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Abstract

Let M be a T-ring with right operator ring R . We define one-sided ideals of M and show
that there is a one-to-one correspondence between the prime left ideals of M and R and hence
that the prime radical of M is the intersection of its prime left ideals. It is shown that if M
has left and right unities, then M is left Noetherian if and only if every prime left ideal of M
is finitely generated, thus extending a result of Michler for rings to T-rings.

Bi-ideals and quasi-ideals of M are defined, and their relationships with corresponding
structures in R are established. Analogies of various results for rings are obtained for F-rings.
In particular we show that M is regular if and only if every bi-ideal of M is semi-prime.

1991 Mathematics subject classification (Amer. Math. Soc.): 16 A 78.

1. Introduction

All definitions and fundamental concepts concerning F-rings and their op-
erator rings can be found in [5]. Throughout this paper M will denote an
arbitrary F-ring (which does not necessarily possess unities, except for part
of Section 2), and L and R will denote its left and right operator rings, re-
spectively. We note that an ideal, one-sided ideal or other substructure / of
M is called finitely generated if there exists a finite subset X of / such that
/ is the intersection of all such substructures of M which contain X. We
call M left (right) noetherian if M satisfies the ascending chain condition
for left (right) ideals. The following characterization of noetherian F-rings
is proved as for rings.
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PROPOSITION 1.1. A T-ring M is left (right) noetherian if and only if every
left (right) ideal of M is finitely generated.

Let A be a ring. If B is an additive subgroup of A such that BAB C B,
then B is called a bi-ideal of A. If C is an additive subgroup of A such that
(CA) n (AC) C C, then C is called a quasi-ideal of A. A bi-ideal, quasi-
ideal or one-sided ideal B of A is called prime (semiprime) if a, b € A,
aAb C B implies a £ B or b e B (a £ A, aAa C B implies a £ B).
For further details concerning bi-ideals and quasi-ideals of a ring, we refer
to Steinfeld [7] and Van der Walt [8].

2. Prime one-sided ideals

A one-sided ideal P of M is called prime if x, y £ M, xYMYy C P
implies x £ P or y £ P. As for rings, we have

PROPOSITION 2.1. Lef P be a left ideal of M. Then the following are
equivalent:

(a) P is prime,
(b) / , / left ideals of M, IYJ c P imply I c P or J c P.

PROOF, (a) =*> (b) Let / , J be left ideals of M such that / , J £ P . Let
x £ I, y G 7 with JC , y 0 P . Then there exist m e M, y, ft e f such that
xymfiy & P. Since xymfiy e /TV, 7TY £ P .

(b) => (a) Let x,y e M be such that ; c O / r > c P . Then (MYx)T(MTy)
c P . Since MYx and A/Ty are left ideals of M, we have that either
MYx c P or MYy c P . Suppose MYx c P . Let / be the left ideal of M
generated by JC . Then IYI C MYx C P , whence / c P . Hence, x 6 P .
Similarly, MEy c P implies y e P.

We now establish the relationships between prime one-sided ideals of M
and R.

PROPOSITION 2.2. Lef P be a prime left (right) ideal of R. Then P* is a
prime left (right) ideal of M.

PROOF. Since P is a left (right) ideal of R, P* is a left (right) ideal of M.
Let x , y € M\P*. Then there exist y, fieY such that [y,x],[/i,y]£P.
Since P is prime there exists r £ R such that [y, x]r[fi ,y]&P. It follows
that there exist v e Y, m e M such that [y, x][v, m][fi, y] & P, that is,
[y, xvmny\ & P, whence xum/uy & P*. Hence, P is prime in M.
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PROPOSITION 2.3. Let Q be a prime left (right) ideal of M. Then Q*' is
a prime left (right) ideal of R.

PROOF. Since Q is a left (right) ideal of M, Q*' is a left (right) ideal of
R. Suppose a, b e R\Q*'. Then there exist x, y £ M such that xa, yb &
Q. Since Q is a prime one-sided ideal of M, there exist m e M, y, ft e F
such that (xa)ym/i(yb) & Q, i.e. x(a[y, m][fi, y]b) & Q. It follows that
a\y> W]L"» y]b & Q*', whence aRb £ Q*'. Hence Q*' is prime in R.

THEOREM 2.4. The mapping P -> P* defines a one-to-one correspondence
between the sets of prime left ideals of R and M.

PROOF. Let P be a prime left left ideal of R. By Proposition 2.2, P* is
a prime left ideal of M. It is easily verified that (P*)" = {r € R:Rr c P} .
Since P is a left ideal of R, P C (P*)*'. If a e (/»*)*', i?a C P , and hence
aRa c P . Since P is prime a e P , and so P = (P*)*'.

Suppose now that Q is a prime left ideal of M. By Proposition 2.3,
Q" is a prime left ideal of R. Moreover, (£)*')* = {* e Af: Afrx C Q} .
Since Q is a left ideal of M, Qc (£>*')*. If JC G (£>*')', then A/Tx c Q,
whence xFMTx c Q. Since Q is prime, x e Q, and so (Q*')* = Q. This
completes the proof.

COROLLARY 2.5. Let 3°(M) be the prime radical of M. Then 9°(M) is
the intersection of the prime left ideals of M.

PROOF. Let ^"(R) denote the prime radical of R. Then 3°(R) is the
intersection of the prime left ideals of R [1, Proposition 2.1]. Moreover,
&>{R)m = &{M) [3, Theorem 4.1]. Hence

&>(M) = (p |{ / : / is a prime left ideal of /?})*

= p | { / : / is a prime left ideal of R}*

= [\{J'- J is a prime left ideal of M} (by Theorem 2.4).

Michler [6, Theorem 6] showed that if A is a ring with unity, then A is
left noetherian if and only every prime left ideal of A is finitely generated.
We prove an analogue of this result for F-rings.

We recall that a left (right) unity for M is an element Y!?=MiSi\ o f

,"=! [e,., ej] of R) such that, for all x e M
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Note that in this case E™iK> <*,•] (E"=ite
;» e,-]) is the (two-sided) unity

for L(R). If M has a left unity, and / is a left ideal of M which is finitely
generated by the subset {ai, ... , an} of / , it may be shown that

/ = MTax + ••• + MYan.

For the remainder of this section, M will be assumed to have left and right
unities d = E™ i K > <*«] a n d e = ^%dej > ej] > respectively.

LEMMA 2.6. / / A is a left ideal of M, then A*' = (E" = 1 [e;., a,]: ai e A}.

PROOF. If a{,... , an e A, then for all x e M, XEJOJ e A, whence

E"=dej' ajl e A*'- Conversely, if a e A*', then a = (E"=1[ej,, ej\)a =

J2"=\[ej > eja] • Since a e A*', e^a e A for 1 < j < n and the result follows.

LEMMA 2.7. Let A be a finitely generated left ideal of M. Then A*' is a
finitely generated left ideal of R.

PROOF. Suppose that A is finitely generated by the set {a,, . . . , ar} c A .
Let a e A*'. By Lemma 2.6, there exists xx, ... , xn e A such that a =
E"=i[«;' xj] • N o w A = Mrai + • • +MTar whence there exist ljk e [M, T]
( ! < ; < « , 1 < A: < r) such that

k=l

Hence

;=i
n

Y.
j=i

n

r

Z—t'- j '
fc=l

r m

k=l
n r

= EE
7=1 k=\ \i=l

Hence, A*' is finitely generated by the set {[Skak\. 1 < / < m, \ <k <r] .

LEMMA 2.8. Let A be a finitely generated left ideal of R. Then A* is a
finitely generated left ideal of M.

https://doi.org/10.1017/S1446788700035394 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700035394


[5] On prime one-sided ideals 59

PROOF. Suppose A is generated by the set {ax, ... , ak} c A. Let a e
A*. Then a = £™, dfip, and [<5., a] £ A for 1 < i < m . Hence there
exists xjk e R, 1 < / < m, 1 < k < r such that

k=\

Hence
m r n

So 4̂* is finitely generated by the set {ejOk: 1 < j < n , 1 < k < r} .

THEOREM 2.9. A T-ring M is left noetherian if and only if every prime left
ideal of M is finitely generated.

PROOF. NOW M is left noetherian if and only if R is left noetherian [4,
Corollary 1]. Hence, in view of Michler's result, we need only show that
every prime left ideal of M is finitely generated if and only if every prime
left ideal of R is finitely generated.

Suppose every prime left ideal of R is finitely generated. Let P be a prime
left ideal of M. Then P*' is a prime left ideal of R by Proposition 2.3, and
is therefore finitely generated. By Lemma 2.8, (P*1)* is finitely generated.
By [4, Theorem 1], P — (P*')*, and so P is finitely generated. Conversely,
suppose that every prime left ideal of M is finitely generated. Let Q be a
prime left ideal of R. By Proposition 2.2, Q* is a prime left of M, and
is thus finitely generated. By Lemma 2.7, (Q*)*' is finitely generated in R.
Again by [4, Theorem 1], Q — (£>*)*'. and so Q is finitely generated. This
completes the proof.

Analogues of all the results in this section may of course be obtained by
substituting L for R and "right ideal" for "left ideal" wherever these occur.

3. Bi-ideals and quasi-ideals

An additive subgroup A of M such that ATMYA c A is called a bi-ideal
of M. If B is an additive subgroup of M such that {BYM) n (MTB) c B,
then B is called a quasi-ideal of M. It is easily seen that one-sided ideal
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=>• quasi-ideal => bi-ideal. We now establish some relationships between the
bi-ideals and quasi-ideals of M and of R.

PROPOSITION 3.1. If A is a bi-ideal of R, then A* is a bi-ideal of M. If
M has a right unity and B is a bi-ideal of M, then B*' is a bi-ideal of R.

PROOF. Since A is an additive subgroup of R, it is easily verified that A*
is an additive subgroup of M. Let a, b e A*, y, n,v eT, m e M. Then
[y, a],[v, b]€ A. Since A is a bi-ideal of R, [y, a][fi, m][v, b] € A, i.e.
[y, afimvb] e A . Hence afimub e A*, whence A*rMFA* C A*. Hence
A* is a bi-ideal of M.

Suppose that M has a right unity S"=1[e,, et], and that B is a bi-ideal
of M. Let a,b e B*', r e R. Let r = E ^ i t ^ ] and let x e M. Then
xa € B and etb e B for 1 < / < n . Henceet

(xa)yjyjei(eib) eB, 1 < / < n, 1 < ; < r.

Hence

that is,

that is, x(arb) e 5 , whence ar& € fi*', and so A*'RB*' C 5* ' . Hence fi"
is a bi-ideal of R.

LEMMA 3.2.

(a)Let A,BCR. Then A*YB* C (,45)*.
(b) Let ACM. Then A*'R C (ATM)" and RA*' C (A/n4)".

PROOF.

(a) Let a e ^ * , b & B*, y, fieT. Then [y,anb] = [y, a][n,b\e AB.
Hence a^6 e (.45)* and so ,4T5* C (AB)*.

(b) Let a e A", r = ^ , [ ) ' / . •*,-] € R, x e M. Then A:a e A, whence
x(ar) = (xa)Y.i[Yixi] = E , ^ ) ^ , ^ ^FAf. Hence ar e (^FM)*' and so
A*'R C (^FAf)*'. Similarly, /?,**' C '

PROPOSITION 3.3.

(a) If A is a quasi-ideal of R, then A* is a quasi-ideal of M.
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(b) If B is a quasi-ideal of M, then B*' is a quasi-ideal of R.

PROOF.

(a) Clearly, A* is an additive subgroup of M. Moreover, A*YM =
A*YR* C (AR)* by Lemma 3.2(a). Similarly, MY A* c (RA)*, whence
(A*YM) n (MYA*) C (AR)* n (RA)* = ((AR) D (RA))* C A*, since A is a
quasi-ideal of R. Hence A* is a quasi-ideal of M.

(b) B*' is an additive subgroup of R. By Lemma 3.2(b), we have that
B*'R C (BYM)*' and that RB*' C (MYB)*'. Hence

(B*'R) n (fl5*') C (BYM)*' n (MTfl)*' = ((MYB) n (5rM))*' C £*',

since B is a quasi-ideal of M. Hence B*' is a quasi-ideal of R.

A bi-ideal or quasi-ideal P of Af is called prime if x, y & M, xYMYy c
P imply x e P or >> e P .

PROPOSITION 3.4 (cf. [8, Proposition 2.2]). ,4 prime bi-ideal P of M is a
prime one-sided ideal of M.

PROOF. Suppose that P is not a one-sided ideal of M. Then PYM £
P and MYP <£ P. Since P is prime, (PYM)YMY(MYP) <£ P. Since
(PYM)YMY(MYP) C iTA/XT, and since P is a bi-ideal of M, PYMYP c
P , then (PO/)rA/T(A/TP) C P , a contradiction. Hence, PYM C P or
A/TP c P , that is, P is a one-sided ideal of M.

As an immediate consequence of this result, Corollary 2.5 and its right
analogue, we obtain

COROLLARY 3.5. 3°(M) is the intersection of the prime bi-ideals of M.

PROPOSITION 3.6 (cf. [8, Proposition 2.4]). A bi-ideal P of M is prime
if and only if I a right ideal of M, J a left ideal of M, IYJ c P imply
ICP or JCP.

The proof is similar to that for the ring case, and will be omitted. We
remark that although van der Walt considers only a ring with identity in [8],
the analogues for rings of Propositions 3.4 and 3.6 are valid for arbitrary
rings. In view of Proposition 1.1 and Theorem 2.9, we obtain the following
characterization of F-rings which are both left and right noetherian. The
proof is again similar to the ring case [8, Proposition 2.7].
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PROPOSITION 3.7. Suppose M has both left and right unities. Then M is
both left and right noetherian if and only if every prime quasi-ideal of M is
finitely generated (as a quasi-ideal).

4. Semi-prime bi-ideals and regular F-rings

A bi-ideal or quasi-ideal Q of M is called semiprime if x e M, xYMYx
c Q implies x e Q.

PROPOSITION 4.1. Let Q be a semiprime bi-ideal of M. Then Q is a
semiprime quasi-ideal of M.

PROOF. Let x e (QYM) n {MYQ). Then xTMYx c QTMTMTMTQ c
QYMYQ C Q since Q is a bi-ideal of M. Since Q is semiprime, x e Q,
and hence {QTM) n {MYQ) c Q.

We now establish some relationships between semiprime quasi-ideals of
M and R.

PROPOSITION 4.2.

(a) Let P be a semiprime quasi-ideal of R. Then P* is a semiprime
quasi-ideal of M.

(b) Let Q be a semiprime quasi-ideal of M. Then Q*' is a semiprime
quasi-ideal of R.

PROOF.

(a) By Proposition 3.3(a), P* is a quasi-ideal of M. Let a € M\P*.
Then there exists y e Y such that [y, a] 0 P. Since P is semiprime,
there exists r e R such that [y, a]r[y, a] & P. Put r = X),!)1, > •*,-] • Then
T2i[y> ayixiya\ & P» whence ay{xtya & P* for some i. Hence aYMYa £
P*, so P* is semiprime.

(b) By Proposition 3.3(b), A*' is a quasi-ideal of R. Let a e /?\£?*' •
Then jca 0 £? for some x e M. Since (? is semiprime, there exist y, n e Y,
m e M such that (xa)ymn(xa) & Q whence a[y, m][fi, x]a & Q*'. Thus
aRa £ Q*', and so Q*' is semiprime.

From Chen [2], M is regular if for all a e M, a e aYMYa.

PROPOSITION 4.3. M is regular if and only if every bi-ideal of M is
semiprime. The proof is similar to that for the corresponding result for rings
[8, Proposition 3.3].
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Finally, we remark that it is easily shown that if A and B are bi-ideals
of M, then AYB is a bi-ideal of M. Van der Walt [8, Corollary 3.5] has
given an example of a ring A with two quasi-ideals P and Q such that PQ
is not a quasi-ideal of A. A is a Z-ring with the normal addition operation
and xny = n(xy) for all « e Z , x j e ^ . Furthermore, it is easily seen
that P and Q are quasi-ideals of A considered as a Z-ring and PZQ - PQ
is not a quasi-ideal of the Z-ring.
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