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1. If K i s a finite g e o m e t r i c ( i . e . admi t t ing a r e c t i l i n e a r 

t r i angu la t ion ) n- c o m p l e x and cr i s an n - s i m p l e x of K which i s 
n - 1 

not a face of any n + 1 s i m p l e x of K, and if cr i s an n - 1 

face of cr which i s not a face of any o ther n - s i m p l e x in K, 

then the complex K - cr - cr (the complex whose s i m p l e x e s 

a r e those of K except for cr and cr ) i s cal led an e l e m e n t a r y 

c o n t r a c t i o n of K of o r d e r n . The c o r r e s p o n d e n c e K -> K - cr 
n - 1 

- cr wi l l a l so be cal led an e l e m e n t a r y con t r ac t i on , t h e r e 
being no p o s s i b i l i t y of confusion. A s equence of e l e m e n t a r y 
c o n t r a c t i o n s i s ca l led a f o r m a l c o n t r a c t i o n . F o r m a l 
c o n t r a c t i o n s w e r e f i r s t s tudied by Whitehead [3] . Many 
ques t i ons conce rn ing th is kind of c o n t r a c t i o n r e m a i n ou t s t and ing . 

It i s e a s y to show that a f o r m a l c o n t r a c t i o n m a y be 
a r r a n g e d so that a l l i t s e l e m e n t a r y c o n t r a c t i o n s of o r d e r q 
p r e c e d e a l l those of o r d e r p for p< q. A t r e e m a y be f o r m a l l y 
con t r ac t ed to a g iven one of i t s v e r t i c e s . If L i s a f o r m a l 
c o n t r a c t i o n of K and if | K | (the point se t occupied by K) i s 
n - c o n n e c t e d , then | L | i s n - c o n n e c t e d . Hence if a c o m p l e x 
c o n t r a c t s f o r m a l l y to a v e r t e x i t c o n t r a c t s f o r m a l l y to a 
g iven one of i t s v e r t i c e s . The cone over a c o m p l e x c o n t r a c t s 
f o r m a l l y to i t s v e r t e x , and any subd iv i s ion of the cone over a 
c o m p l e x m a y be f u r t h e r subdivided so as to c o n t r a c t f o r m a l l y 
to the v e r t e x . D e s p i t e al l th i s , i t i s not known whe the r a 
subdivided n - s i m p l e x (n > 2) can be c o n t r a c t e d f o r m a l l y to a 
v e r t e x . 

2 . THEOREM 1. If K i s a subdivided n - s i m p l e x , t h e r e 
e x i s t s a s u b c o m p l e x K1 of the n - 1 ske le ton of K such that 
K c o n t r a c t s f o r m a l l y to K1 . 
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Proof. Each (n- 1)- simplex of K lies on at most two 

n-simplexes of K, and in fact lies on exactly two unless it is 

on the boundary of K. We enumerate the n-simplexes of K; 

n n n 
a , . or . . . cr and we let b , , b . . . . , b be their respective 

1 2 q 1 2 q 
n n 

barycenters . if cr. and cr. intersect in an (n-1)-simplex, 
n-1 

we denote their intersection by cr. . and the barycenter of 

cr by b .. 

For each pair of n-simplexes intersecting in an (n-l)~ 
simplex we construct a path from b. to b. consisting of the 

straight line segments b.b. . and b. .b. . The union of all such 
ë ë i ij ij J 

paths is a linear graph containing all the barycenters of 
n-simplexes, and all the barycenters of (n-1)-simplexes which 
are not on the boundary of K. Moreover, each b. . is an 

endpoint of exactly two segments in the graph. We denote this 
graph by G, and pick, in G, a tree T which contains all the 

b. !s and b . . ! s . This can always be done ("21. 
i i j 

In forming T certain segments have been removed from 

G and, as b . . is on exactly two segments of G, at most one 

of these could have been removed. The removal of the segment 
b.b.. leaves b . an endpoint of the tree T, and the tree 

i i j i j 
T = T - b. .b. - b . . is an elementary contraction of T which 

1 i j J i j 
contains all the b . ' s . Continuing in this fashion we get a t ree 

T ! which contains all the b. !s and has only b ! s for endpoints. 
i i 

The idea of the proof is to contract T1 to a part icular barycenter 
and then, by reversing the order of contraction of T !, contract 
K to K1. 

If b. is an endpoint of T1, the removal of b.b . leaves 
i i i j 

b. . an endpoint, so that the segment b b may be removed by 
!J ij j 

elementary contraction. Such a sequence of two elementary-
contractions ( i . e . , removing the two segments containing a 
particular b. .) will be called a modified contraction. 
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T f c o n t r a c t s to a n a r b i t r a r y v e r t e x , w h i c h we w i l l a s s u m e 
to b e a b . . H e n c e , t h e r e i s a s e q u e n c e T f , T 1 , . . . , T ! . 

l 1 2 2 ( q - l ) 
of e l e m e n t a r y c o n t r a c t i o n s w h i c h c o n t r a c t T f to b . 

E a c h e n d p o i n t of T 1 i s a b , s o t h a t T ' m u s t b e 
l 1 

T 1 - b . b . . - b . f o r s o m e i and j . S i n c e b . . and b . b . p l a y 
i i j i i j i j J 

n o f u r t h e r r o l e i n t h e c o n t r a c t i o n u n t i l t h e y a r e r e m o v e d , w e 
c a n a r r a n g e t h e s e q u e n c e s o t h a t T 1 = T f - b . b . - b . . 

2 1 i j j i j 
H e n c e t h e s e q u e n c e T ! , T 1 . . . . , T ' m a y b e c h o s e n s o 

1 2 2 ( q - l ) 
t h a t T ! , , T !

n . f o r k odd , i s a m o d i f i e d c o n t r a c t i o n . We 
k k + 1 

n o w c o n s i d e r t h e s e q u e n c e of m o d i f i e d c o n t r a c t i o n s T f , T f . 
^ 2 4 

. . . , T ' , t . i n w h i c h T ! . t . - b , w h i c h w e w i l l n o w 
2 ( q - l ) 2 ( q - l ) q 

a s s u m e to b e t h e b a r y c e n t e r of a n n - s i m p l e x h a v i n g a n 
( n - l ) - f a c e on t h e b o u n d a 

o n l y b . ! s f o r e n d p o i n t s . 

( n - l ) - f a c e on t h e b o u n d a r y of K . N o t e t h a t e a c h T ! h a s 

T o f u r t h e r s i m p l i f y m a t t e r s w e r e n u m b e r t h e n - s i m p l e x e s 

of K s o t h a t T 1 . = T ' „ - b . b . . - b . - b . . b . - b . ., w h e r e 
2i 2 i - 2 l i j l i j j i j 

T ! w i l l d e n o t e T f . I n p a r t i c u l a r t h e f i r s t b a r y c e n t e r r e m o v e d 

i s b , t h e s e c o n d b , e t c . I t i s , of c o u r s e , d u r i n g t h i s 

r e n u m b e r i n g p r o c e s s t h a t w e j u s t i f y t h e s u b s c r i p t 2 ( q - l ) on 
t h e l a s t m o d i f i e d c o n t r a c t i o n . 

N o w cr , t h e n - s i m p l e x h a v i n g b a s b a r y c e n t e r , h a s 

n - 1 
a n ( n - l ) - f a c e cr o n t h e b o u n d a r y of K, and t h e c o m p l e x 

q 
T^ n n " 1 • 1 • 

K , = K . - d - c r i s a n e l e m e n t a r y c o n t r a c t i o n of o r d e r n . 
i q q 

T h e p a t h f r o m b t t o b i n T 1 c o n t a i n s b t t h e 
q - i q q - i » q » 

n > n , lT -, n _ 1 n , n 
b a r y c e n t e r of cr / Ï cr . We l e t cr = cr • ,! cr 

q - 1 q q - 1 q - 1 q 
S i n c e cr i s n o t i n K . cr i s t h e o n l y s i m p l e x of K , 

q 1 q - 1 1 
c o n t a i n i n g cr t . H e n c e K. = K . - cr - c r J i s 

q - 1 2 1 q - 1 q - 1 
a n e l e m e n t a r y c o n t r a c t i o n of K and a f o r m a l c o n t r a c t i o n of K-
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I n 

IK con ta ins b for i = l , 2 , . . . , q - 2 . If K. t = K. ^ - ci . ̂  
I 21 l j - 1 j - 2 q-J+2 
-or . ^ has b e e n defined and I K . I con ta in s b. for 

q-J+2 ' J - 1 1 i 
i = 1, 2, . . . , q - j + 1 , and K i s a f o r m a l c o n t r a c t i o n of K, we 

c o n s i d e r the modif ied c o n t r a c t i o n T1 . . i j V . T h i s r e m o v e s 
2(q-J+l ) 

b . Â and a v e r t e x b . w h e r e k > q - j + 1 . Since cr 
q-j+1 q-J+1, k ' H k 

i s not in K. , , cr . i s the only s i m p l e x in K. . which 
j - 1 q-J+1 r J -1 

n - 1 n n - 1 
con ta ins cr . . Hence K. = K. , - cr . J - cr 

q - J + l , k j J-1 q-J+1 q - j + 1 , k 
is an e l e m e n t a r y c o n t r a c t i o n of K. , and a f o r m a l c o n t r a c t i o n 

J-1 
of K. This p r o c e s s r e m o v e s each n - s i m p l e x of K. The 
r e s u l t i n g c o m p l e x i s K1 . 

3 . The p r e c e d i n g proof depends upon the fac t tha t e a c h 
(n -1 ) - s i m p l e x in K i s on at m o s t two n - s i m p l e x e s in K. 
Since a s i m i l a r s t a t e m e n t i s not n e c e s s a r i l y the c a s e in K ! , 
we cannot f in i sh the c o n t r a c t i o n of the s i m p l e x excep t in the 
c a s e of the 2 - s i m p l e x , w h e r e K' i s a t r e e . We can, h o w e v e r , 
s ay some th ing m o r e about the c h a r a c t e r of the c o m p l e x K ' . 

T H E O R E M 2. If cr31"1 i s an ( n - 1 ) - s i m p l e x of K ! ( the 
n - 1 

c o m p l e x found in t h e o r e m 1), then cr h a s at m o s t one 
(n -2 ) - f ace which i s not on s o m e o the r ( n - 1 ) - s i m p l e x in K ! . 

n - 1 
P r o o f . If cr i s on the bounda ry of K, i t h a s at m o s t 

one ( n - 2 ) - f a c e in c o m m o n with a g iven ( n - 1 ) - s i m p l e x on the 
b o u n d a r y of K. Since only one ( n - 1 ) - s i m p l e x on the b o u n d a r y 
of K was r e m o v e d i n f o r m i n g K1, a t m o s t one ( n - 2 ) - f a c e of 
any such ( n - 1 ) - s i m p l e x could have b e e n f reed i n f o r m i n g K 1 . 

n - 1 
If cr i s not on the b o u n d a r y of K, i t i s on exac t l y 

two n - s i m p l e x e s of K. We ca l l t h e m cr. and cr. ; 

n - 1 n n n - 2 n -2 / o\ r 
cr = cr. ; t cr . . S u p p o s e cr a n d cr are (n-2)-faces 

1 J 1 L, 
n - 1 

of cr , e a c h of which i s on no o the r (n -1 ) - s i m p l e x in K1 . 

If cr w e r e on Bd(K), i t would be on a and an 
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( n - 1 ) - s i m p l e x on B d ( K ) ; ' K 1 . H e n c e w e m a y a s s u m e t h a t 

n e i t h e r cr n o r ov i s o n B d ( K ) . 
1 2 v 

n- 1 
T h e r e i s , i n a d d i t i o n to cr , e x a c t l y o n e ( n - l ) - f a c e of 

n . . n ~ 2 „ . n - 1 _ . . 
cr. c o n t a i n i n g cr J ; w e c a l l i t or . T h e r e i s , m 

I 1 11 
a d d i t i o n to cr. , e x a c t l y o n e n - s i m p l e x of K c o n t a i n i n g 

n - 1 n n - 1 
cr t t : w e c a l l i t cr . T h e r e i s , i n a d d i t i o n to t r ^ , 

I I 11 11 
e x a c t l y o n e ( n - l ) - f a c e of cr c o n t a i n i n g cr ; w e c a l l i t 

n - 1 

" 1 2 • 

If ( r ^ and cr h a v e b e e n c h o s e n s o t h a t cr c 
I k I k 1 

n ~ 1 n . . , - , . . n - 1 
cr t, C cr , , t h e r e i s , m a d d i t i o n to (r ( 1 , e x a c t l y o n e 

I k I k I k 
/ x r r n • . n " 2 n, . n - 1 
( n - l ) - f a c e of cr c o n t a i n i n g cr : w e c a l l i t cr 

I k 1 1 , k + 1 
T h e r e i s , i n a d d i t i o n to cr , e x a c t l y o n e n - s i m p l e x of K 

I k 
c o n t a i n i n g cr t t t t ; w e c a l l i t v M , , J . In t h i s f a s h i o n w e 

1, k + 1 1, k+1 

o r d e r a l l t h e n and ( n - 1 ) - s i m p l e x e s c o n t a i n i n g cr 

o- n ~ 1 . -. . n - 2 . . 
b m c e cr i s m K , and i t s f a c e cr i s m n o o t h e r 

n - 1 
( n - 1 ) - s i m p l e x in K 1 , cr J t i s n o t i n K f f o r k = l , 2 , . . . , m , 

I k 
w h e r e m i s n u m b e r of ( n - 1 ) - s i m p l e x e s i n K, w h i c h a r e 

d i f f e r e n t f r o m cr and c o n t a i n cr ' . T h e c o n t r a c t i o n of 
1 

K r e m o v e d o n l y t h o s e ( n - 1 ) - s i m p l e x e s of K w h o s e b a r y c e n t e r s 
n - 1 

w e r e i n t h e t r e e T 1 . H e n c e t h e b a r y c e n t e r of <x i s i n T 1 

I k 
f o r k = 1 , 2 , . . . , m . We w i l l n o w d e n o t e t h i s b a r y c e n t e r b y 

n - 1 
If M 0 " . , ) i s i n T ! , t h e p a t h m a d e up of t h e s e g m e n t s 

I k 
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b K , / M o " * " 1 ) a n d bCcr,- n " 1 ) b ( c r n ) i s a l s o i n T" . 
1, k - 1 I k I k I k 

S i m i l a r l y t h e p a t h s b (o \ )b(cr ), b(cr ), b(cr j ' ), 
l 11 11 11 

b ( ° \ , n ) b ( c r , n " 1 ) , and b(cr n _ 1 ) b ( a - . n ) a r e i n T 1 . T h e 
1, m - 1 l m l m j 

u n i o n of a l l t h e s e s e g m e n t s i s t h e p a t h i n T ' f r o m b(cr. ) to 

b (< r . n ) . 

n - 1 n 
In a s i m i l a r f a s h i o n , w e m a y d e f i n e cr and cr 

2k 2k 
n - 2 n - l _ n _ n - 1 n 

s o t h a t cr C_ cr , ^-cr and cr C 2k and g e t a 
2 2k 2k 2 , k + l 

p a t h i n T ' f r o m b (o \ ) t o b(cr. ) . S i n c e T 1 i s a t r e e t h e s e 
i J 

n- 1 n-1 
paths are identical. In particular b(<x ) = b(a- ) and 

11 21 
n-1 n-1 n-1 n-1 n-2 _ 

cr = cr . S i n c e ( J , , • cr = cr and 
11 2 1 11 1 

n - 1 n - 1 _ n - 2 n - 2 n - 2 _ . . . , n 

cr , cr = cr ? g- = g- m ihis completes the 
proof. 
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