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ON ENTIRE SOLUTIONS OF A CERTAIN TYPE
OF NONLINEAR DIFFERENTIAL EQUATION

CHUNG-CHUN YANG

In this note, we shall study, via Nevanlinna's value distribution theory, the unique-
ness of transcendental entire solutions of the following type of nonlinear differential
equation:

(*) L(f(z))-p(z)fn(z)=h(z),

where L(f) denotes a linear differential polynomial in / with polynomials as its co-
efficients, p(z) a polynomial (^ 0), h an entire function, and n an integer ^ 3. We
show that if the equation (*) has a finite order transcendental entire solution, then it
must be unique, unless L(f) = 0.

1. INTRODUCTION

It seems to be quite difficult, in general, to develop a systematic theory or method
to show whether or not a nonlinear differential equation has a transcendental entire solu-
tion. Nevertheless Nevanlinna's value distribution theory (see, for example [2]), has been
utilised to resolve the growth estimates of entire or meromorphic solutions of algebraic
differential equations, (see, for example [3]). As far as the author is aware, there is no
significant result about the uniqueness of entire or meromorphic solutions of a general
class of nonlinear differential equations. This note attempts to introduce such a result,
with the goal of stimulating interest among readers, so that more fruitful and profound
results on this type of problems will be derived. It is assumed that readers are familiar
with the basic results of the Nevanlinna's value distribution theory and its associated
notations such as m(r,f)T(r,f), et cetra (see, for example [2]).

2. MAIN RESULTS

THEOREM 1. Let n, k be positive integers, with n ̂  3. Let p(z) be a polynomial
^ 0, L(f) denote a linear differential polynomial in f, L(f) — qo{z) +Po(z)f +pi(z)f +
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• • • + Pk{z)f^ where qo(z) denotes a polynomial, pt (i — 0,1,2, • • • , A;) are polynomials

not all identically zero, and h{z) denotes an entire function. Consider the nonlinear

differential equation:

(1) L(f)-p(z)fn(z) = h(z).

If the above equation has a transcendental entire solution f of finite order, then either

equation (1) has / as its unique transcendental entire solution of finite order or any two

such solutions f\ and / 2 must satisfy L(fi) = 0(i — 1,2) and therefore h(z) must assume

the form: -p{z)ft.

COROLLARY. In Theorem 1, if the entire function h(z) cannot be expressed as

h(z) = q(z)gm{z), where q is a polynomial, g an entire function and m an integer ^ 3,
then equation (1) can have at most one transcendental entire solution of finite order.

Note the Tumura-Clunie Theorem (see [2, p.69]) enables us to conclude easily the
following result as to the existence of a transcendental entire solution.

THEOREM 2 . Suppose the hypotheses of Theorem 1 hold, and assume further that

7V(r, (l//i)) = o(l)T(r,h), then equation (1) can have no transcendental entire solution.

PROOF OF THEOREM 1: Let / be a finite order transcendental entire solution of
(1), and let g be any other such transcendental solution. Thus

(2) L(g)-p(z)gn(z) = h{z).

Assume / - g ̂  0. Then it follows from (1) and (2) that

(3) L(f)-L(g)-p(z)(fn-gn) = 0.

Hence

where F(z) = (f - Vi9)(f - V29) • • • ( / - Vn-19) and 7/1,772 • • • ,%_! are distinct roots,
other than 1, of the equation: zn — 1. Recall the well known "lemma on the logarithmic
derivative" (see, for example [2, p.34]) and note / - g is of finite order. We have thus
from (4) that

Since F{z) = p({fn - gn)/(f - g)) is entire, it follows that m(r,p((fn - gn)/(f - g)))

= T(r,p((fn - gn)/(f - 5))) = O(l)logr. Hence F(z) must be a polynomial. If F is

identically zero, then one must have / " = gn and g = ?7i/, for some integer i (1 ̂  i $C
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n - 1). Substituting this into (3), we have L(f) - r)iL(f) = 0 or L(f) = 0, which leads
to h(z) = -P(z)fn(z) as asserted. Next we deal with the case

(5) F(z) = q(z),

for some polynomial q(z) ^ 0. We shall treat the cases when n ^ 4 and n — 3 separately.

For n ^ 4, we have from (5) that for i — 1,2, • • • ,n — 1, each g/f — 7/j has only finitely

many zeros. By Picard's theorem, it follows that g/f must be a rational function, but

then (5) would not hold.

For n = 3, we have

q(z) = p(z){f - r)i9)(f ~ V29),

where 77* i = 1,2 are the two distinct primitive roots of z3 — 1 = 0. It follows that

(6) f~Vi9 = <7iea

where 91,92 are polynomials and a is a nonconstant entire function. Solving for / and g
from (6), we have

, -A = 92e~° - 9ieQ _ 77291 ea - a

»7i - % ' V2- Vi

Subsituting these into (1) and (2) respectively, we have

(8) L((r?29ie
Q - Viq2e-a)/(m - Vi)) ~ p{z)

= L((q2e-a - gie
a)/(V2 - r,,)) -p(z)((q2e-a - q^)

By applying Borel's type of inequality, see for example [1], we conclude by comparing
the coeffcients of the term, say, e3a in (8) that

Hence rj3 = — 1, which is impossible. Thus we can conclude, at the very beginning, that

f - g = 0 or f = 9. This also completes the proof of the theorem.

REMARKS. (1) It is easily seen from an example that Theorem 1 is not true for n = 2.

For instance, let

where p(z) is a nonconstant polynomial. Then f\ ^ f2 but

(2) As an application of the corollary to Theorem 1 one can assert, for instance, the
following results.
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(a) That f(z) — sinz is the unique transcendental entire solution of the non-
linear differential equation:

(b) Assume that L(f) denotes a linear differential polynomial with constants
as the coefficients, n an integer ^ 3, and h(z) a periodic entire function
with period t. Then any finite order nonconstant entire solution of the
differential equation L(f) + fn(z) = h(z) must be periodic, with a period
depending on t and the coefficients of L(f).
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