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A Note on Uniformly Bounded Cocycles
into Finite Von Neumann Algebras

Remi Boutonnet and Jean Roydor

Abstract. 'We give a short proof of a result of T. Bates and T. Giordano stating that any uniformly
bounded Borel cocycle into a finite von Neumann algebra is cohomologous to a unitary cocycle.
We also point out a separability issue in their proof. Our approach is based on the existence of a
non-positive curvature metric on the positive cone of a finite von Neumann algebra.

1 Statement of the Main Result

Let I be a discrete countable group acting on a standard probability space (S, ) with
¢ being quasi-invariant and ergodic. Let M be a von Neumann algebra and denote
by GL(M) its invertible group, equipped with strong operator topology. A Borel map
a:T x § - GL(M) is called a cocycle if for any g, h € T, for almost all s € S,

a(gh,s) =a(g, hs)a(h,s).

A cocycle is said to be uniformly bounded if there exists ¢ > 0 such that for any g € T,
for almost all s € S, |a(g,s)|| < c. Two cocyles a, 3:T x § - GL(M) are cohomolo-
gous if there exists a Borel map ¢:S — GL(M) such that for all 4 € T and almost all
ses,

B(h,s) = g(hs)a(h,s)¢(s) .
In this note, we give a new proof of the following result due to T. Bates and T. Gior-

dano, this Theorem generalizes results of both E.-H. Vasilescu and L. Zsid6 [6] and
R.]J. Zimmer [7].

Theorem 1.1 ([4, Theorem 3.3]) Let T be a discrete countable group acting on (S, )
standard Borel space with probability measure y that is quasi-invariant and ergodic, and
let M be a finite von Neumann algebra with separable predual. Let a:T x S - GL(M)
be a uniformly bounded Borel cocycle. Then o is cohomologous to a cocycle valued in
the unitary group of M.

Their approach is based on adapting the Ryll-Nardzewski fixed point theorem.
However, it seems that there is a gap in the argument, and we were not able to deter-
mine to what extend this gap was fillable; see Remark 3.1. We take a different approach,
based on a more geometric property of finite von Neumann algebras in the spirit of

[5].
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2 Circumcenter and Non-positive Curvature

Let (X, d) be a metric space and let B ¢ X be a non-empty bounded subset of X. The
circumradius of B is the real number

r(B) := inf sup d(x, y).
xeX yeB

A point x € X is called a circumcenter of B if the closed ball centered at x and with
radius r = r(B) contains B. Note that, in general, a circumcenter does not always exist
and is not necessarily unique.

A geodesic metric space (X, d) is called a CAT(0)-space if it satisfies the semi-
parallelogram law: for any x3, x, € X, there exists z € X such that for all x € X,

d(x1,%2)* +4d(z,x)? < 2d(x1, %) + 2d (x2, x)*.

In a complete CAT(0)-space, every non-empty bounded subset always admits a
unique circumcenter; see, for instance, [1, Theorem 11.26]. Of course it is not always
the case that a subset contains its circumcenter, but its closed convex hull does [1, The-
orem 11.27].

The important point for us is that the set of positive elements in a finite von Neu-
mann algebra can be endowed with a metric satisfying the semi-parallelogram law;
see [3]. Let M be a finite von Neumann algebra with finite trace 7. For x € M, its
L,-norm is denoted by | x|, := 7(x*x)"Y2. Denote by GL(M), the set of positive
invertible elements. For a, b € GL(M),, set

d(a,b) = |In(a?ba™?)|,.

This defines a metric on GL(M) .. Here are the main features of this metric; for more
details, we refer the reader to [5] and the references therein.

(i) Foranyge GL(M),d(a,b)=d(g*ag,g*bg).
(ii) The metric d satisfies the semi-parallelogram law.
(iii) For all ¢ > 1, the metric d is equivalent to || - |, on the set

GL(M), := {x e GL(M),,c " <x < c}.

In fact, for all ¢ > 1, the space (GL(M),, d) is a (geodesic) CAT(0)-space, which
is bounded, complete, and separable (this is not the case of GL(M).).

Consequently, for all ¢ > 1, every non-empty subset B ¢ GL(M), admits a unique
circumcenter x, which lies in GL(M),.

3 Proof of the Theorem

For each s € S, denote B; = {a(g,s)*a(g,s), g € T'}. Since « is a uniformly bounded
cocycle, there exists ¢ > 1 and a conull Borel set Sy ¢ S such that for all s € Sy and all
hel,

By c GL(M), and a(h,s) Bpsa(h,s) = Bs.
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For every s € Sy, denote by y(s) € GL(M), the unique circumcenter of B;. By [1, The-
orem 11.27] and [1, Lemma 11.28], y(s) is also characterized as the unique circumcen-
ter of B, inside GL(M). Combining this uniqueness with property (i) above, we get

a(h,s)*y(hs)a(h,s) = y(s), forall s € S.

We claim that the map s € S + y(s)/2 € M (with y arbitrarily defined on S \ Sp)
almost surely coincides with a Borel map ¢. After we prove this claim, we will get that
the Borel map

B:(h,s) €T x S —> g(hs)a(h,s)e(s)™" e GL(M)

is a unitary cocycle cohomologous to «, giving the theorem.

To prove the claim we follow the argument in [2, Lemma 3.18]. As the cocycle « is
a Borel map and T is countable, for all v € GL(M),, the map

se€S+—r(v,B) :=sup d(v, oc(g,s)*oc(g,s))
geT

is Borel. By continuity of the maps v — r(v,B;), s € S, and separability (iii) of
GL(M),, we deduce that the map

S inf ,Bs) =r(B
s€ »—>V€G1Ln(M)Er(v s) =1(Bs)

coincides with an infimum over a countable subset of GL(M),, and hence is Borel.
For n > 1, the following set D,, is a Borel bundle over S:

D, = {(s,v) € Sx GL(M), : r(v,By)* < r(Bs)* + nfl}.

By [8, Theorem A.9], there exist Borel maps £,:S — GL(M), such that (s, &,(s)) €
D, for all s in some conull subset §; c S. For all s € §¢ N Sy, the semi-parallelogram
law implies that the sequence (&, (s)), converges to y(s). More precisely, for all fixed
n, with x; = y(s) and x, = &,(s), there exists z € GL(M), such that for all x € By,

d(x1,%2)* +4d(z,x)* < 2d(x1, %)% + 2d (x2, x)*.

Taking the supremum over x € B, we get

d(y(s), E,,(s))2 +4r(z,B,)? < 2r(y(s),Bs)2 + 2r( E.(s), BS) 2 < 4r(By)* +2n7".

Since r(z, Bs) > r(Bjs), this readily gives the desired convergence. Therefore, y almost
surely coincides with the Borel map lim, &,, which completes the proof. ]

Remark 3.1 We point out a gap in the proof of the main result by T. Bates and
T. Giordano [4, Theorem 3.3]. With the notations of that proof, at the bottom of p. 747,
it is not clear why a countable cover of X should exist. For instance, in the case where
M is the trivial algebra M = C, M¢ and B, are simply balls (in the | - | oo -norm) inside
M = L=(S), of radii C and ¢, respectively. Of course, there exists an ultraweakly dense
sequence (¢, ), of X, but B, has empty interior (for the ultraweak topology) inside
L*(S), so (¢, + Be), has a priori no reason to cover X.

Acknowledgements The first author is grateful to Thierry Giordano for interesting
discussions on this paper, and particularly on Remark 3.1. The second author would
like to thank the Functional Analysis team at IMJ-PRG (Université Pierre et Marie

https://doi.org/10.4153/CMB-2017-078-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-078-9

A Note on Uniformly Bounded Cocycles into Finite Von Neumann Algebras 239

Curie, Paris), especially Gilles Godefroy and Yves Raynaud, for hosting him during
the academic year 2016-2017.

References

[1] P. Abramenko and K. S. Brown, Buildings. Theory and applications. Graduate Texts in
Mathematics, 248, Springer, New York, 2008.

[2] C. Anantharaman-Delaroche, Cohomology of property (T) groupoids and applications. Ergodic
Theory Dynam. Systems 25(2005), 977-1013.  http:/dx.doi.org/10.1017/S0143385704000884

[3] E. Andruchow and G. Larotonda, Nonpositively curved metric in the positive cone of a finite von
Neumann algebra. ]. London Math. Soc. (2) 74(2006), no. 1, 205-218.
http://dx.doi.org/10.1112/50024610706022848

[4] T. Bates and T. Giordano, Bounded cocycles on finite von Neumann algebras. Internat. J. Math.
12(2001), no. 6, 743-750.  http://dx.doi.org/10.1142/50129167X0100085X

[5] M. Miglioli, Unitarization of uniformly bounded subgroups in finite von Neumann algebras. Bull.
Lond. Math. Soc. 46(2014), 1264-1266.  http://dx.doi.org/10.1112/blms/bdu080

[6] E.-H. Vasilescu and L. Zsid6, Uniformly bounded groups in finite W*-algebras. Acta Sci. Math.
(Szeged)36(1974), 189-192.

[7] R.]J. Zimmer, Compactness conditions on cocycles of ergodic transformation groups. J. London
Math. Soc. (2) 15(1977), no. 1,155-163.  http://dx.doi.org/10.1112/jlms/s2-15.1.155

, Ergodic theory and semisimple groups. Monographs in Mathematics, 81, Birkhduser

Verlag, Basel, 1984.

Institut de Mathématiques de Bordeaux, Université de Bordeaux, 351 Cours de la Libération, 33405 Tal-
ence Cedex, France
e-mail: remi.boutonnet@gmail.com jean.roydor@math.u-bordeaux1.fr

https://doi.org/10.4153/CMB-2017-078-9 Published online by Cambridge University Press


http://dx.doi.org/10.1017/S0143385704000884
http://dx.doi.org/10.1112/S0024610706022848
http://dx.doi.org/10.1142/S0129167X0100085X
http://dx.doi.org/10.1112/blms/bdu080
http://dx.doi.org/10.1112/jlms/s2-15.1.155
mailto:remi.boutonnet@gmail.com
mailto:jean.roydor@math.u-bordeaux1.fr
https://doi.org/10.4153/CMB-2017-078-9

