ-o \n x

The other is stated in the

LEMMA 3. [4, Theorem 2]. If1(0) := Y _ncje e is a trigonometric polynomial of
degree < n then, for all real 0,

n (0 + 2k1r)

1 1 1 1 —

4. Proofs of the Theorems. Given f € B;, the functions fy(x): = ©2 _  ¢(hx +
f (x+%), h > 0, where p(x) = (M)2 are trigonometric polynomials with period

X
1/ hand degree < N:= 1+ [ ] These functions have Fourier coefficients

(20) G =h [~ @) fe M dx
so that
N .
1) flx) = 3 ci(hye? i,
j=—N

We may assume that sup_, ., |f(#)] < 1; we have then

(22) )] <1, —00 < x < 00.
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Also,
(23) () — f()] < 2(1 — p(hx)), —00 < x < 00,

from which the uniform convergence on every bounded set of the real axis follows. These
observations are proved in [6] with some obvious modifications.

PROOF OF THEOREM 1. 'We apply (17) to the trigonometric polynomial f (%’m) We
take 8 = O (the general case in (10) is obtained after an obvious translation) n=N
and m = %’N where p and g are integers such that Z <landh= 5 5p,5=0
(mod 2g), S — oo. This readily gives us the formula

(24) T\ (h) = Tx(h),

where

2mh (1 - )

if1(0) . 2mh (§N— 1)

Ti(h): = 2whCy(h) + v = fu0) + — ——F— (1= ) fu(0)
(25) . (m=1)
. dnhNe~ n=m o~ @ —m (kT +7)i ( 2km +7Y )
— 2kr h —
a(1—2) & wesin? (F) " \2mhin = m)
and

_ (v+l)m—vN—1
(26)  Tr(h):=—2rh Y. eV 3 (w+1)m—vN—1—jcih).

—1 j=—
O<y<mes J==N

Proceeding as in [S], we obtain

poy Loy (1-2)o
d—en) ta—em ™ (1—en)
,P/q(%/rﬂ)i ok y
p i ) e (-p/q) T+ )
1=~ .
+( q)Te k:z.:oo(ka+7)2f((l—P/Q)T

It has been assumed here that 0 < v < 27, an unnecessary condition since 7 (k) is a
periodic function of ¥ with period 27. In the following we shall also assume that f is
integrable. If it is not the case but f satisfies a condition of the form

lim Ty (h) =
h—0
27)

(28) f&)=0(x]"), e > 0, x — F00,

then the functions gs(z): = % f(z) are elements of B;,5(6 > 0) belonging to
L'(—00,00). An appropriate limiting process (not difficult to justify) then gives us the
result under the less restrictive hypothesis (28).

Let us change nowjto (v + 1)m —v N —1—j in (26). Using (20) and the basic formula

M—1 _ +1 __ M
29) = M— DM 2Mz +z
. j=1 (z—1
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we see that
(30) Toh) = —2nh* % e [ o(f (ks dx,
O<v<mmed
where
(w+1)m— @ —1DN— 1)e27rihx(N+2)
ko w0 = ;
(e21rihx _ 1)

(31)

—((1/ + l)m _ (l/ _ I)N)eZnihx(NH) + e21rihx(uN—(u+l)m+2)

(e21rihx _ 1)2

Since h?| ¢ (hx)f (X)k, 4 (x)| < c(T)|f(x)|, —00 < x < 00, we may invoke the dominated
convergence theorem to obtain

—(V+1)l'7

(32) lim T>(h) = >

0<v< ;’*”

— [ @k, (x) d,

where

(v + D2 —v + Dirxe™ — &7 4 ¢70=0+00/ 0

x2

(33) ky (x): =

Using (24), (27) and (32) we obtain a formula which is, up to a few changes of vari-
ables, equivalent to formula (10) whenever « is a positive rational number. The result is
extended to real and positive values of o with an argument similar to that used in [5].

It remains to examine formula (10) whenever the additional hypothesis A¢ ( ) <O0is
imposed. The integrand, in (10), namely

[e(2v—a)irz — T 4 Qa — zy)i,rzeairz]
2

34) F(z): = f(axz+1) .
is an entire function of exponential type. If A¢ ( ) < Othen we shall have also hp ( ) <0
whenever the second factor in (34) satisfies the same condition. But that is of course
realized if sy — a > 0ie. v > £. For these values of v the Lemma 1 (with 6 = 0)
shows that the integral is zero in (10) This completes the proof of Theorem 1 since
formula (10) is seen to be equivalent to a known identity in the case @ = 0. ]

PROOF OF THEOREM 2. It suffices to prove (12) for + = 0. We apply (19), with
6 = 0, to the trigonometric polynomial #,(0) = f (%) where N is chosen such that
N =0 (mod 2). This gives us

1 1 N= ( 27rh11(v)
(35) on(ty; 0) — 6 (5 + ﬁ)ﬁ(O) 2 hN)2f B (0) = Z (k,,)
k= N
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Using the representation (18) we obtain

: 2
sinx
. hoanshdd dx,
(36) onti0) =~ [ (o) ()
with
2x 2x 2x 2x 2x 2x
—fl2) < _ =2 el Y el 1
V'(zwhN) f(r) —Vh(zwhiv) f”(r) +i/"(~r) f(r)
Since
2x 2x 21rhN 2x
l[h (27rhN) —Ji ( T ) fh( Wdu| < 2ThN T 0<ug¥/h|fh(u)l
<2 | o,
2mhN T
by Berstein’s inequality for trigonometric polynomials, and
2hx
i (7)1 ()] =2 (-2 ()
T T T
by (23), we see that limy,_q f; (th) f(%)
Thus,
. I foo . 2x sinx)?
o fimon(;0) = - [ limf (27rhN) (T) dx
) ()
mJ-oo’ \ T X
On the other hand,
T N_
if (23rh’;v) _ ZZI fh(zzﬁljv) + (27rhN)
i=1 sin® (A1) k=1N2sin2(%’) ,(__gstinz(W”)
with -
us
M < _1_2 , 0< [k < ]X
N2 sin (W) k 2
Here again
2wk 2km
1 Y il
1mﬁ'(27rhN) f( T )
so that
(38) llm— 1ﬁ'(227r1;:];1) — i i f(—zl;ﬂ)
h—0 N? (= sin ( ) 2 =, kK2
k#0

The result follows from (35), (37) and (38).
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The Theorem 3 may be proved by applying the residue theorem to the integral

/ e“f (&) d
Cvn (& —1)¢r”

where Cyx is the boundary of the rectangle

N — 00, R— 00,

{z=x+iy: |x| <R, |y S@N+Dr}.

Since it is known to be true for o = 7 we shall give here a simpler proof.

PROOF OF THEOREM 3. The following formula is proved in [4, Theorem 1]: let F €
» such that hg ( ) < 0; for all integers r > 2 we have

r o F v £

(39) r!(%) ) -%’—) =—Z(;)Bk(ia)"ﬁ'-k>(0).
e k=0

Now,

r

> () Beoio) £ 00) =

k=0

> Z (7) (f) Bt (ia £ (0).

k=0 j=0

We rearrange the order of summation, change j to j +k and use the relation <j+k) (f;k) —
(i) (’; ) to obtain
- k k z k =k —k . ; ki
E ( ) Bk(x)(lo)f(r_ (0) = Z < >Bk(10) Z ( ) (lGx)lf(r_ —})(O)
k=0 k=0 Jj=0 ]
- . =y
Z ( ) Bu(io)* (¢7™f(w)) = 0),
by Leibnitz’s formula. The function F(w) := €™ f(w) s, for x > 0, an element of B, ,,,

and hp(%) = hy (g) —ox<0Iftr+o0x<o,ie.x<1-— g, then F belongs to B, ;
thus, applying (39), we obtain

kz;%) (;) B(x)(io ' F T R(0) = —! (&)' Vioo F(2§_'/)

v
v#0

which is the desired result. n

PROOF OF THEOREM 3’.  Let us apply (14) to the function g € By,,g(z) := €7%f(2),
which satisfies /1, (%) = hy (%) —7 < 0. We obtain, with the help of Leibnitz’s formula,

r 00 27 ixy 2 ror —k . s kil
() e (B = 22 () () mwintanroo.

v=—00 VT g =0j=0
v#0 J
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We rearrange the order of summation (Zli:o Sk @i = Yo 42 ajx) and use the re-

lation (;) <';k> = (]’) (’;j) to obtain

o\ & €™ (dry
() 2 () =

a

r_j r—j ko N r—k—j g
Z( )( ' )Bk(x)(za) (T < F9(0)
k=0

" r
j=0 J
-y (;) Brj (x+ - ) (o) I2(0)
j=0

where the last step uses the addition formula (see for example [2, p. 275]): B,(x +y) =
k=0 (Z ) Bi(x)y"*. This is equivalent to formula (15). .

5. Other Observations and Results.

5.1.  Some consequences of Theorem 1.
5.1.1. There is a result, similar to Theorem 1, valid for negative values of «. In order
to obtain it we need only to change, in formula (10), kK to —k, ¥ to —Y and o to —a.
5.1.2. It is possible to evaluate in closed form the summation over v in formu-
la (10) (the summation under the integral sign is essentially a geometric progression)
but the resulting formula does not take an elegant form. However, in the case v = 7
we have e = (—1)"; if we suppose furthermore that [a] is an even number then

Ti<v<ia)(—1)” = 0. In that case other simplifications occur and we are led to the

COROLLARY 1. Let f € B; such that f(x) = O (|x| “E) , € > 0,x — Foo. For all
a > 0such that [a] =0 (mod 2) we have

—(k+)mia
o0 e 5

) B ar ; Qk+1)
aif () + (a I)Tf(t)+71'2k:z_:oo(2k+l)2f( 5 7ra+t)

(2—a)i 2irx[a] __ _ . i 2i
_ Wl/;O;f(ax+t) [e a)itx (e T x|« 1) [ JiTxe*i™ (e itx 4 l)l W

X2 (eZi‘rx + ])

(40)

5.1.3 A special case of particular interest is obtained by letting « = 7 in Theorem 1.

5.1.4 Under suitable conditions we can derive, with respect to a, both members of
formula (10). In order to apply the dominated convergence theorem we restrict ourselves
to an interval (m—1, m) where m is a positive integer such that m—1 < o < m. Deriving
two times lead us (taking r = 0 and using Lemma 1) to the integral

L : (f"(ax) — 2irf'(ax) — T2f(@x))e® " dx.

Integrating by parts, we obtain a result which is seen to be valid, by continuity, at the
extremities of the interval (m — 1, m). Precisely, we have the
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COROLLARY 2. Let f € B, such that f(x) = O(|x| %), 6 > 1, x — Fo0. For all
a > 0 we have

o () () ()

k=—00

(41)

3
i’r_lj2 /oo f(ax)e(2u—a)irx dx.
—00

1<v<[a] T

Suppose that @ > 1 so that the function f € B, can be seen as an element of B, ,. We
can therefore change 7 to 7o in (41). Using Lemma 1 we see that the integrals are zero
whenever |2v — a| > 1 if ("—2*9 is not an integer we remain with only one value of v,

namely v = [‘—"zﬂ] Replacing a by (2a — 1) we obtain the

COROLLARY 2. Under the same hypothesis as in Corollary 2, except that a > 1,
we have

i (—1)ke2xkmi (72(2(1 - 1)2f(k7—”) +2iTa — 1)f’ ("T—’r) —f" ("T_”))
(41/) k=-—00 ;
— 4L[O{]Z'/'Oof‘(x)e(l—Z{t:l})i‘l'z\f dx,

™ —00

where { a} : = a — [a] is the fractional part of «.

We need to observe here that formula (41') is also valid whenever « is an integer. In
that case, the integral is zero by Lemma 1 and that the series are also zero is a consequence
of the quadrature formula (11) (with m = 1).

Suppose, in addition, that Ay (%) < 0. The formula (see [5, Corollary 1])

2 & ki 2(k7r) (kn) 00 —airx

=" i S - - — i d 3 O < < 1’

T k:Z:Ooe mn 2 f T /—oof(x)e * Sas
in conjunction with (41"), gives us the following result: if ks (g) < 0and % <A{a} <
1, a > 3, then

f} (—1)ke2kni (7'2(2a - 1)2f,(k7”) +2iTRa — 1)f (k%r) —f" (k%r))

@ 0 k k
=8r2a2 3 (—1)e 2k gipn? (l)f(i) .

koo 2 T

5.1.5 Let us put in evidence the term corresponding to k = 0 in formula (10). Evalu-
ating the limit as Y — O we see that the expression beside the series becomes

b [(% —2a+ az) 2f (1) = 2ira(1 — a)f'(r) — a2f"(t)] )
2T (\3
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The resulting formula, namely

2 o —akmi
a?f"(t) + 2ira(1 — a)f'(f) — (% — 2o+ az) T2 () + 27% poy ¢ . (‘L"Z‘ )

, k#0
2r 00 [eXr—@irx _ 1 4 2(ax — v)iTx]
= — 04 +t X dx’
l;@ga L Jlax+ne =
is known for « = 1. The case @ = 2 leads us to Theorem 2; however some work,

including the use of formula (12) of [5], is necessary.

5.2. A third proof of Theorem 2. A strong result (see [3, Theorem 6.8.11]) says that an
entire function f(z) is of exponential type 7 and belongs L' (—00, 00) if and only if

(42) f@= [ e6 ) du,

where ¢ (1) = ¢ (—7) = 0 and the function obtained by extending ¢ (u) to be 0 outside
(—7,7) has an absolutely convergent Fourier series on the interval (—r —e,7+¢), € > 0.
Assuming that f is integrable we see, in view of (42), that it is sufficient to establish (12)
for functions of the form f(z) = ¢, —7 < u < r. Formula (12) is, for these functions,
equivalent to the identity

1 sinx 5 1 & cos(27r1/)\)
(43) ;/_ cos(2\ )( ) de— 2+ _WV;OO 0 <l,
v#0
which follows from
(44) %ZCOSQWV}\) é_)\+)\27 0<A<L
and
(45) 4/ cos(2/\x)( ””‘) dx=1-X, 0<I<L
If f is not integrable but satisfies a condition of the form f(x) = (|x| ‘_5) ,e>0,x—
Fo00, then we may apply the result to F5(z): = (S"‘&Z) f(@,6 —0. [

5.3. A second proof of Theorem 3’. While proving the Theorem 3(section 4) we observe
thathp(l) <7 —0x.Butr —ox<0ifx > 1 and - <1 — 1 for o > 27. Thus, for
o > 2, the restriction hf( ) < 0is not necessary if - < x < 1 — . The relation (15)
follows if we change x to x + 7.
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