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Abstract

Let the word “graph” be used in the sense of a countable, connected, simple graph with at least one
vertex. We write Q, and Oc, for the graphs associated with the n-cube Q" and the n-octahedron Oc¢”
respectively. In a previous paper (Dekker, 1981) we generalized Q,, and Q" to a graph @, and a cube
Q" for any nonzero recursive equivalence type N. In the present paper we do the same for Oc, and
Oc”. We also examine the nature of the duality between Q" and Oc”, in case N is an infinite isol.
There are ¢ RETs, ¢ denoting the cardinality of the continuum.

1980 Muthematics subject classification ( Amer. Math. Soc.): primary 03 D 50; secondary 05 C 99.

1. Preliminaries

This paper is closely related to ‘RETs and cubes’, Dekker (1981), to which the
reader is referred for notations and terminology not explained below. Proposi-
tions of that paper are referred to as P1.1, P1.2,...,P2.1, P2.2,..., and so on. We
write ¢ for the set (0,1,...), o for the empty set, A for the collection of all isols
and @ for the collection of all RETs. Also, ¢, =¢ — (0), A, = A — (0) and
, = € — (0). We again use the canonical enumeration {p,) of the class of all
finite sets, that is, finite subsets of €. For a finite set ¢ the unique number / such
that o = p, is the canonical index of o, written can(g). Put 7, = card p,; for » C ¢,
i €Eewedefine2” = {x Ee|p, Cv)and[r;i]= {x E¢|p, Cv&r, =i}. These
recursive, combinatorial operators enable us to extend the functions 2” and [#; /]
from ¢ into € to functions 2V and [N; i] from Q into Q. The ordinary, vertical
notations for the binomial functions [#; i] and [N; i] are only used in displayed
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formulas. If f is a function from a subset of € into ¢, we denote its domain by §f,
its range by pf and the image of n under f by f(n) or f,, sometimes in the same
context. Throughout this paper the symbols », »,, »|,»,denote nonempty sets,
while u, pg, p, 1, stand for sets of cardinality = 2.

We define the (undirected ) w-cube Q* on the set » as the ordered pair (2”, F,),
where F, is the class of all faces of Q”, that is, the class of all finite subsets o of 2”
for which there exist disjoint finite subsets p, and p, of » such that o = {x € 2" |
p, C p, Cp, Up,}. The number j(p, q) is the G-number G(o) of o and the
number k = r, the dimension of o; we refer to o as a k-face of Q” and write F,, for
the class of all k-faces of Q”. All faces of Q” are therefore finite-dimensional, even
if the RET N = Req », the so-called w-dimension of Q7, is infinite, that is, belongs
to £ — &. We use the term “N-cube” for an w-cube of w-dimension N. For k € &,
N C Q,, v € N we define

(1.1) a,={G(o) €clocF,}, a,={G(o)eEe|oeF],

(1.2) Ayi = Reqa,,, A,=Reqa,.

The functions 4, and A4, are well-defined, that is, independent of the repre-
sentative » of N. According to P4.1 and P4.2 we have for N € Q,and 0 < k < N,

(1.3) Ay, = (g)zN—k, 4, = 3",

2. Octahedral graphs

The six vertices and twelve edges of a regular octahedron in E*® form a graph;
its vertices can be denoted by 1,...,6 so that the pairs of opposite vertices are
(1,2), (3,4), (5,6); it is therefore isomorphic to the complete tripartite graph
0, = K(2,2,2) with two vertices in each partite set. For n = 1 the n-octahedral
graph O, is defined as the n-partite graph K(2,...,2) with two vertices in each of
its n partite sets, Jungerman and Ringel (1978). Let O, have p = (1,...,2n) as set
of vertices and ((1,2),...,(2n — 1,2n)) as class of its partite sets. Define f as the
permutation of p which interchanges 2k — 1 and 2k, for 1 < k <n. We now
drop the condition that g = (1,...,2n) and define an involution without fixed
points (iwfp) of u as a permutation f of u such that f? = i, and f(x) # x, for
x € p. Denote the family of all iwfps of u by Inv(p), associate with every
f € Inv(p) the graph G, = (p, 8, where § = {can(x, y) € [p; 2] |f(x) #* y}, and
call a (countable) graph G = (p, ) octahedral, if G = G, for some f &€ Inv(p).
Note that f — G, maps Inv(p) one-to-one onto the family of all octahedral graphs
with p as set of vertices. The vertices p and ¢ of G, are opposite, if f(p) = q or
equivalently, f(g) = p; thus p and ¢ are adjacent iff they are not opposite. The
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iwfp f of u is an w-iwfp of p, if it has a partial recursive one-to-one extension; here
“one-to-one” can be deleted without changing the concept defined, since f = f .
Denote the family of all w-iwfps of p by Inv,(p). If G = (p,8) we call the
function f such that G = G, the octahedral function of G; the graph G is
w-octahedral, if its octahedral function belongs to Inv (). We claim that in case
f € Inv(p), we have: f € Inv (p) if and only if f is the restriction to u of some
partial recursive iwfp of some r.e. superset of pu. For if f is a partial recursive
extension of fwe put f = {x € Bf]f(x) #x&f(x) ESf&SUx) = x}; then fr is
re,p Cjand f | v is a partial recursive extension of f. Note that Inv,u = Invy,
if p is finite. Thus a finite graph is w-octahedral if and only if it is octahedral.

PROPOSITION B2.1. Let M = Req p. Then there is an w-octahedral graph with p
as set of vertices if and only if M is even.

PrOOF. Let G = (4,8) and M = Reqp. Suppose G is w-octahedral, say
G = G, for f € Inv,(p). Then f = f| p, for some partial recursive iwfp f of some
r.e. superset of p, say a. Define

1) a={xea|lx<f(x)}, &={xealx>f(x)},
. =& Np, «=8&N0p 8§=8&, §=[la, g=/|a,

then g is a partial recursive one-to-one function from a, onto &, which maps «,
onto a,, hence oy, ~ a,. Clearly, p = a; U a,, where a4 a,, hence M = 2Req «,
is even. Now assume that M = Reqpu is even, say 4 = a, U a,, a; =~ «; and
a,|a;. Let g be a one-to-one function from e, onto a, with a partial recursive
one-to-one extension. Put §f = u, f(x) = g(x), for x € a, and f(x) = g~ !(x), for
x € a;. Then fis an w-iwfp of p and G, is an w-octahedral graph with p as set of
vertices.

REMARK. Since A — ¢ has cardinality ¢ and the mappings X - 2X and X -
2 X + 1 are one-to-one, there are exactly ¢ infinite even isols and exactly ¢ infinite
odd isols. Thus we see by B2.1 that there are exactly ¢ w-octahedral graphs. With
every infinite odd isol M we can associate a set p € M and (since 8, = 28 ,) an
iwfp f of p and the octahedral graph G,. In view of B2.1 the graph G, is not
w-octahedral. It follows that there also are exactly ¢ octahedral graphs which are
not w-octahedral.

The graph G = (v, 9) is r.e., if the sets » and 7 are r.e. We call a connected
graph G an w-graph, if it has an MPA (minimal path algorithm), that is, if there is
an effective procedure I1 which associates with every two distinct vertices of G a
path of minimal length between them. An w-graph G = (v, ) is uniform, if G is
an induced subgraph of some r.e. w-graph G which has an MPA TT which when
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applied to distinct vertices p and g of G yields a minimal path between p and g in
G, that is, a minimal path with vertices in » and edges in 5. It was proved by
Remmel (1981) that an w-graph G = (v, ) need not be uniform, even if » is
immune.

PrROPOSITION B2.2. Let G = (p,8) be an w-octahedral graph. Then G is a
uniform w-graph and there is a nonzero RETN such that Requ = 2N and
Req 8 = 2N(N — 1).

PrROOF. Let G = (u, 8), say G = G, for f € Inv, (). Define a, and «; as in
(2.1), then M = Req p = 2N, where N = Req «;. Put

A= {can(x, y) € [1;2]Ix € qo &y € a, & f(x) # y},

then ReqA = N(N — 1) and 6 = [p,; 2] U [ 2] U A, where the three sets on
the right are separable. Hence Req # equals 2[ N; 2] + Req A, that is, 2N(N — 1).
Note that this proof is valid both in case N € A, thatis, if NV — 1 < N and in
case N € €, — A, thatis, if N — 1 = N. In the latter case Req § = 2N?2. We now
prove that G, = (p, ) is a uniform w-graph. Let f = flr, where f is a partial
recursive iwfp of a r.e. superset of g, say a. Define «, «,, a,, «; as in (2.1) and
6= {can(x, y) € [a; 2] | f(x) % y}, then G; 1s an induced subgraph of the r.e.
graph G = (@, ). We may assume without loss of generality that card oy = 2.
Letp, u € ay, p * u, g = f(p), then p, g, u are distinct vertices of G and p, g are
opposite. Put for x, y € &, x # y,

(x,u,y), ifx=pandy=gq,orx=gandy=p,
7(x, y) =1 (x,p,¥), fx€&(p.q) butf(x)=y,
(x, ), if f(x) #y.

Then 7, , is a minimal path between x and y in G which is a minimal path in G in
case x, y € p. Since 7, can be effectively obtained from x and y, the w-graph G
is uniform.

Define the functions d,, d, by 8d, = 8d, = ¢, dy(x) = 2x, d\(x) =2x + 1
and associate with every set » the sets v, = dy(») and v, = d,(»). The standard
w-iwfp associated with » is the function f € Inv (), where p = », U », and
f@x)=2x+1,f2x + 1) = 2x, for x € v. The standard w-octahedral graph Oc,
associated with » is the graph G,= (u, ), where f is the standard w-iwfp
associated with ». Thus the vertices p and g of Oc, are opposite, if p is even and
p+1=gq,0orgisevenand q + 1 = p. An w-isomorphism from the graph G, onto
the graph G, is an isomorphism from G, onto G, which has a partial recursive
one-to-one extension. G, is isomorphic (w-isomorphic) to G,, if there is at least one
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isomorphism (w-isomorphism) from G, onto G,. These two equivalence relations
are denoted by = and =,,. Two finite graphs are w-isomorphic if and only if they
are isomorphic. Under an w-isomorphism from G, onto G, minimal paths in G,
correspond to minimal paths in G,. This implies

(2.2) if G, =, G, and G| is an w-graph, so is G,.

ProPOSITION B2.3. A graph is w-octahedral if and only if it is w-isomorphic to
some standard w-octahedral graph.

PrOOF. Let G = (u, 8). (a) Suppose g is an w-isomorphism from Oc, = (¥, U
vi,m)y onto G; put &t =p, Uvp, ((x)=x+1, for x €y, t(x) =x—1, for
x € »,; then Oc, = G,. Define §f = g, and f = gtg™', then f € Inv_(u). Moreover,
can(x, y) € 8 if and only if can(g~'(x), g '(»)) € n if and only if 1g7(x) =
g7 '(y) if and only if f(x) # y, so that 8§ = {can(x, y) € [u;2]|f(x) # y} and
G_= Gf._The function ¢ has a recursive one-to-one extension, namely f, where
St=¢ t(x)=x+1, for x €§,, while t(x)=x— 1, for x €§,. Let g be a
partial recursive one-to-one extension of g; put 8f = {x € pg|#(x) € 8z} and
f(x) = gt_g“(x), then f is a partial recursive one-to-one extension of f, hence
G = G;is w-octahedral.

(b) Assume that G = (p, 6) is w-octahedral, say G = G, where f € Inv (p). If
p is finite, put m = 3 card p, » = (0,...,m ~ 1); then Oc, = G, hence Oc, =, G.
Now assume that g is infinite. Let f be a partial recursive iwfp of some r.e.
superset of p, say fi, then there is a one-to-one recursive function i, ranging over
i such that f(it,,) =i,,,, and @&,, <i,,.,. Then u,, € p if and only if
Uy,., €Ep, for n€e Let v = {n €e|u,, €p}, then u(yy U ») = p. Define
St=pyUp,t(x)=x+1, forx € py, t(x) =x — 1, for x € »|, then Oc, = G,.
ForOc, = (voU »,m)and x, y € y, U »,,

can(x, y) € = t(x) Fy = i, # iy,
< f(ia,) # i, < can(u,, @,) € 6.

Thus & | », U », is an isomorphism from Oc, onto G with the recursive one-to-one
extension i, hence Oc, =, G.

If G = {p, 8) is an w-graph, o(G) = Req p is the order of G. Thus o(G) has the
usual meaning if and only if G is finite. If the graph G = (p, #) is w-octahedral,
its order M is even by B2.1, that is, M = 2 A4, for some A € Q. We call 4 the
w-dimension of G, written dim G. Since 24 = 2B implies A = B by Friedberg
(1961), dim_, G is well-defined for an w-octahedral graph G. Hence two w-oc-
tahedral graphs have the same order if and only if they have the same
w-dimension.
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PROPOSITION B2.4. Two w-octahedral graphs are w-isomorphic if and only if they
have the same w-dimension.

ProoF. Since dim Oc, = Reqv, it suffices to show in view of B2.3 that
a = f# < Oc, =, 0c, for nonempty sets a and B. The conditional from the right
to the left is trivial, since w-isomorphic graphs have the same order. Now assume
a ~ f3, say a C 8p, p(a) = B, p partial recursive and one-to-one, Oc, = {a, U
&, 8,5, Ocs = (By U By, ). Put 8g = do(8p) U d,(8p), q(x) = 2p(x/2), for
x € 8g N §,, while g(x) =2p(x — 1/2), for x € 8¢ N §,. Then a, U a, C 8g¢,
q(ay Y ay) = B, U B, where g is partial recursive and one-to-one. Moreover,
can(x, y) € 0, implies can(q,, q,) € b, for x, y € a5 U a;, so that g | ay U a, is
an w-isomorphism from Oc, onto Oc;.

For N € Q, we define Ocy as any w-octahedral graph of w-dimension N, or
equivalently, of order 2N. Thus Ocy is unique up to w-isomorphism. For the
definitions of an w-regular graph and its w-degree, see page 546 of Dekker
(1981a). It can be shown that every w-octahedral graph of order 2N is w-regular of
w-degree 2(N — 1); the proof is routine.

3. Octahedra

With every f € Inv(n) we associate the ordered pair Oc, = (u, C,), where
p = 8f and C, is the class of all finite subsets o of p such that no two elements of
o correspond to each other under f. An octahedron is an ordered pair Oc = (u, C,)
such that Oc = Oc,, for some f € Inv(p); Oc, is an w-octahedron, if f € Inv (p).
The mapping f - Oc, maps Inv(p) one-to-one onto the family of all octahedra on
p and Inv,(p) one-to-one onto the family of all w-octahedra on p. If Oc, = (., G, ),
then G, = (u, 8) where 6 = {can(x, y) € [u;2]|(x, y) € C,}, hence Oc, and G,
uniquely determine each other; we say that Oc, and G, are associated. The
members of p are the vertices of Oc, = (p, C,), while the members of C, are the
faces of Oc,. If ¢ is a face we define dimo as the number k = card o — 1 and
refer to o as a k-face of Oc,; we write C,, for the class of all k-faces of Oc,. Note
that (i) every face of (u, C,) is finite-dimensional, even if p is infinite, (ii) every
subset of a face is again a face, (iti) there is only one (— 1)-face, namely the empty
set, (iv) p & C,, since our agreement that card p > 2 implies that p contains two
opposite vertices. For the w-octahedron Oc = (., C,) with M = Req p, we define
the order 0(Oc) as M and the w-dimension dim (Oc) as M /2. Hence 0(Oc) = o(G)
and dim_(Oc) = dim (G), where G is associated with Oc. An isomorphism
(w-isomorphism) from Oc, = (p,;, C,(\)) onto Oc, = {p,, () is a one-to-one

https://doi.org/10.1017/51446788700019790 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700019790

{71 Recursive equivalence types and octahedra 107

function (with a partial recursive one-to-one extension) from g, onto p, which
preserves faces and their dimensions. We write = for “isomorphic to” and =,, for
“w-isomorphic to.” If G, and G, are associated with Oc, and Oc, respectively, the
isomorphisms (w-isomorphisms) from G, onto G, are the same as the isomor-
phisms (w-isomorphisms) from Oc, onto Oc,. We have therefore by B2.4 for
w-octahedra Oc, = (pu,, Cu(1)> and Oc, = (u,, Cu(2)>,

(3.1) g, = p, = Oc, =,0c¢, = dim_ Oc, = dim Oc,.

The standard w-octahedron Oc” associated with the set » is the w-octahedron
Oc,, where f is the standard w-iwfp associated with ». In view of B2.3 and (3.1) we
conclude that (i) an octahedron is an w-octahedron if and only if it is w-tsomor-
phic to a standard w-octahedron, (ii) a ~ 8 < Oc® =,0c?, for a, 8 #o. If
N € Q, we define Oc” as any w-octahedron of w-dimension Nj it is unique up to
w-isomorphism. Let for n=1, —1<k<n—1, Oc” have c,, k-faces and ¢,
faces. It is well-known and readily seen that ¢, = 2"*'[n; k + 1] and ¢, = 3". In
order to generalize these formulas to Oc”, for N € Q,, we define for Oc” =
(G, —1<k<N-—-1,

(32) Tu={xEeln €Cu}. T ={xEe|lp,EC}
(3.3) Cwi = Reqy,,, forvr €N, Cy=Reqy,, forv€EN,

(3.4) Yoi = {j(p,q) €elo,, 0, Cr&p,Np,=0&r, ., =k+ 1},

(3.5) v, = {/(p.q) €elp,.p, Cv&p, N p, = 0}.

The functions Cy, and C, are well-defined, that is, independent of the choice of
v. Note that x € ¥,, if and only if dy'(p, N §,) and d['(p, N §,) are disjoint
subsets of » and r, = k + 1. The G-number G(p,) of the face p, of Oc” = (u, C,>
is defined as j( p, q), where p, = d;'(p, N &), p, = d;'(p, N §)). It can now be
proved that

(36) Y.=v,, and ¥,=v,, for—1<k<N-—-1,N=1,vEN.

ProposITION B3.1. For N € Qyand —1 <k <N — 1,

N

— nk+1
Cun =2 (k+1

) and C, = 3",

PROOF. Let » € N. Then we have v, =~ &, and Cy = 4, = 3" by (1.1), (1.3),
and (3.6). The formula for C,, is trivial for Kk = —1. Now assume k = 0. Put
a=1(0,...,k) and B =/[2* X [v; k + 1]] then Req 8 = 2¢*![N; k + 1] and it
suffices to prove 8 ~v,,. Let g = B and for j(x, y) € B8, gi(x, y) =j(p, q),
where p and ¢ are computed as follows: find the enumeration according to size of
P, SAY Zg,...,2;; then p, = {z,|0<i<k&i€p} and p, = p, — p,. Then p,

and p, are disjoint subsets of », while r,, = r, = k + 1, hence j( p, ¢) € v,4, s0
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that g(8) C v,,. It can now be proved that g(8) = v,,, where g is one-to-one and
both g and g~! have partial recursive extensions. Thus 8 = v,,.

4. Some sequences of isols

This section deals with the sequences defined by the functions [n; k], for
O0<ks<n, a, =2"*n k] and c,, =2*"'[n; k+ 1], for 0<k<n-—1,

namely
C(GD o (B () (W) (R),
0 (au)iy o2 ()22, " ,)2(, ) =
W (eudiz ¢ 225 )2 ) () =2

Using the algebraic relations [n; k] = [n;n — k], for 0 <k <n and a,,
Com—k=1» Cpk = A p—g—1» for 0 <k <n—1, we see that for n >3 these se-
quences are first strictly increasing and then strictly decreasing; moreover, 11 and
I11 have the same elements, but in reverse order. If we replace the number # by an
infinite isol N, we may or may not permit k to assume values of the type N — i,
where i € e. We obtain

R PR S ¢ B R PR R ok

, N N1 N 1 N AN—1 N) 2( N )
11 27,2 (]),..., 11 28 2 (1 beees2 N-2)
2( A_fl)*2N,
/ 2 N ’ 2 N) N*l( N )
111 2N,2(2),..., 111 2N,2(2 R N_1)
2N(N): N
N 2

PROPOSITION B4.1. For an infinite isol N, sequences 1, 1I', 111" are strictly
increasing. Moreover, sequences 11" and 111" have no elements in common.

ProOF. Define for 4 € A, P(A,0) = 1 and

(4.1) P(A,k)y=A4-(A—1) - -(Ad—k+1), forl<k<A4,;
then
(4.2) P(A, k+1)=(A4—k)P(A, k), fork+1=<4,
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(4.3) mAx):m(ﬁyfmk<A

(4.4) mP(A, k) <P(A,k+1), form,k€e, AEAN—&.
Relation (4.3) holds by Theorem 113 of Dekker and Myhill (1960) For k € ¢,

N € A - £ we have
N N
)=k )

N—k| N N—k—1f N k(N) k+|( N )
2 (k)<2 (k+1% 26 =2k +a

and the desired statements can be proved from (4.1),...,(4.5).

(4.5)

We also have

PROPOSITION B4.2. For an infinite isol N the tail of 1 is the reverse of the head of
1”. Moreover, the tail of 11" is the reverse of the head of 111", while the head of 11" is
the reverse of the tail of 111", Finally, 1, 11", HI"" are first strictly increasing and
then strictly decreasing.

5. Duality

Let the word “n-polytope” be used the sense of a bounded, convex, n-dimen-
sional polytope. For an n-polytope P we write F(P) for the class of all its faces
and f,,(P) for the number of its k-dimensional faces, for0 <k <n — 1. If P and
P* are n-polytopes, a duality-mapping from F(P) onto F(P*) is a one-to-one
mapping D such that both D and D! are inclusion-reversing, that is, such that

(5.1) a C B e D(B)C D(a), fora,B E F(P).

P and P* are dual, if there exists a duality-mapping from F(P) onto F(P*); see
page 46 of Griinbaum (1967). Note that (5.1) implies: dim &« + dim D(a) = n — 1,
for @« € F(P). Thus dima = k if and only if dim D(«a) =n — k — 1, hence
S PY = f ek (P¥), for 0 < k < n — 1; the sequences ( f,o(P),....[, ,— (P))
and (f,o(P*),....f, ,—(P*)) have therefore the same elements, but in reverse
order.

Let QY = (2%, F,) and Oc" = (p, C,), where N = 2. It is well-known that Q%
and Oc" are dual, if N is finite, say N = n. Then the relation £, (P) = f, , , (P*)
becomes a,, =c¢,, 4., for 0<k<n-—1, so that (a,y,...,qa,,_,) and
(CrgrrCypm 1> have the same elements, but in reverse order. Now assume that
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N is an infinite isol. Are Q" and Oc" effectively dual under a suitable generaliza-
tion of the notion of duality? More specifically, if » is immune, p = », U »,
Q" = (2, F,) and Oc” = {p, C,), is there a duality-mapping D from F, onto C,
such that the corresponding one-to-one mapping d from a, onto vy, has a partial
recursive one-to-one extension and maps the sets in (e, a,,,. .. onto the sets in
Y,0 Yo1»-- -7 The answer is clearly negative, since (Ayy, Ay;,...) and
{Cyros Cx1»- - -y have no elements in common for N € A — ¢ by B4.1. However,
I1” and III” have the same elements, but in reverse order by B4.2. This suggests
that while Q" is not effectively dual to Oc’, if » is immune, there is a system
closely related to Q” = (2%, F,) which might be dual to Oc”, namely the system
consisting of 2* and a class of subsets of » which behave like faces, but have
w-dimensions of type N — k, for k = 0.

Let N = Reqv and N = 2. We define a coface of Q7 as a subset 7 of 2* for
which there exist disjoint subsets 8 and y of » such that § is infinite, v is cofinite
relativetor and 7 = {x € 2" | B C p, C B U y}. We call Req y the w-dimension of
7, written dim , 7. A coface of w-dimension N — k is called an (N — k)-coface of
Q’. Clearly, 7 = {x € 2"| o C p, C v}, that is, 7 = 27. Thus each (N — k)-coface
of 0¥ has RET 2V %, Note that 7 is a coface of Q" if and only if there exist finite
subsets 8 and 8 of » such that 8 N (v — §) = o, thatis, 3 Cdand = {x €2"|B
C p, € BU (v — 8)}. The G-number of the coface 7 is the number j( p, s) such
that

(52) r={xe2

p, Cp, Cp,U (v—ps)}, where p, C p, C ».

Let N = Reqv and k < N. Recall that we write F,, for the class of all k-faces
of Q” and F, for the class of all faces of Q”. Similarly, we write L, 5, for the
class of all (N — k)-cofaces of Q” and L, for the class of all cofaces of Q7. It is
readily seen that the classes F, and L, are equal if and only if » is finite; they are
disjoint if and only if » is infinite, for then F, consists of finite sets and L, of
infinite sets. Let v € N, k <N, N € A,. Then A, ,_, stands for the set of all
G-numbers of (N — k)-cofaces of Q* and A, for the set of all G-numbers of
cofaces of Q. In symbols,

(5.3) )\V'N,k:{j(p,s)€e|ppCpxCV&rS:k},
(5.4) A, ={j(p.s)Eelp, Cp, Cr}.

Leta € N, N € Ay, k< N. Then a ~ B implies A, ,_, =Ag v, and A, = Ay
This enables us to define L ., = Req A, y_,and L, = Req A, forany» € N.

In the remainder of this section it is essential that we distinguish between the
G-number G(7) of some coface 7 of Q” and the G-number G(o) of some face o of
Oc”. To stress this distinction we shall henceforth write G’(o) rather than G(o)
for the G-number of a face o of Oc”.
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DEFINITION. Let NE A, N=2, Q" =(2", F,), ch = (1, C,). Then an effec-
tive duality-mapping from L, onto C, is a one-to-one mapping D from L, onto C,
such that (a) « C B if and only if D(B) C D(a), fora, B € L,, (b) D(L, y_;) =
C,i—1» for 0 < k <N, (c) the one-to-one function d from A, onto vy, such that
dG(7) = G’D(7) has a partial recursive one-to-one extension.

For an N-cube Q" with N € A, N =2 we define a facetr of Q" as an
(N — 1)-coface of Q" [hence as an (N — 1)-face of Q” if and only if N is finite].
Recall that in E3 we can with a solid cube Q associate its dual, namely a solid
octahedron Oc by defining the vertices of Oc as the midpoints of the faces of Q
and the edges of Oc as the line segments which join the midpoints of nonparallel
faces of Q. We generalize this procedure in the proof of the next theorem, but we
replace the midpoints of the facets of the cube by the G-numbers of these facets,
since we are working with discrete cubes and discrete octahedra.

PROPOSITION BS.1. Let N € A and N = 2. Then we can associate with every
N-cube Q" = (2%, F,) an N-octahedron Oc, = (p, C,) and an effective duality-map-
ping from L, onto C,.

PROOF. Assume the hypothesis, k = 0 and write », for » — (u), if u € ». Recall
that every (N — k)-coface of Q” has RET 2V % The following three statements
can now be proved:

(A) Let 7 be a facet of Q” and G(7) = j(p, s). Then 7 is of one of the two
types:

Dr={x€2"|(u) Tp, C(u)V p,}, for someu € ».

IMHr={x€2’|o Cp, Col )}, for some u € ».

In fact, 7 is of type (I) if and only if r, = 1 & r, = 1, while 7 is of type (II) if and
onlyifr,=0&r = 1.

(B) For each facet 7 of Q” there exists exactly one facet of Q” disjoint from it,
namely 2" — 7 [we call two facets of Q” opposite, if they are complementary
subsets of 2%, otherwise adjacent].

(C) Let k=2 and 1,...,7, be kK mutually adjacent facets of Q" and 7 = 7,
N --- N7, Then 7 is an (N — k)-coface of Q” and G(7) can be computed from
G(1,),...,G(7,). Moreover, for every (N — k)-coface of Q" there exists exactly
one class (7,...,7,) of k mutually adjacent facets of @’ such that 7 =1
N---Nr,.

Using (A), (B) and (C) we now finish the proof. Write u for the set of all
G-numbers of the facets of Q”; call two elements of p opposite (adjacent), if they
are G-numbers of opposite (adjacent) facets of Q. Let f be the iwfp of p which
maps each element of p onto its opposite. Put u, = {G(7) € p| 7 is of type (1)},
p, = {G(7) € p|7is of type I1}. According to (A) we have u, = {j(2".2") |t € »}
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and p, = {j(0,2°) |t € v}, so that p = u, U p,, and g, | u,. Then the function f
which maps f(2*,2%) and j(0, 2") onto each other, for ¢ € », has a partial recursive
one-to-one extension. Hence f € Inv (), p; =~ p, ~ » and Req p = 2N. We now
show that Oc,; = (p, C,) satisfies the requirements. Note that dim,, Oc, = N, since
Req p = 2N. Define for k = 2 the mappings D, and d, by:

(55) DomD,=L, 5, D(r,n---N1)=(G(7),....,G(7)),
(5.6) 8d, =N, yoir dG(r N - N1) = G(G(7)),...,G(1)).
for any k mutually adjacent facets 7,...,7, of Q*. By (C) the mapping D, maps
L, y_, one-to-one onto C, ,_, so that d, maps A, y_, one-to-one onto v, ;_,.
Moreover, d, and d;' have partial recursive extensions, hence d, has a partial

recursive one-to-one extension. Define the mappings D and d as follows: for
r€L,x=G(r)anddim_, =N — k,

D(7) =o, d(x) = G'(0), for k = 0, that is, T = 2*,
D(7) = (G(1)), d(x) = G’ of (x), for k = 1, that is, 7 is a facet,
D(7) = (G(7),...,G(7,)), d(x)=G(G(7),....G(7)), fork =2,

where in case k = 2, 7,...,7, are the k mutually adjacent facets of Q" such that
=7 0---N7. Given an element x = j(p, s) €A, we can compute k = r,
and d(x) = d, j(p, s). Thus the one-to-one function d from A, onto vy, has a
partial recursive one-to-one extension. Also, D(L, y_,) = Dy (L, y_4) = C, 41,

hence d(A, y_;) = ¥, 41, for k = 0. Let (7y,...,7,) and (7f,...,7) be classes of
mutually adjacent facets of Q* with 7, N --- N7, =7 and 7Ff N --- N1} = 7%,
Then 7 C r* if and only if (7f,...,7%) C (7,...,7) if and only if

(G(7]),...,G(TE) C(G(7)),...,G(7,)) if and only if D(7*) C D(71).
COROLLARY. Ly, =2%¥)and L, = 3", for N € A,, 0 <k <N.

REMARK (A). Let Q" = (2", F,), Oc” = (u,C,), N=Reqv, NEA, N=>2.
Write CQ" for (2%, L,) and call CQ? effectively dual to Oc”’, if there is an effective
duality-mapping from L, onto C,. Then we have

(D) If N is infinite, Q" is not effectively dual to Oc”,

(I1) CQ? is effectively dual to Oc”, for every N (finite or infinite); however, for
a finite N this only yields the well-known fact that the n-cube is dual to the
n-octahedron, for in that case L, = F,, hence CQ" = Q".

REMARK (B). Under the hypothesis of the preceding remark it is also possible to
define a class H, of cofaces of Oc” = (g, C,) such that there exists an effective
duality-mapping from F, onto H,. Thus the systems (2, F,, L,) and (¢, C,, H )
are effectively dual in the sense that there is not only an effective duality-mapping
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from L, onto C,, but also one from F, onto H,. If N = Req is finite, we have
F,=C, and L, = H, and we can identify (2’, F,, L,) with Q" = (2", F,) and
(#, G,, H,) with Oc” = (g, C,).
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