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Spaces of Lorentz Multipliers

Kathryn E. Hare and Enji Sato

Abstract. 'We study when the spaces of Lorentz multipliers from L’ — LP** are distinct. Our main
interest is the case when s < ¢, the Lorentz-improving multipliers. We prove, for example, that the
space of multipliers which map LP** — LP+ is different from those mapping LY — L™ if eitherr = p
orp’and 1/s — 1/t # 1/u— 1/v,orr # p or p’. These results are obtained by making careful
estimates of the Lorentz multiplier norms of certain linear combinations of Fejer or Dirichlet kernels.
For the case when the first indices are different the linear combination we analyze is in the spirit of a
Rudin-Shapiro polynomial.

1 Introduction

The Lorentz spaces, LP1(G), for G an infinite, compact, abelian group, are Banach
spaces which generalize the classical spaces L?(G), and are intermediate to them in
the sense that whenever 1 < g < p <r < oo then

UL'(6) € LM(G) C 17(G) = LP*(G) C LP'(G) € [ 1*(G).

t>p s<p

By a Lorentz multiplier, or convolution operator, we mean a bounded linear map from
LP(G) to L™*(G), for some p, g, 1, s, which commutes with translation. The action of
convolution by a measure is an example of a multiplier from L?*(G) to L?*(G), while
convolution operators of strong (weak) type (p, p) are Lorentz multipliers from LF?
to LPP (or LP-*°, respectively). We will denote by M(p, g; 1, s) the space of multipliers
from LP4(G) to L*(G) (or simply M(p;r) if p = gand r = s).

Many authors have considered the problem of which Lorentz multiplier spaces
are included, or not included, within others. For example, in [5] Gaudry, improving
upon work of Price [12], showed that M(p;q) € M(r;s)if 1 < p < r < 2 and
1/p—1/q = 1/r — 1/s, while in [15] Zafran proved that for the circle group, (and
certain other locally compact abelian groups) and each 1 < p < 2, there existed
a multiplier of weak type (p, p) which was not of strong type (p, p). This result
was improved by Cowling and Fournier in [4] who showed more generally that if
p # 1,2,00 then M(p, 1; p, 00) 2 M(p,q; p,r) if r < oo or g > 1. In their extensive
investigation they also proved strict inclusions such as

M(p,q;p,r) S M(p,q; p,t)
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when p # 1,2,00,q9 <2and 1 < r < t < q’ (here q’ is the conjugate index to g).

Cowling and Fournier mainly derived their results by estimating the norms of
certain operators in M(p, g; p,r) where r > g. In contrast, our primary focus is on
the spaces M(p, g; p,r) with r < q. The operators in these spaces are also known
as Lorentz-improving multipliers, a generalization of the notion of L?-improving
multipliers. One reason for the current interest in Lorentz multipliers is that they
arise in the study of the smoothing property of measures on flat curves (cf. [1]).

One of our main results is thatif 1 < p < coand 0 < 1/s—1/t # 1/r—1/q then
M(p,t;p,s) # M(p1,q; p1,7) if p; is either p or p’. In particular, M(p,q; p,7) €
M(p, g; p,t) whenever 1 < r < min(t,q). We also prove thatif 1 < p, r < oo and
r# p, p’, then M(p, t; p,s) # M(r,v;r,u) whens < t,u < v.

Our method is constructive: for instance, for any given 7 > 0 we produce exam-
ples of integrable functions which belong to M(p,t; p,s) forall1 < p < oo and
1/s—1/t = 7, but do not belong to any space M(p, g; p, r) for 1/r—1/q > 7. These
examples are formed from linear combinations of Fejer or Dirichlet kernels. We also
produce examples to prove the non-equality of multiplier spaces when the first index
is different. These latter examples are analogues of Rudin-Shapiro polynomials or
measures, a key technique used in both [5] and [4]. Norm estimates are found first
for our operators on the circle group in Section 3, and then for groups whose duals
have infinitely many elements of finite order in Section 4. The results for arbitrary
infinite, compact, abelian groups are obtained in section 5 by essentially reducing the
problem to one of the first two cases.

We begin in Section 2 by reviewing facts about Lorentz spaces and Lorentz-
improving multipliers.

2 Lorentz Spaces and Lorentz-Improving Multipliers
2.1 Properties of Lorentz Spaces

Throughout this paper m will denote normalized Haar measure on G and ¢ will de-
note constants which may vary from one line to another.
We will briefly review the basic properties of Lorentz spaces. Most of these defini-
tions and facts can be found in either [10] or [8].
Given a measurable function f on G, the distribution function of f is defined by
me(y) =m{x € G:|f(x)| >y} fory>0
and the non-increasing rearrangement of f is the function f* defined by
fr(t) =inf{ly >0:me(y) <t} fort>0.
The Lorentz space LP(G) is the space of functions f for which || f]|; , < oo where

/g
1, = 4 (B (V) %) 7 if1 < pg<oc
’ sup, x'/? f*(x) if1 <p<oo,g=cc.
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As f* and f have the same distribution function, it follows that || f|[; , = [/ ||, so

the Lorentz space LP?(G) = LP(G).
Because the function || - ||} . is not a norm it is useful to define the function

f**(x) = ifox f*(s) ds and the norm

1/
_ (fol(xl/pf**(x))q%) T 1< pg< oo
1 fllp = 1 .
supxx/l’f**(x) if1 <p<o0,q=00.

Ifp=gq=1p=gq=orl <p<ooandl < g < o0, then L?4(G) is a Banach

space with dual space L? 4" (G) (provided p, g # oo) where, as usual, 1/p+1/p’ = 1.
The space M(p, g; p, r) is a Banach space when given the operator norm

ITlmpagprs = sup{I T(Dll oy = [ fllipg) < 13-

By duality, M(p, q; p,7) = M(p’,r'sp’,q") [7].
The norm and quasi-norm are comparable. Indeed,

1/q 1/q
(g) 20 < Ufllom < 2’ (g) T

(where (p/q)"/1 = 1if g = 00). If r > q then

q 1/q—1/r
1A lpr < fllpg and [ fllpn < (;) [ fllcp.ars

whileif 1 < p; < p» < ocoand1 < g < oo then

1/q
Il , < (22 1£1%, oo
P2 — P1

From these inequalities it is clear that if we define a total ordering on (1, co) X
[1,00] by (p,t) > (r,s)if p > ror p =rand t < s then

LPYG) C L™(G) if(p,t) > (1)

Moreover, this inclusion is strict. It follows trivially that we have the inclusions
M(p,t;q,s) € M(r,usw,v) if(p,t) <(r,u) and (q,s) > (w,v).
Furthermore, the point mass measure at the identity is not in M(p, t; g, s) if (p, 1) <

(g,s) and this implies, in particular, that M(p, t; p,s) # M(p; p) if t > s.

There is one other inequality relating Lorentz norms with different first indices
which we will need.
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Proposition 2.1  Suppose 1 < p; < p; < ocoandl < g, < q; < 00. Then

1715, < (@)”q‘ (&)”“ (Lt —a) ‘ql))wll/qz 171,
Prav =1\ p, Q@ q192(p2 — p1) P

Proof Asq,/q; > 1, Holder’s inequality implies

* ! * 1d 1/ql
0= (2 [ g 2)

1/qm 1 1/92 1 o Vgi—1/g,
= (q—) ( / (x”“f*w)qz@) ( / xiz‘?;fi;f;;%) _
b 0 x 0 x

Because q142(p2 — p1)/p1p2(q2 — q1) > 0,

/ | dennyd  pipa(@—41)
0 x  qq2(p2— p1)

Using the definition of || f|[7, ., completes the proof. [ |

As with the classical L? spaces, the trigonometric polynomials are dense in L71(G)
whenever 1 < p < coand g < oo. Also, as the spaces LP1(G) for 1 < p < 00,q < 00
are homogeneous Banach spaces, any bounded approximate identity for L', say {k,, },
satisfies

ko * fllip) = I fllpa)-

Two very important theorems for the study of the spaces M(p, g; 1, s) are the weak
and strong interpolation theorems which are similar to the Riesz-Thorin interpola-
tion theorem for the L? spaces. We will state them here for the convenience of the
reader. Proofs may be found in [10].

Notation Given pj, q;,7j,s;and 0 < 6 < 1 define py, qg, 19, 59 by

1 1-0 0 1 1-0 0
= — e + —

Do Po b1 qo qo q
1 1—-60 6 1 1-6 6

Ty 0] A} N S0 S1

Weak Interpolation Theorem Suppose T is quasi-linear and for py < py, 19 # 11

we have
ITFI:, <BIfl;, forallfeLr e, i=o,L.

If g < sthen
TSI < Boll F117,.4-
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Strong Interpolation Theorem Suppose T is a sublinear operator and

ITfIl; s < Billf forall f € LP"%, i=0,1.

|;Z.q;

Then
—0 b
”Tf”:;.sH < BB(l) BleH;m%'

An immediate corollary of the weak interpolation theorem is that convolution by
a measure on G is an operator in M(p, x; p,x) forall 1 < p < oc.

2.2 Lorentz-Improving Multipliers

Multipliers in M(p, t;q,s) with (p,t) < (g, s) are interesting since not all measures,
or even all L! functions, belong to these spaces (see [6] and [8]).

When there exists some p > 2 such that the multiplier T maps L*(G) to L?(G)
then T is said to be L?-improving. When there exists some 1 < p < coands < t
such that T maps L?'(G) to LP*(G) then T is called Lorentz-improving. LP-improving
multipliers have been studied by many authors. Examples include all L? functions for
q > 1, Riesz products and some singular measures on curves (cf. [13], [3], [9] and
[2], as well as the references cited therein).

Lorentz-improving multipliers are a refinement of the notion of L?-improving
multipliers; indeed, all LP-improving multipliers are Lorentz-improving but not the
converse. In fact, there exist integrable functions which are not L?-improving, but
belong to M(p, 005 p, 1) forall 1 < p < oo [8].

The inclusions of the Lorentz spaces imply that M (r, v;w,u) C M(r + &;w — €)
for all ¢ > 0, hence if r < w then the operators in M(r, v; w, u) are L?-improving
multipliers. Together with the previous remark this implies that M(r,v; w,u) #
M(p,t; p,s) for any s < t. Hence our interest is in determining when the spaces
M(r,v;r,u) and M(p,t; p, s) are distinct.

3 Circle Group

In this section we will prove non-equalities of classes of Lorentz space multipliers for
the case when G is the circle group T. But first we obtain a result which is valid for
all compact, abelian groups.

Proposition 3.1  Let G be any compact, abelian group and let P be a trigonometric
polynomial. Suppose that for all 1 < p < oo there are constants A(p) and B(p) such
that

1157 < A(p)| supp P|"/?

and P: LP — LP has multiplier norm at most B(p). Then for any 1 < s <t < oo there
is a constant ¢ = c(p) such that

IPl|s(pssp) < c(log| supp P|)!/*=1/",
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Remark 3.1 Of course, the interest here is not that the polynomials of this proposi-
tion are L?" — LP= multipliers, as all polynomials are, but rather the estimates on the
magnitude of their multiplier norms in terms of the size of the support of the Fourier
transform.

Proof First assume t < oo and let f € LP*. We want to use Proposition 2.1 with
p1=p>q1 =S, p2 > p defined by the equation

1 1 1

P P log\suppls\’

and q; = tp,/p. Notice the proposition does indeed apply since 1 < p < p, < 0©
and 1 <s=¢q; <t < q < 00, and hence yields the bound
(3.1)

1/s 1/q2 _ 1/s—1/q2
perln < (S) (R2) 0 (Redem9 1P 7
b p 7P sq2(p2 — p) b2t

s 1/s P2 1/q2 1 1 1/s—1/qx 1 1/s—1/q .
< |- — ~—— T 1P fI7, g, -
p 92 S Q@ ~ 3

1
4 P
Now,

1 1 1 1
st

S qz

__r
tlog |supp P|

hence
1 1/s—1/q2
<ﬁ> < (log|supp P|)"/s=1/ter/t,
p p2
1

Since (; — ql—z) < 1, we may simplify (3.1) to

* s\ b2 e BINL/s—1/t p/t *
[P fllps < » - (log [supp P|) ePM|Px £, 4. -

Take @ = p/ps. Since ((P* f)*)" = ((P* /)*) ", ap, = pand ag, = t,itisa
routine calculation to show

1P fll},q, < (sup P F)' ([P flI} )%
It follows from [10] and the hypotheses of the proposition that

sup [P f < p'IPllo | f1;.00 < p"A(P)| supp PP | £1I7,.

The assumption that ||P||arr) < B(r) for all r, together with the weak interpolation
theorem, ensures that [|Px f||5, < Bi(p)| |}, forall p and . Thus

1P £}, q, < c(p)] supp P~/ | £1I7,
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for some constant c(p). But (1 — «)/p = (log \suppﬂ)_l, 0 |suppﬁ|(1_‘”)/P is
bounded. This means

1P fllpge < Il

Returning to (3.1) we see this gives

1/q
1+ fII%, < c(p) (g—) (5)"/(l0g lsupp B~ || ],

< c(p)(log |supp P £I%,

with the finally inequality resulting from the observation that s'/* < 1 and p,/q, <
p. This proves thatif 1 < p < coands <t < oo then

IP|sipaspsy < c(p)(log supp P)!/*~1/".

In particular, if s # 1 a duality argument proves

1Pl atprocips) = IPllatprspry < c(p)(log Jsupp P))' =" = c(p)(log |supp P|)'7".

It only remains to consider the case t = oo and s = 1. For this, note that it is
shown in [8] that || f||(p,1) = limy, 1 || f||(p.s,) and therefore

[P+ fll(p.y) < lim sup 1Pl acp.003p.5) | 1l p.oo)
Sp—

< c(p)(log|supp P 1 p.00)

which completes the proof. ]

Interesting classes of examples in the setting of the circle include the Dirichlet,
Fejer and de la Vallée Poussin kernels.

Proposition 3.2 Let G be the circle group. Suppose X is an integer, 1 < p < oo and
1 < s <t < oc. Let P denote either the Dirichlet kernel of degree \V, the Fejer of degree
AN or the de la Vallée Poussin kernel of degree 2\3N + 1. There is a constant ¢ = c(\, p)
(but independent of N ) such that

HP”M(p,t;p,S) < N5,

Proof It is well known that for any of these kernels the L? — L? multiplier norms
are bounded independently of N, thus we only need check the Lorentz norms, L? i1
We will do this for the Fejer kernel, Ky, of degree AN The other two kernels are
similar.

Observe that

1 sin(n + Dx/2\° - (7)2( o 1) N 1 (7r)2
- n —_ | =
n+1\ sinx/2 Xioxl = {3 Xtow/n +-—7 (3 ) Xiw/nrl

=fH+fr
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Since the function f; is non-increasing we can easily determine its Lorentz norms:

w/n dt
il <c [ ermen?
0

<cn+Dn VP = cn'/p'

The function f, has the same distribution as the decreasing function

2
1 ™
n+1 <x+ 7T/n> X10.m—m/n]-

T—m/n 2

c T dt
oL tl/P -

Hfz”"’l ~ n+ 1/0 (t+7r/n) t

n—2 k+1 2
< € Z/W(Jr)/ntl/p T ﬂ
Tl oy, t+7/n) t

¢ = 71' 2 k+1\?
Sn+lkz;<7r(k+l)/n> < n )

n—1
< cnt/?’ Z k2P < /P
k=1

Consequently

Combining these results and taking n = A% shows that ||[Ky||5, < AN/ =
¢| supp Ky|"/?" as required. [ |

Our next goal is to prove that the upper bound given in this proposition is the
order of magnitude of the multiplier Ky, for sufficiently large \. This will be accom-
plished by finding a suitable test function. First we will describe the test function and
establish some basic properties of it.

Test Function Let )\ be alarge integer (A = 1000 will suffice) and for convenience set
My = 2XN +1. Let Dy be the Dirichlet kernel of degree AN. Setx; = 2(j —1)/v/Mn
for j = 1,...,2" and set zx = 3"k/\/My for k = 1,...,N. Define D;(x) =
DN(x — (x; +zk)) and

Dirlx) ifxe[Z2, +]+x+z
B = { (%) 5720 3]+ + 2

else.

Notice that if N is sufficiently large than the functions D;x(x) are disjointly sup-
ported. The test function will be

N 2k

1 —~—

(3.2) Fn(x) = . § jz*k/PE "Dji(x).
k=1 j=1
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Proposition 3.3 Let1 < p < coand1 <t < oco. There is a constant ¢ = c(p) such
that
« —1
By, < eNYVIMGY.

Proof Without loss of generality we may assume N is sufficiently large that the func-

tions Dj(x) are disjointly supported. As |D/];(;)| < My this means that if gy =

k —~
Z§:1 Dji(x) then [g| < My. Also, if n is (temporarily) fixed and x € supp g for
some k > n, then

|Fn(x)| < 2—k/p < 7—(n+)/p.

Therefore

211+3

m{x: |[Fn(x)| > 2—"/1’} < m(U suppgk) sz

k=1
Furthermore, |Fy(x)| < 271/? for all x and

2N+3

m{x : |Fn(x)| # 0} < ZZk—N < — M

These calculations show

(1) Fj(0) <271e
(2) F52"™3/My) <27 "Pforn=1,...,N
(3) Fi(y) =0for y > 2N* /My.

As Ff; is a non-increasing function these three properties imply that if < oo then

16/My dx
sl < [ (rme) 2
0

N

1 2n+4/MN tdx
l/pF* >
;/2 T

n+3 / My

N—1 .
< c z—t/p + Z z—nt/p(z(n+4)t/p . 2("+3)t/P) < c2 t/PN
- Mt/P = Mt/p .
N N

n=1

Therefore ||FNH;J < CNI/[MEUP-

Similarly,
2n+4 1/p c ]
Fy /%o < sup2™"? =—.
|| NHp,oo = Slip (MN> ]l\j/p

In order to obtain lower bounds on the Lorentz norm of Ky * Fy we will need to
make delicate estimates which depend upon some elementary facts about the Dirich-
let and Fejer kernels. These are recorded here for the convenience of the reader.

Lemma 3.4  Let d, be the Dirichlet kernel of degree n and k, the Fejer kernel of degree

nd. Let d denote d,, restricted to the interval [ —
followmg are true:

5==1. For n sufficiently large the

2n+1 4 2n+1
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(1) If|t| < 1/n’ then |d,(x +1t) — d,(x)] < 1.

(2) If|t| > 1/n° then |k,(t)| < 7*/n%.

(3) Given0 < § < 1 there exists a > 0 such that whenever |t| < «/(2n + 1) then
dy(0)] > 6(2n + 1),

(4) For|t| < 1/(2n+1), |d, * ka(t) — dy(t)| < 2.

(5) Given1 < p < o0, there exists a > 0 such that whenever [t| < a/(2n + 1) then

\dy # k(£)] > 27120 (20 + 1).

Proof The first three items are entirely routine exercises involving trigonometric
inequalities.

To prove (4) we use the fact if [t| < 1/(2n+ 1) and |x| < 1/n® then |t + x| <
2/(2n + 1), so that d,(t + x) = d,(¢r + x). Since |d,(x + ¢) — d,(t)] < 1 when
|x| < 1/n? it follows that

< / k,=1.

/ (At + ) — dy(6)) ko() dim()
el <1/

Also,

<2(2n+1) k., (x) dm(x)
|x|>1/n3

<202n+ D) /n? < 1.

‘ / (At + %) — dy(®)) ko) dm()
|x|>1/n3

Combining these estimates gives

|y Ky (£) — doy(1)] < ‘ / (du(t +x) — dy(1)) ko(x) dm(x)| < 2.

Item (5) is a corollary of (3) and (4). [ |

We continue to use the notation Dy for the Dirichlet kernel of degree AN, Ky for
the Fejer kernel of degree A\®" and My = 2AN + 1.

Lemma3.5 Letl < p < oo. Thereis a constant o > 0 such that for any n =
2 N

geeey

m{x : |Fy % Kn(x)] > 27"} > 02" /My.

Proof Choose @ > 0 as in item (5) such that whenever [t| < a/My then
|Dy * Ky (t)| > 271/2?My. Without loss of generality we may assume a < 1. Tem-

porarily fix j, k and consider D/j;(;) * Ky If [x — (xj + zx)| < oo/ My then by (5) we

must have B
IDjx * Kn(x)| > 272" My,
and hence
274 < —(k+1)/p
|FN*KN(X)‘ 2 M ‘Dj7k>kKN| Z 2 .
N
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Thus

n—1 2%

{x: [Fy x Kn()| > 27773 O | (J{e: I = (xj + 20| < a/My}
k=1 j=1

and adding the measure of these disjoint intervals completes the proof of the lemma.
|

Proposition 3.6  Let1 < p < coand 1 <s <t < oco. Thereis a constant ¢ = c(p)
such that

HKNHM(p,t;p-,S) > NV

Proof From the lemma we have that (Fy * Ky)*(a2"/My) > 27P for n =
2,...,N. Hence for s # oo

aan/MN Sd
(xP(Fy * Kn)* (%) 7"

N—-1
N s
Iy <Kol =2 S [
P = Ja

ca’/PN

2”/MN

Combining this with the upper bound on the norm of Fy we obtain

|y * Kullp  NYoMg'?

> — CNl/S—l/t ]
IEn o0 NViM P

||KN||M(p,t;p.,s) =

Together, Propositions 3.2 and 3.6 establish the order of magnitude of the multi-
pliers Ky and show that the M(p, t; p, s) and M(p, g; p, ) norms are not comparable
if1/s— 1/t # 1/r — 1/q. This certainly ensures that the spaces are different; indeed,
we now use these kernels to produce examples of multipliers which belong to certain
Lorentz spaces, but not to others.

Theorem 3.7 Let$ > € > 0. There is an integrable function F, on the circle, such that
whenever1 < p <o00,0<1/s—1/t <eandl/r—1/q> 0 then F € M(p,t;p,s),
butF ¢ M(p,q; p, 7).

Proof Set27 = § + ¢. Let Kyv and dy denote the Fejer and Dirichlet kernels of
degree 2278 respectively, and let Kjy (x) = Kov(x)e™ for N = 1,2, ... where the
integers Ly are chosen inductively to ensure that the Fourier transforms EZ’; have
disjoint support. We take
F=Y 27Kl
N
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The function F belongs to L'(T) since > 2™ < oco. If 1/s — 1/t < £ then F
belongs to M(p, t; p, s) since

IEllmepip9 < Y27 ™M IKox lmpasp.g < Y27 N2V < o0
N N

asT > 1/s—1/t.
On the other hand, in the proof of the previous proposition we saw that there were
functions Fyv satlsfylng HKzN * Fox || () > 2N/ l/q)Hsz lp.)- Let fon = Fon k dy.

Because supp fzm C supp Ky and the functions Koy K!x have disjoint support, it follows
that |F * fov (x)e'l¥| = |Kov * fon[277N, Moreover, as ||dn||m(p.gsp.g) < ¢ for some
constant ¢ = ¢(p) which is independent ofN, it follows that || fov || (p.q) < ¢||[Fav||(p.9)-
Thus if F € M(p, g; p, r) then we would have

G LR

1 2vllp.

and this is a contradiction since 7 < 1/r — 1/q. [ |

TNZN(l/r—l/q)’

00 > HFHM(p-q;pJ) > Slijp uP 2"

Remark 3.2 1t would be interesting to know if this could be done by a shorter
method, perhaps using Young-type convolution inequalities (see [10] or [11]) and
the fact that an even function ) a, cos nx with a, | 0 belongs to L(p,q) for 1 <
p < ocoifand onlyif > alni/?' =1 < o [14]. For our Lorentz-improving multiplier
problem one would seem to need to study the limiting behaviour as p — 1, in the
latter theorem.

Remark 3.3 1In Section 5 we will use this result to help prove the stronger Theo-
rem 5.4 which is valid for all infinite, compact, abelian groups.

Corollary 3.8  M(p,t;p,s) N LY(T) # M(p,q; p,1r)if0< 1/s— 1/t # 1/r—1/q.

Proof If r < g then this is obvious from the theorem. If r > g it follows trivially
from the fact that not all integrable functions are Lorentz-improving. (See Section 2.)
|

Remark 3.4 We do not know if M(p,t;p,s) = M(p,q;p,r) when 1/s — 1/t =
1/r — 1/q (other than for the trivial case M (2, £;2,s) = M(2,s';2,t")).

Spaces of Lorentz-improving multipliers can also be shown to be distinct when
the first indices are different. For this we construct Rudin-Shapiro type polynomials
built from Fejer kernels and determine their multiplier norms.

Rudin-Shapiro Type Polynomials Choose y1, ..., yn such that the intervals

4
Z €iyjt I:)\N/3 ) )\N/3:|
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are disjoint for e; = 0, 1. Let L(y;) denote translation by y;. Set py = 0y = Ky (the

AN _Fejer kernel, as before) and inductively define the Rudin-Shapiro polynomials
Put1 and 0,41 by

Pn+l = Pn — L(yn+1)0n

Opt1 = Pn t L(yn+1)0n-
Then p, is a linear combination of translated Fejer kernels, with coefficients equal to
+1.
Also, let Ky be Ky restricted to [—A 73N, \=3N]  set 5y = 6o = Ky and define p,,

and 7, correspondingly.

Lemma 3.9 For p,, defined as above, the L> — L* multiplier norm is at most c2"/>.
For1 < p <2andx € [1,00] the LP* — LP* multiplier norm is at most c2"/?,

Proof Since p, is a sum of 2" trigonometric polynomials of L' norm one, we clearly

have ||p,|l; < 2" and hence the L' — L' multiplier norm is at most 2". Also, the
parallelogram law gives that

llpw * F1I5 + llow = £112 < 2" oI5 1 £15

thus the I> — L?> multiplier norm is at most c2"/2. An application of the weak
interpolation theorem yields the desired result when 1 < p < 2. ]

Upper bounds on the multiplier norms of py are now easy to obtain.
Proposition 3.10 For1 < p <2andl1 <s<t < oo
[N lIMep.asp.e) < QNN
Forp=2and1 <s<t<o0

QNN ifs <2 <t
Ion M2, < § @NENY2TE i <5 <t
NNV ifs <t < 2.

Proof Let Vy denote the de la Vallée Poussin kernel of degree A3N. For any f € L
Proposition 3.2 implies

IVar* fllp. < eNVV£
If 1 < p < 2 thelemma above yields

llon Vv £l < NPV £ .
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As py is a trigonometric polynomial with Fourier transform supported on
{=X_ .. A8}, and Viy = 1 on this set, we have py * Viy = py. Hence

lon * fllps = llon* Vi fll

The proof is now obvious if p # 2.

The argument is slightly different if p = 2. Here we observe that ||pn|lme2) <
c2N/2 means that |py(k)| < c2N/? for all k. Moreover, py(k) = 0if [k| > A®N. Thus
if f € L*9 for g > 2 then

o~ 1/2 .
low + fll32 = (X IR0 FWR) < @¥2|vi « fll5,
k
< VRNV 1|5,

With this estimate the remainder of the argument for the case s < 2 < ¢ is similar
to the one above:

lon = fll5s = llon * Viv = f1I3
< cllonlimezs Vallmesa (115,
< CZN/ZNI/S_I/ZNI/Z_I/t||f||;:t~
When 2 < s < t note that
lonlImens < llonlmaen < 2NNV

The case s < t < 2 is similar. |

Next, we find lower bounds on the multiplier norms. Notice that these are valid
forall s, t.

Proposition 3.11 Forl < p<2andl <st <00
”pNHM(p-,t;w) > N/PNYSUE,
Proof We again use the test function Fy of Proposition 3.3. Notice that |[Ky 71?;7| <
AT (item (2) of Lemma 3.4), thus if N is sufficiently large and if |Ky * Fy| >
27"? then |Ky * Fy| > 2~"*V/P_ By Lemma 3.5
m{x : |[Ky * Fy| > 27"} > a2""! /My.
Note that for N sufficiently large, supp Fy C [—A~~/3, A=N/3]. Thus

supp Ky * Fy C [—2A7N/3 20 "N/3]
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and hence the choice of y; ensures that py * Fy is a sum of 2V disjointly supported
translates of Ky * Fy. This means

m{x: |pn * Fx| > 2772} > 2Nm{x : |[Ky * Fy| > 27"} > 2Na2" 1 /My
Thus (py * Fy)*(2Na2"~'/My) > 27"/? and the usual integration estimates give
17N * Fyll . > 2N/ PNYaMy P
Since we already know [|Fy ||}, < ch/‘Mgl/p it follows that
o8 IMpsps) = 2N/PNI=1E,

As
llon = Pnlloo < 2V[IKy — K [loo < VAN
it is routine to check that we also have
HPN”M(p.,t;p,S) > c2N/PNYsI

(for a different constant c). [ |
The previous two propositions show that Lorentz-improving multiplier spaces

with first indices r < p < 2 are distinct. Indeed, we can now obtain the follow-

ing results.

Theorem 3.12  Let G be the circle group, 1 < p <2and1 <s <t < co. There exists

a multiplier F € M(p,t; p, s) which does not belong to M (r,v;r,u) forany 1 <r < p

and 1 < u,v < oo.

Corollary 3.13  Let G be the circle group. Suppose 1 < r, p < occandl < s,t,u,v <
oo, withs < tandu < v. Ifr # p, p’ then

M(p,t; p,s) # M(r,vsr,u).

Proof This is immediate from the theorem since M(p, t; p,s) = M(p’,s’; p’,t’) and
M(r,vir,u) = M(r',u'sr’,v'). ]

Proof of Theorem Define

F=Y p N 27N"
N

where the functions p}; are suitable translates of py whose Fourier transforms have
disjoint support. By Proposition 3.10

HF”M(p‘t;p.,s) < ZCN“Nf3
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for
a=max{1/s—1/t,1/2—-1/t,1/s—1/2}.

As o < 1, ||F||mpssps) < 00 and thus F € M(p,t; p,s).
Similar arguments to those used in the proof of Theorem 3.7 show that if r < p
then

HFHM(r,v;r,U) > sup ||PNHM(r,v;r,u)N_32_N/p
N

> sup N4 N/ppN/r,
N

But this supremum is infinite since 1/r — 1/p > 0, and therefore F ¢ M(r, v;, u) for
any r < p. |

This theorem is also strengthened in Section 5.

4 Groups Whose Duals Have Elements of Finite Order

Throughout this section we will assume G is an infinite, compact, abelian group and
X is a finite subgroup of G. We denote by H the annihilator of X. By replacing the
Dirichlet and Fejer kernels on the circle with the Dirichlet kernel Dy = xp/m(H)
we will be able to prove the same non-equalities of Lorentz multiplier spaces.

First we find bounds on the Lorentz multiplier norms of Dy which depend on
the size of the finite group X. For this we need to calculate Lorentz norms of an
appropriate test function.

Test Function Assume |X| > 100N, We claim first that there exist
{xl, ey XNy 21y - - 7ZN} g G

such that:

(1) {le\] €jxj+H :ej = 0,1} are pairwise disjoint, and
(i) {>Tejxj+z,+H:e;=0,1;1 < n < N} are pairwise disjoint.

This claim can be proved by induction: To begin, choose any x; ¢ H. Assume
{x1,...,x,—1} C G, for n < N, are chosen such that the sets {Z’f_l gixj+ H}e =1
are pairwise disjoint. As |G/H| = |X| > 3%, there exists x, € G with x,, ¢
{ZT_l Bixj + H : 8; = 0,1,—1} (here 8; = 0,1 if the order of x; = 2). This
produces {x;, ..., xy} satisfying (i). Now further assume that {z;,...,2z,_1} C G,
for n < N, have been chosen such that {Zlf gixjtzx+H:ej=0,1;1<k<n—1}
are pairwise disjoint. Since

N
Hzﬁjxjﬂk:ﬁj:‘)vl’—l;lSkS”_lH <N
1
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and |G/H| > 10", there exists z, € G such that

n—1 N

z, & U{Zﬂjxj+zk+H:ﬂj:0,l,—l}
k=1 1

(where 3; = 0, 1 if the order of x; = 2). In this way we obtain {zi, ..., zx} satisfying
(ii).
For 1 < n < N define a function J,(x) on G by

2" n
Ja(x) = ZXVk+H where {v1, ..., v} = {Z gixj:ej=0,1}.
k=1 =1
By (i), J. is a sum of 2" disjoint translates of x . As
Xt (V) = m(H)F(vi) xx,
Ju(x) is a trigonometric polynomial on G. We also define

Inx) = Ju(x—z,) forl<n<N

and finally, our test function,

N
(4.1) Fy(x) = > 27" ().

n=1
It is useful to note that the sets {supp J,}1<,<n are pairwise disjoint by (ii), and
supp Fy C X.

Lemma 4.1  For the function Fy defined above, there are constants A(p) and B(p)
such that for 1 < p < coand 1 < g < 0o we have

A(p)m(H)/PN'4 < ||Fy || (p.q) < B(p)m(H)"/PN'/4.
Proof This is a straightforward calculation: Since

S 2km(H)  if2-0D/P <t < 271/
miEx] > 1 = {0 o ift >2-1/r

we obtain

27YP ifu < 2m(H)
Fy(u) =< 27/r if S i 2km(H) < u < Yp_, 25m(H)
0 ifu >SN 26m(H).
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Thus if g < oo then ||Fy][} , equals

2m(H) N s ofm(H) 14
‘1(/ (tl/pzfl/p)qﬂjLz/ : (tl/pzn/p)th)
P\ Jo = s k() t

|Exlls oo = sup 27"P(2"" —2)!Pm(H)'?.
1<n<N

while

Simplifying gives the stated result. ]

The Lorentz multiplier norms of the Dirichlet kernels Dy = xp/m(H) can now
be easily calculated.

Proposition4.2 Let1 < p < coand1 <s <t < oco. There are constants ¢; and ¢,
which depend on p (but not s, t or X) such that

al(log [XDYV =Yt < ||Dullmipisp.e) < c2(log [XPYH1

Proof We will show first that the right hand inequality follows from Proposition 3.1.

As || Dyl = 1, the L? multiplier norms are certainly bounded independently of H.
Because

m(H) if0<t<m(H)™!

m{x: Dy(x) >t} = {0 ift > m(H)™!

we have D}, (y) = m(H)"'if0 < y < m(H) and D};(y) = 0if y > m(H). Thus
1D}, = m(H)™"?" = [ supp Dy |"/?" = |X|"/*".
By Proposition 3.1 we obtain
IDs|Mpsip.) = IIDsllascpr 17y < c2(log X7V
To prove the left hand inequality we set N = [ log|X]] so that |X| > 100V

(without loss of generality N is very large) and use the test function Fy defined above.
Recall that supp FN C Xand DH = Xx, thus Dy * Fy = Fy. Hence by the previous

lemma
IDr * Enllps _ [Nl o Ap)
HDH”M(p,t;p.s) Z (p,s) _ (p,s) > p Nl/s l/t
[1Enlp.0 1Exllp — B(p)
As N > clog |X| this completes the proof. [ |

We are now ready to prove the non-equality of certain Lorentz spaces when G
contains infinitely many elements of finite order.
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Theorem 4.3  Let G be an infinite, compact, abelian group and suppose that G con-
tains infinitely many elements of finite order. Let § > & > 0. Thereisan f € L'(G) such
that whenever 1 < p < 0o, 1/s — 1/t <eand1/r—1/q > 6, then f € M(p,t;p,s)
but f & M(p, q; p,7)-

Remark 4.1 This theorem, which parallels Theorem 3.7, is also used to prove the
stronger Theorem 5.4.

Proof Since G contains infinitely many elements of finite order there exist finite
subgroups X, of G such that |X,| T co as n — oco. Without loss of generality we may
assume that {k, } is a strictly increasing sequence of positive integers with k,, > n and

2" < 1X,| < 22" Let H,, be the annihilator of X, and choose {74} C G such that
{X,, + 74} are disjoint. We define Dj; by

D}y (7) = D, (v — )
and set 27 = § + €. The desired function is

oo
flx)=> 27Dy, .
n=1

In fact, since | Df; ||y = || Dp,|[1 = 1, it is easy to see that f € L'(G), and as

HD;-I M(p,t;p,s) = HDH,. M(p,t;p,s)s

Proposition 4.2 implies that forany 1 <s <t < o0

o0 o0
1 fllmcpaips) < Zz_TanDI/-I,, M(ptips) < Z 27 B(p)(log [ X, )/ V!

n=1 n=1

oo
<c¢ Z 2(1/571/t77')k,,.

n=1

The final sum is finite since k, > nand 7 > 1/s — 1/t, and hence f € M(p, t; p, s).
On the other hand, for # suitably large and N(n) = [log |X,|/7] we consider the
test functions Fy(,) defined in (4.1) (with X = X,,) and define Fl(,(n) by

F}(}(n)('}/) = FN(n)('V - '7n)~
Since supp % C X, it follows from the choice of {~, } that

|f * Fyny | = 27k

Dy, * Fyl = 27k

DH,, * FN(n)|-
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Thus if f € M(p, g; p, r) then

2—Tk,,

Dy, * Fnn ll(p.n)
1 Enen Il (p.q)

oo > ”f”M(p.,q;pJ) > sup
n

> sup CZ_Tk"N(n)(l/’_l/q)
n

from Lemma 4.1. But this is a contradiction because N(n) > 2%, k, — o0, and
T<1/r—1/q. [ |

Corollary 4.4 If G is as in the theorem and 0 < 1/s — 1/t # 1/r — 1/q then
M(p,t; p,s) N L'(G) # M(p, g; p, 7).

Next we consider the spaces M(p;, tj; pj,sj) for j = 1,2 and p; # p,, p;.
Proposition 4.5 Let G be an infinite, compact, abelian group, 1 < p < 2 and let Xy

be a finite subgroup with |Xy| > 100N, There exist constants ¢, and c, depending on p,
s, t and a trigonometric polynomial py such that

C12N/pN1/S_l/t < HPN”M(p,t;pﬁs) < C22N/pN1/S_l/t.

Proof As usual let Hy denote the annihilator of X. The same type of arguments
as used in the construction of the test function allow one to show there exist

{X1, e XN, Y1y oo YN 2112} C© G

such that
n n
{Zijj+zn+25]’<yj+HN:€j,s]’~ =0,1;1 gngN}
1 1

are pairwise disjoint. Construct Rudin-Shapiro type polynomials as in Section 3 with
this choice for {y1, ..., yn} and taking pg = 09 = Dp,,. Then for

N
{ug,...,umw} = {Zsjyj:sjzo,l}
1

and a suitable choice of signs, ry = %1, we have

T
pye) = s ; T X Hy (%)

Notice py is a trigonometric polynomial and supp py C Xy. As in Proposition 3.10,

N l[Mepips) < 22N/ PN,
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For the left hand inequality we again make use of our test function Fy of (4.1).
Since xm, * Xuy = M(HN)XH,, it follows that

oM 2N

N
pN * Fn = Z 27m/p Z Z Tk Xz +vi+un+Hy (%)
n=1

k=1 I=1

where .
{vi,...,vw} = {Zﬁjx]' 1Ej ZO,I}.
1
The choice of z;, x; and y ensures that the sets
{zp+w+w+Hy:1<kI1<2¥1<n<N}
are pairwise disjoint. Thus

S 2Nm(Hy) if2700/p < p < 27p
o s Bl = 0 = {0 o ift >271/p

and so we obtain

27YPifu < 2" Nm(Hy)
(pn * En)*(u) = { 277 if S0 2 Nm(Hy) < u < 3, 2 Nm(Hy)
0 ifu> S0 2MNm(Hy).

Similar calculations to those in the proof of Lemma 4.1 show that
llon * Fy|l(psy > cm(Hy)/P2N/PNY-,
But we previously saw that
[ Exll(psy < em(Hy)/PN',

thus
llon *FN||(P75) > N/pN/s=1/t

o lamp.ip.5) =
pips 1 Enll(p.s)

Therefore py is the desired function. ]

Remark 4.2 Note that the lower bound,
HPN”M(p.,t;p,S) > c2N/PNsI

remains true when p = 2. For the upper bound one can show, as was done in the
circle group case (Proposition 3.10), that

NNVt i< 2 <t
|‘pNHM(27t;2,5) < NIANV2=VE if o <s<t
NINVS=12 fs < ¢ <2,
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Armed with these results we can now prove the following corollary in essentially
the same manner as the proof of Theorem 3.12.

Corollary 4.6  Let G be an infinite, compact, abelian group and suppose that G con-
tains infinitely many elements of finite order. Suppose 1 < r, p < oo and 1 <
s,tou, v <oowiths <tandu <v.Ifr # p, p’ then

M(p,t; p,s) # M(r,v;1,u).

5 Non-Inclusions for Arbitrary Compact Abelian Groups

The key step needed to obtain similar results for general compact abelian groups is
the following proposition about homomorphic images.

Proposition 5.1  Let G and H be compact abelian groups and m: G — H a continuous,
onto homomorphism. Let F € L'(H) and define a function F on G by F = F o 7. Then
F € LY(G) and for any p, g, 1, s,

|Ellzracey = [|FllLoaqy  and HFHM(p,q;nS) < HFHM(p-,q;r,S)-

Proof 1In [7] itis shown that for any measurable function f on H we have || f{|ra(m)
= Hf o 7T||Lp-r1(G). Thus F € LI(G) and HFHLM(G) = ||FHLP-4(H).

_ Suppose g € LP1(H). Set f = g o m. A change of variables argument proves that
Fx f = (F*g) o and hence

15(6) < || Fllmacpgrs) || fllzrac)-

|IF  gllpqeny = ||F * f

But || fllraey = |lglleearny and this certainly suffices to prove ||F|[mpgrs <
[1Fl|vacp.girs)- u

This proposition enables us to transfer results from the circle group to certain
other compact, abelian groups.

Corollary 5.2 Suppose G is a compact abelian group and w: G — T is a continuous,
onto homomorphism. If F € L'(T) and F ¢ M(p,q; p,r) then F = For € L'(G) and
F ¢ M(p,g;p,r).

Corollary 5.3  Suppose G is a compact abelian group whose dual contains an element
of infinite order. Let 6 > € > 0. There is a function F € L'(G) such thatif 1 < p < o0
and1/s—1/t < ethenF € M(p,t; p,s), whileif 1/r—1/q > 6 then F ¢ M(p, g; p, 7).

Proof Since the dual of G contains an element of infinite order the circle group T is
a homomorphic image of G. Let 7 be the canonical map from G to T. Let F be the
integrable function on T constructed in the proof of Theorem 3.7 and set F = F o .
Clearly F € L'(G), and if 1 < p < cothen F ¢ M(p,g; p,r) since F ¢ M(p, q; p,7)
for any p.

https://doi.org/10.4153/CJM-2001-024-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-024-5

Spaces of Lorentz Multipliers 587

Now F = 3" 27 "™NKly o7 for 27 = § + . Because Ky o 7 has the same Lorentz
norms as Kyv, Proposition 3.1 implies that [|[Kly o 7||mepeps < 2NV As
T>1/s—1/t,

HﬁHM(p-t;p.,S) < Z Z_TNHKZ/N o T [[M(p,esps) < ZZ_TNZN(I/S_U” <00
N N

and hence F € M(p, t; p,s) forevery 1 < p < oo. ]
We can now improve Theorems 3.7 and 4.3.

Theorem 5.4  Let G be an infinite, compact, abelian group and let 0 < T < 1. There
is a function f € L'(G) such that

fe () Mptps but f¢ | Mp.gpn.

1<p<oo, 1<p<oo,
1/s—1/t=r 1/r=1/g>7

Proof Choose a sequence {pi} dense in (1,00). Let {(g,,1,)} be a listing of the
rational pairs satisfying 1/r, — 1/q, > 7. Form a sequence {(Q,, R,)} such that
each (Qy, R,) equals some (g, ), and each pair (g, 7,,) occurs infinitely often in
{(Qu,R,)}. Take usuch that 1 — 1/u = 7.

If the dual of G has an element of infinite order then Corollary 5.3 implies that for
every n there is a function f, € L'(G) such that f, € M(p,u; p, 1) forall 1 < p < oo,
but f, ¢ M(p, Qu; p, Ry) for any p. Otherwise, all elements of G are of finite order
and Theorem 4.3 implies such a sequence of functions exist.

Let ¢;(n) = || fu]|1 and let

o(n) = [nax | I M i) -

Without loss of generality we may assume ¢; (#) and ¢,(n) > 1.

Since f, ¢ M(pk, Qus px, Ry), for each n, k we can choose trigonometric polyno-
mials P, x of LPxQ norm one such that

| o * Pukllprr,) > n2"cr(n)ca(n).
Let { J,} be a bounded approximate identity with finite support of J,, || Ju||; < C and

an * In * Pn,k

l(pik) > 12" c1(n)ca(n)  forallk < n.

Multiply by appropriate characters ~, so that the functions F, = (f,, * J,,)v, have
disjoint Fourier transforms and let

Ey
J= zn: 2ney(n)cy(n)

https://doi.org/10.4153/CJM-2001-024-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-024-5

588 Kathryn E. Hare and Enji Sato

Since || f, * Ju|li < Cci(n) itis clear that f € L'(G). Temporarily fix k. If n > k then

£ * Tallmpeaspey < Cll fallMepraspery < Cea(n),

a]ld t]lus
H
n—k 2 Cl(”)cz(”)

As Z’;;ll Fu/(2"ci(n)cy(n)) is a trigonometric polynomial it follows that f €
M(px, u; p, 1) for all k. Since the sequence {pi} is dense, interpolating gives that
feM(p,u;p,1)forall 1 < p < oco. By duality f € M(p, oc; p,u’) forall p,and a
further interpolation argument yields that f € M(p, t; p,s) whenever 1/s— 1/t = 7.

Because the Fourier transforms of the functions F, are disjointly supported it fol-
lows that if k is fixed and n > k,

’ <c.
M(pr,u;px,1)

N 1 Jo % Pkl g
M(pr, Qusp,Rn) = e ey ()

Since (g, ) = (Qu, Ry,) for infinitely many n's, f & M(pk, G Pk, rm) for any k, m.
Now suppose (g, r) is any pair with 1/r — 1/g > 7. Choose (g, 1) such that
r < Tm» q > qm butstill 1/r,, — 1/q, > 7. Since f ¢ M(pk, qms Pk, 'm) and
M(Pky Gms Py Tm) 2 M(pk, q; px, 7) it follows that f ¢ M(px, g; px, r) for any k.
Finally, assume f € M(p, g; p, r) for some p and pair g, r satisfying 1/r—1/q > 7.
Pick py > p such thatif p/p, = B then 8(1/r—1/g) > 7. Since f € L! we have f €
M (00, 005 00, 00), and interpolating gives f € M(py, ax; px, bx) for r/by = q/ax = 5.
But as 1/by — 1/a; > 7 this contradicts the previous paragraph. Hence f does not
belong to M(p,q; p,r) forany 1 < p < coand (r,q) suchthat1/r—1/g>7. R

Corollary 5.5 Suppose G is any infinite, compact, abelian group, 1 < p < oo and
0<1/s—1/t #1/r—1/q. Then M(p,t;p,s) # M(p,q; p,r) and M(p,t; p,s) #
M(p', 4 p",7)-

Proof We only need observe that M(p’,q; p’,r) = M(p,r’sp,q'), 1/r — 1/q =
1/q" — 1/r’, and then argue as in Corollary 3.8. [ |

Corollary 5.6  Suppose G is any infinite, compact, abelian group and 1 < p < oc.
(1) If1 <r < min(t,q) < oo then M(p,q; p,r) C M(p,q; p,t).
(2) If1 <max(r,q) <v < ocothen M(p,v;p,7) C M(p,q; p, 7).

Proof For (1), suppose r; is chosen such that r < r; < min(t, q). We clearly have
the inclusions

M(p,q;p,r) € M(p,q;p,m1) € M(p,q; p,1),

and the theorem proves M(p, g; p,7) # M(p, q; p, 11)-
The proof for (2) is similar. |
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Remark 5.1 The reader should see [4, Theorems 24-26] for related results.

Corollary 5.7 Let G be an infinite, compact, abelian group and suppose 1 < p < oc.
If1 <gqnuv<oo l/u—1/v>1/r—1/q> 0,v/u> q/randu’/v' > 1'/q,
then

M(p,v; p,u) N LY(G) & M(p, g; p, 7).

Proof The theorem clearly shows that M(p, v; p, u) N L'(G) # M(p, g; p, r) thus we
need only prove the inclusion. Observe that this is obvious from the inclusions of the
Lorentz spaces if both ¢ < vand r > u, so we assume otherwise.

Let F € M(p,v; p,u) N LY(G) and choose « € (0, 1] such that

I/r=1/g=010—-a)1/u—1/v).
First we claim that 1/q > (1 — a)/v. To see this observe that

1 11—«

1
a v q
1
q

by the assumptions.

If ¢ > v then choose x > 0 satisfying 1/q = o/x + (1 — a))/v. The choice of «
ensures that 1/r = a/x+ (1 — @)/uand x > q > 1. Certainly F: L — LP* and
hence by interpolating it follows that F maps L1 to LP".

Otherwise g < v. But then r < u and consequently, r’ > u’. Similar arguments
show we can choose y > 1suchthat1/r' = a/y+ (1 —a)/u’ and 1/q' = a/y +
(1 — «)/v'. By duality F € M(p’,u’; p’,v’), and again an interpolation argument

shows that -

FeM(p',r'sp’,q") = M(p,q; p, 7).

Corollaries 3.13 and 4.6 also generalize to the case of an arbitrary compact abelian
group.

Theorem 5.8 Let G be an infinite, compact, abelian group. Suppose r, p € (1,00) and
s,tou,v € [1,00] withs <tandu <wv.Ifr # p,p’ then

M(p,t; p,s) # M(r,vsr,u).

Proof We argue in a similar way to Theorem 5.4: either T is a homomorphic image
of G, or G contains infinitely many elements of finite order. In the second case the
result is immediate from Corollary 4.6.

In the first case we consider the functions py and F used in the proof of Theo-
rem 3.12 and let Vy denote the de la Vallée Poussin kernel of degree 2\3N + 1. Let
m: G — T be the canonical map and define py = py o T, Vy = Vy o and
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F=Fonm. _As the Lorentz norms of Viy and \7;; are the same, Proposition 3.1 im-
plies that |V ||m(psp < ¢N'Y*7VE. Similar arguments to those used in the proofs
of Lemma 3.9 and Proposition 3.10 now show thatif 1 < p <2and1 <s<t < o0
then

loN I Mp tp,) < 2N/PN for v = max{1/s — 1/t,1/s —1/2,1/2 — 1/t}.
Thus HﬁHM(p,t;p,s) < 0. Since F ¢ M(r, v; 7, u) the same is true for F. [ |

When a measure 4 is a Lorentz-improving multiplier then it follows by a standard
interpolation argument that ;o improves all Lorentz spaces, in the sense that for every
1 < g < ocand1l < 5 < oo there is some t = t(p,q,s) > s such that pu €
M(q,t;q,s). Our last result illustrates that this fails to be true, in a very strong way,
for arbitrary Lorentz-improving multipliers.

Corollary 5.9 If1 < p <2 then

M(p,oo;p,l)g U M(r, 1;1,00).

1<r<p

Proof This is part of the content of Theorem 3.12 for the circle group. For groups
which contain infinitely many elements of finite order, or arbitrary compact, abelian
groups, the argument is similar. [ ]
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