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ON JOINT SPECTRA OF
NON-COMMUTING HYPONORMAL OPERATORS

A. SOLTYSIAK

We show that the left joint spectrum of an arbitrary n-tuple of hyponormal Hilbert
space operators can be obtained from the spectral set v introduced by McIntosh
and Pryde. A dual statement for cohyponormal operators is also true. The result is
a generalisation of a theorem proved by Pryde and the author for normal operators.

Let H be a complex Hilbert space and let B(H) denote the Banach algebra of all
(bounded linear) operators on H. For an n-tuple T = (T1,... ,T,) of operators on H
a spectral set y(T') is defined as follows:

n
Y(T) = {(/\1, .-, An) ER™: E(T, — );)? is not invertible in B(H)}.
j=1

(Here we write as usual T; — A; instead of T; — A; idg.) This set was introduced by
Mclntosh and Pryde [4, 5] and has proved useful not only in the spectral theory of
self-adjoint operators but also in comparing various types of joint spectra of commuting
families of operators (see [6]). One advantage of the set 4(T") over other joint spectra
is that it can be easily computed. In [7] it was shown that this set is also useful in the
multiparameter spectral theory of normal operators.

In this paper we generalise one of the results proved in [7] to n-tuples of (not
necessarily commuting) hyponormal operators.

We recall some necessary definitions. An operator T € B(H) is hyponormal (co-
hyponormal) if ||T*z|| < ||Tz|| (||Tz|| < |IT*z| respectively) for all z € H (see [2]).
Clearly if an operator T is hyponormal, then T* is cohyponormal. Moreover an oper-
ator T is normal if it is both hypo- and cohyponormal.

Let T = (Ty,...,T,) be an n-tuple of operators. A point A = (A1,...,A,) € C*
is not in the left (joint) spectrum of T if there exist operators Uy, ... ,U, € B(H) such

that ) U;(Tj — A;) = idg. The left spectrum of T will be denoted by o¢(T). The
j=l1
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right spectrum, o.(T), is defined analogously. The Harte spectrum of T (in B(H)),
denoted by og(T), is the union of the left and right joint spectra, that is

ou(T) =oi(T) Vo, (T).

All these spectra are compact (possibly empty) subsets of C* (see [3]). Notice that
for a single operator T' the Harte spectrum oy (T) coincides with the usual spectrum
o(T).

It is well-known (see [3, Theorems 2.5 and 2.4]) that

n
o(T) = {,\ ecC: "ihlflz (T = Aj)z|| = o}
; oll=
Jj=1
(the approzimate point spectrum) and

on)={rec: Y (@ - num) # 1)

Jj=1

(the defect spectrum). _

In this paper we use “non-commutative polynomials” (see [3, pp.98-99]). By P(®
we denote the algebra of all polynomials over C in non-commutative indeterminates
X1,...,Xn. In other words, P(™ is the free associative complex unital algebra gen-
erated by the symbols X;,...,X,. An n-tuple of operators (Ti,...,T,) € B(H)"
induces a homomorphism f — f(T3,...,T,) from P(™ to B(H) which preserves
the identity and sends each X; to the corresponding T; (j=1,...,n). A system
(f1,--- > fm) € (P™)™ will be identified with a polynomial map f : B(H)" — B(H)™
which sends (T1,...,7T,) to (fl(Tl, o Tn)s ooy fn(T, - - ,T,,)). The restriction of
this mapping to the scalar multiples of the unit C* C B(H)" takes its values in
C™ C B(H)™ and reduces to the system of “numerical” polynomials.

It is well-known that the left, right, and Harte spectrum satisfy the one-way spectral
mapping theorem (see [3, Theorem 3.2]), that is

1) f(ou(T)) C o (£(T)),

where o, denotes one of the above-mentioned spectra, T is an arbitrary n-tuple of
operators, and f is any polynomial map.

Let us introduce the following notation. For a single operator T symbols ReT
and ImT will denote as usual its real and imaginary part. Hence T'= ReT + i ImT.
If T = (Th,...,Ty,) is an n-tuple of operators, then T* = (T7,...,T3), ReT =
(ReTy,...,ReT,), ImT = (ImTh,...,ImT,), and JI(T) = (ReT,ImT).
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Moreover for A = (A1,...,An) € C* we write A = (Xl, - ,X,.) (:\-j is the complex
conjugate of A;), ReA = (ReA;,...,Re);) and ImA = (ImA,,... ,ImA;). The letter
p will denote the polynomial map p(z1,... ,22n) = (21 + t2n41,--- » 2n + i22,). Notice
that A = p(Re A, Im \). ‘

For convenience of the reader we shall state the following result (see [1, Lemma
2.4]) which is essential for the paper.

DAsH’s LEMMA. Let T = (T1,...,T,) be an arbitrary n-tuple of operators.

Then
(@) A€a(T) ifand only if Oea(f; )Ty = X))
=1
(b) A€o (T) ifandonlyif 0ea(i Ty = )T~ X))

We shall also need the following (see [7, Proposition 1]):

ProrPOSITION 1. If T = (Ty,...,T,) is an arbitrary n-tuple of self-adjoint

operators, then
oi(T) = 0+(T) = ou(T) = ¥(T).

Now we make the following observation. For T = (Ty,...,T,) € B(H)" and
A € C" let us denote

S=Y (T =2) (T = X))+ ) (T; = )T - X))
j=1 =1

Then the operator S is self-adjoint and by Dash’s lemma we see that (A, X) € o;(T,T*)
if and only if 0 € o(S) and this is true if and only if (A, X) € o,(T,T*). Therefore for
an arbitrary n-tuple T = (T,... ,T,) we have

o(T,T*) = o, (T, T*) = o4 (T, T*).
LemMMa. If T = (Ty,...,T,) is an arbitrary n-tuple of operators, then
on(T,T*) = {(A\}) € C™: A € ai(T) N0, (T)}.
PRrROOF: By [3, Theorem 3.4 (i)] we have
ou(T,T*) c{(AX) eC™: x¢ ou(T)}.

Suppose A € oi(T) N o (T). If A & 01(T) there exist operators U;, j =1,...,n, such

that 3 U;(Tj — Aj) = idy. This gives (A\,X) & o1(T,T*) = on(T,T*). A similar
=1

argument shows that A ¢ o(T) implies (A, X) € o (T, T*).
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To show the other inclusion suppose (A, ) € og(T,T*). This means 0 ¢ o(S).
Then there exists § > 0 such that {|Sz|| > é||z| for every z € H. This implies

+

> 6llall.

DT — ) (T = M| + D (@ = AT - )’z
j=1 i=1

Therefore either

(2) - (T3 = X) (@ - My)a| 2 Sdlal
j=1

or

3) 3 (T = X)(@; ~ A3)"a| > 36l
j=1

If (2) occurs, then 0 ¢ a( 3 (T; = 2)"(T; - /\j)) and by Dash’s lemma A € oy(T).
j=1

n
Suppose (3) holds true. Then 0 ¢ a(z (T — 2;)(T; — /\j)‘) and by Dash’s
j=1
lemma A ¢ o(T"). Therefore in both cases A ¢ o;(T) N o, (T) which completes the
proof. 1]
COROLLARY 1. o;(T)No.(T) =0 if and only if o (T, T*) = 0.

PrOPOSITION 2. If T = (Th,...,T,) is an arbitrary n-tuple of hyponormal
(cohyponormal) operators, then oi(T) C 6.(T) (o,(T) C o1(T) respectively).

ProoF: Let T = (T3,...,T,) be an n-tuple of hyponormal operators. Suppose
. . n

that A € o,(T). By Dash’s lemma we get 0 ¢ O‘(Z (T = 20T - /\j)'). Therefore
) =1

there exists d > 0 such that

> d||lz|| for z € H.

> (T - )T - X)'s
=1
Let M = max{||T; — Aj||: 5=1,...,n}. Then we have

Sll=ll <

3@ = AT = A el < SN = AT - 2|
j=1 . g=1
<M S(@ - A)el| < M Y ||(T5 - Az

2 2

which gives A &€ o,(T).
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The proof for cohyponormal operators is similar. 1]

By Proposition 2, the Lemma, and the one-way spectral mapping property of the
left and right spectra (see also [3, Theorem 3.4 (ii)]) we get

COROLLARY 2. If T = (Ty,...,T,) is an n-tuple of hyponormal (cohyponor-
mal) operators, then for every polynomial map f € (P®™)™

) {f(AX) s xea(T)} C ai(f(T,T)
(and respectively
(5) {fOX) : A€o (T)} Ca,(f(T,T*))).

REMARKS. 1. It is well-known that inclusions in (1) cannot be replaced by equalities
(see [3, p.101]). To see that they can be proper even for self-adjoint operators take the
following 2 by 2 matrices:

1 0 01
Alz(o 0)’ A2=(1 0)‘
Then o(A4,) = {0,1}, o0(A2) = {-1,1}, 0(A142) = {0}, and oy(A1,A2)=0. If f is

the polynomial f(Xl, Xg) = X1X2, then f(G'H(Al, Az)) = @ and O’(f(Al, Az)) = {0}
2. If we take the following 2 by 2 matrices:

0 1 00
A“(o 0)’ A"(l 0>'

then A} = A;, and 0;(A;, A2) = o,(A1, Az) = 0 (see [3, Example 1.6]). Let f be
the polynomial map f(X;, X2) = (X1, X2). Then the right-hand sides of both (4) and
(5) are empty while the left-hand sides are equal to the set {(0,0)}. This shows that
Corollary 2 is not true when operators are neither hyponormal nor cohyponormal.

3. The simplest example of a hyponormal operator (which is not normal) is the
unilateral shift on the sequence space £z, U(&o,£1,&2,...) = (0,60,&1,82,...). Itis
well-known that oi(U) = {A € C: |\ =1}, o,(U) = {A € C: |A| < 1}, and
or(U,U*) = {()\,}) : |A] = 1}. Taking the same map f as before we see that (5) is
not true for hyponormal operators (and (4) is not true for cohyponormal ones).

THEOREM. If T = (Th,...,Tn) is an arbitrary n-tuple of hyponormal (cohy-
ponormal) operators, then

ai(T) = p(+(I1(T)))

(and respectively

or(T) = p(+(I1(T))) ).
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PRrROOF: We give the proof for hyponormal operators. The argument for cohy-
ponormal operators is analogous.

Let T = (T1,...,T,) be an n-tuple of hyponormal operators. By the one-way
spectral mapping property of the left spectrum and Proposition 1 we get

p(+(I(D)) = p((H @) € o1 (p((T))) = u(T).

On the other hand, if A € 0;(T), then by Corollary 2 we obtain (Re),Im)) €
o1 (II(T)). Therefore

A =p(Re A, Im ) € p(ai(1(T))) = p(+(H(T)))
which was to be proved. O
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