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ON MAXIMAL TORSION RADICALS 

JOHN A. BEACHY 

Let R be an associative ring with identity, and let R<Jé denote the category 
of unital left i^-modules. It is known that if R is a commutative, Noetherian 
ring, then the maximal torsion radicals of R^éé correspond to the minimal prime 
ideals of R. In fact, Nâstâsescu and Popescu [15, Proposition 2.7] have given 
a more general result valid for arbitrary commutative rings. This paper 
investigates maximal torsion radicals over rings not necessarily commutative. 
It is shown that if R is right Noetherian, then the maximal torsion radicals of 
R*Jé correspond to the minimal prime ideals of R, directly generalizing the 
result in the commutative case. (In fact, the result holds under somewhat 
weaker chain conditions.) If R satisfies the maximum condition for two-sided 
ideals, every proper torsion radical is contained in a maximal torsion radical, 
and the maximal torsion radicals correspond to prime ideals minimal in a more 
general sense defined in this paper. If R is left Noetherian, then a torsion 
radical of R^é is maximal if and only if it is defined by the injective envelope 
of R/A for a critical prime left ideal A minimal in the same sense. 

In general, the following conditions are equivalent for a torsion radical a of 
RJt\ 

(a) <i is a maximal torsion radical; 
(b) in the quotient category determined by a, every nonzero injective 

object is a cogenerator; 
(c) a is saturated and every nonzero torsionfree, injective left module over 

the ring of quotients Q<r(R) is faithful; 
(d) cr is saturated and every nonzero torsionfree, injective left R/a(R)-

module is faithful. 
When the quotient category is equivalent to the category of left Qa(R)-
modules (that is, when the quotient functor is naturally isomorphic to 
QaiR) ®R — ), then condition (b) can be used to show that a is a maximal 
torsion radical if and only if the Jacobson radical J(Qa(R)) is right 7"-nilpotent 
and Q<r(R)/J(Q(T(R)) is simple Artinian. Moreover, if in this situation R is 
left Noetherian, then Q<r(R) is left Artinian. 

In the first section we show that maximal radicals correspond to prime 
ideals. We investigate general properties of maximal torsion radicals in the 
second section. In the final section we introduce a relation ^ for left ideals, 
which reduces to ordinary containment when applied to prime ideals of a 
commutative ring, and use this relation to characterize maximal torsion 
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radicals of certain noncommutative rings. We also give some results for 
hereditary, Noetherian rings. The reader is referred to the books by Lambek [8] 
and Mitchell [13] for any undefined terms. The term torsion radical is used by 
Maranda [11]. Equivalent notions are those of torsion theory [9] and idem-
potent kernel functor [6]. 

1. Maximal radicals and prime ideals. A subfunctor p of the identity 
on RJé (for all M G R*>#, P{M) is a submodule of M, and if/ G HomR(M, TV), 
then f(j>(M)) Qp(N)) is called a radical of RJt if p(M/p(M)) = 0 for all 
M G RJ(, and a torsion radical if in addition p(M0) = M0 C\ p(M) for all 
submodules M0 C M. A radical is proper if it is not the identity functor on 
RJt, or equivalently, if p(R) 9e R. If p and a are radicals with p(Tkf) Ç a(M) 
for all M G RJ£, we write p ^ a, and if p is a (torsion) radical then we call p 
a maximal (torsion) radical if p is proper and for any other (torsion) radical a 
with p ^ c, either p = o- or o- is the identity on RJf. If p is a radical, then a 
module RM is p-torsion if p(M) = M, p-torsionfree if p(M) = 0, and a sub-
module Mo of M is p-dense if M/M0 is p-torsion and p-closed if M/M0 is 
p-torsionfree. A (left) ideal A of R is a maximal p-closed (left) ideal if it is 
maximal in the set of proper p-closed (left) ideals. 

For any module BN, rad^ : RJÏ —» RJ£ defined by 

rad*(M) = O ker( / ) 
f£B.omR(M,N) 

for all Tkf G B e ^ , is a radical. Note that rad^CR) is just Ann(TV). If RN is 
injective, then rad^ is a torsion radical, and moreover, every torsion radical 
is of this form for an appropriate injective module. If p is a radical and RN is 
p-torsionfree, then for any module RM a n d / G Horn ̂  (Tkf, TV) we must have 
f(p(M)) Ç p(TV) = 0, and thus p ^ rad^. On the other hand, if p ^ rad^, 
then rad^(TV) = 0 implies p(TV) = 0. Thus p ^ rad^ if and only if p(TV) = 0. 
This will prove to be useful in the characterization of maximal radicals. A 
characterization of prime ideals similar to that of Theorem 1.3 was given by 
the author in an earlier paper [3], without reference to maximal radicals. We 
use E(M) to denote the injective envelope in RJéoi the module RM. 

1.1. LEMMA. Let A be an ideal of R. Then the following conditions are 
equivalent: 

(a) A is a prime ideal. 
(b) 7 /0 ^ TV G R Je and rad^ ^ rad^ ( i2M), then Ann (TV) C A. 
(c) IfO^N£ R Je and rad^ ^ r a d ^ , then Ann (TV) = A. 

Proof, (a) => (b). Assume that A is a prime ideal and that rad# ^ rad^(ijM). 
Then rad^(i2M)(TV) = 0, and so there exists 0 5* f G Hom^TV, E(R/A)), 
which implies that f (TV) C\ R/A =̂  0, since E(R/A) is an essential extension 
of R/A. Now Ann (TV) • (/(TV) H £/ i4) = 0 implies Ann (TV) C A, since A is 
prime. 
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(b) =» (c). If r ad^ ^ rad^/^, then certainly r a d ^ ^ r ad# ( # M ) , and so by 
assumption Ann(iV) C A B u t r ad B M ( iV) = 0 implies t h a t for each x G N 
we mus t have Ax = 0, since otherwise there e x i s t s / G Hom^fTV, R/A) with 
4 / ( x ) = fiAx) ?± 0, a contradict ion. T h u s Ann(iV) = 4 . 

(c) => (a) . Le t 5 and C be ideals of i? with BC Q A. U A ^ C, then 
C / 4 9e 0 and radC/A ^ r a d B M . By assumption 4̂ = A n n ( C / 4 ) 3 5 , and 
this is sufficient to show t h a t A is a prime ideal, completing the proof. 

1.2. P R O P O S I T I O N . Let A be an ideal of R. The following conditions are 
equivalent: 

(a) A is a prime ideal. 
(b) A is a maximal a-closed ideal for a torsion radical a. 
(c) A is a maximal p-closed ideal for a radical p. 

Proof, (a) => (b) . If A is a prime ideal, let <r = r a d ^ w ^ ) . Then A is enclosed, 
and if B is any proper a-closed ideal, then r a d ^ / s ^ rad#(flM), and L e m m a 1.1 
implies t h a t B = Ann (R/B) C 4 . 

(b) =» (c). Assume t h a t 4̂ is a maximal a-closed ideal and let p = rad^/^ . 
T h e n p ^ a and every p-closed ideal is also a-closed, so A mus t be a maximal 
p-closed ideal. 

(c) =$ (a) . If A is a maximal p-closed ideal and r a d ^ ^ r ad B / A for some 
0 9e N G B ^ , then Ann (TV) 2 A and Ann(iV) is p-closed since r a d ^ ^ p. By 
assumption we mus t have Ann(iV) = A, and then L e m m a 1.1 implies t h a t A 
is a prime ideal. 

1.3. T H E O R E M . Let p be a radical of R ^ , with p(R) = A. Then p is a maximal 
radical <=> p = r a d # M awd 4. ÎS a prime ideal. 

Proof. (=>) Suppose tha t p is a maximal radical. Then A 9e R and 
p{R/A) = 0 implies p ^ rad^/^, so p = r a d # M since p is maximal . Fur ther ­
more, A is a maximal p-closed ideal since any larger p-closed ideal would 
determine a larger radical. T h e previous proposition then shows t h a t A is a 
pr ime ideal. 

(«=) If -4 is a prime ideal and p = rad^/^, then the proof of Proposit ion 1.2 
shows t h a t 4 is a maximal p-closed ideal. If a is a radical with a ^ p, then 
a( i£) is p-closed and contains A. Hence either a{R) = R or a( i£) = 4 and 
« ^ radfl/A = p. 

1.4. COROLLARY. Every proper radical of R*J£ is contained in a maximal 
radical <=> for each 0 9e M £ R^é there exists a submodule Mo C M such that 
Ann(ikfo) is a prime ideal. 

Proof. (=>) If 0 9^ M Ç R^é and every proper radical is contained in a 
maximal radical, then the theorem shows t h a t there exists a prime ideal P 
with r ad R / P ^ rad M . Le t 

Mo = {m £ M : Pm = 0}. 

I t can easily be shown t h a t Ann(Jkf0) = P. 
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(*=) Let p be a proper radical with p(R) = A. By assumption there exists 
a left ideal A £ B with Ann ( 5 / 4 ) = P a prime ideal. Thus p ^ rad#/A ^ 
radtf/p, and rad^/p is a maximal radical. 

An ideal K of R is called a torsion ideal if there exists a torsion radical a 
with a(R) = K. It can be shown that K is a torsion ideal if and only if 
K = 0-(i£) for a = radtf^/x), and thus K is a torsion ideal if and only if 
Ann(E(R/K)) = K. Other equivalent conditions are given by Lambek [9]. 

1.5. PROPOSITION. Let K be a proper torsion ideal of R. Then K is a prime 
ideal <=> p(R) = K for all proper radicals p such that p ^ r3LdE(R/K)-

Proof. (=>) If p is a proper radical with p ^ r&dE(RtK), then 

P(R) 3 rad*(B/x)(22) = Arm(E(R/K)) = K. 

Since K is a prime ideal, Proposition 1.2 shows that X is a maximal rad^^/^)-
closed ideal, and therefore p(R) = K, since p(i?) is rsidE(R/K)-closed. 

(*=) This follows immediately from Lemma 1.1. 

2. Maximal torsion radicals. We next characterize maximal torsion 
radicals by giving conditions on the ring of quotients and on the quotient 
category determined by the torsion radical. For a torsion radical a, a module 
RN is called cr-infective if for each module RM and each homomorphism 

/ Ç HomR(Mo, N) such that M0 is a c-dense submodule of M, there exists 
an extension of / to M. The quotient category determined by a is the full 
subcategory of c-torsionfree, c-injective jR-modules, and will be denoted by 
R^éa. The quotient functor Qa : R<Jt —» R^G is a left adjoint to the inclusion, 
and is defined on modules as follows: for M £ R ^ let M/<r(M) = Mt, and 
then Q, (M) is the submodule of E(Mt) for which Qa(M)/Mt = a(E(Mt)/Mt). 
Qa(R), which we abbreviate to Rai has a ring structure and is called the ring 
of left quotients of R determined by a. 

A torsion radical a is said to be saturated if a ^ a for every torsion radical 
a such that a (R) = <r(R). (See [17].) For any torsion radical a with a(R) = Kr 

we have a(E(R/K)) = 0 and hence a ^ r&dE(R/K). It follows immediately 
that a is saturated if and only if a = mdE(R/K). The complete ring of left 
quotients of R, which we denote by Qm&x(R), is the ring of left quotients 
determined by a — r a d ^ ^ . For this torsion radical a we abbreviate the terms 
cr-torsion, cr-torsionfree, c-dense, and cr-closed to torsion, torsionfree, dense, 
and closed, respectively. For a torsion ideal K of R} K = Arm (E {R/K)), and 
so E(R/K) is an R/K-modu\e. Thus the i?/i£-injective envelope of R/K and 
the i?-injective envelope of R/K coincide. This shows that if a is a saturated 
torsion radical with a(R) = K, then a = rad #(22/20 and Rff = QmSiX(R/K). 

2.1. PROPOSITION. Let a be a torsion radical. Then a is a maximal torsion 
radical <=> a is saturated and a(R) = <r(R) for all proper torsion radicals a such 
that a ^ a. 
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Proof, (=>) If CT(R) = K, then a S rad^(i2/jS:), and so if a- is a maximal 
torsion radical it follows that a = radE(R/K), and a is saturated. If a is a proper 
torsion radical with a ^ a, then we must have a — a and in particular 
a(R) = a(R). 

(<=) If a is a proper torsion radical with a ^ <r, then by assumption 
a(R) = v(R)y and so a ^ a since o- is saturated. 

If c is a maximal torsion radical with a(R) = K, then K must be maximal 
in the set of o--closed torsion ideals. In fact, an ideal K is the torsion ideal 
determined by a maximal torsion radical if and only if K is maximal in the set 
of enclosed torsion ideals for some torsion radical a. 

2.2. THEOREM. Let a be a saturated torsion radical with a(R) = K. If K is a 
prime ideal, then a is a maximal torsion radical. The converse holds if K is a 
semiprime ideal. 

Proof. If K is a prime ideal, then since a is saturated, the proof of Propo­
sition 1.2 shows that K is a maximal cr-closed ideal, and so by the preceding 
remarks a is a maximal torsion radical. 

Conversely, if a is a maximal torsion radical, then to show that K is a maxi­
mal (j-closed ideal and therefore prime, it is sufficient to prove the following: 
if K is a semiprime torsion ideal, then every (7-closed ideal A such that A Z) K 
is a torsion ideal of R. Accordingly, assume that K is a semiprime torsion 
ideal and that A 3 K is a a-closed ideal. Since K is c-torsion and E(R/A) is 
c-torsionfree, HomR(K, E(R/A)) = 0, and so we shall prove that 

HomB(A/K,E(R/A)) = 0, 

since this implies that HornB(A, E(R/A)) = 0 and therefore A is a torsion 
ideal. Now if 0 ^ / € HornB(A/K, E(R/A))9 then since E(R/A) is r a d M / i 0 -
torsionfree there exists g G HomB(E(R/A), E(R/K)) with gf ^ 0. Conse­
quently there exists a left ideal B with K CI B Q A such that f(B/K) C R/A 
and 0 5* gf(B/K) Q R/K. Let C be the left ideal containing K with C/X = 
gf{B/K). Then 5 Ç 4 implies B -f(B/K) Ç B • (2?/^) = 0 and hence 
B - C Ç i£. Since X is a semiprime ideal, this implies that C - B Cl K, and thus 

C'gf(B/K)Qgf(C-(B/K)) = 0 , 

which shows that C2 Ç X. Since K is semiprime, this implies that C C X, a 
contradiction. Thus Horn^(^4, E{R/A)) = 0 and we conclude that X is a 
prime ideal. 

Recall that in a category with direct products an object W is a cogenerator 
if and only if each object of the category can be embedded in a direct product 
of copies of W. (See [13].) Note that for modules BM and BNt rad^(ikf) = 0 
if and only if M can be embedded in a direct product of copies of N. 

2.3. LEMMA. Let a be a saturated torsion radical with <r(R) = K. The following 
conditions are equivalent for a module M Ç B*Jé: 
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(a) M is a a-torsionfree, injective R-module. 
(b) M is an injective object in R<Jta. 
(c) M is a torsionfree, injective Ra-module. 
(d) M is a torsionfree, injective R/K-module. 

Proof. Since a is saturated, a = radE(R/K), and since K is a torsion ideal, 
E(R/K) is the R/K-'m]ective envelope of R/K. Furthermore, since R0 = 
Qm&x(R/K), E(R/K) is the i?ff-injective envelope of Ra, as shown by Lambek 
in [8, Proposition 2, § 4.3]. Each of the conditions of the lemma can thus be 
seen to be equivalent to the condition that M is an indirect summand of a 
direct product of copies of E{R/K). 

2.4. THEOREM. Let a be a torsion radical with a(R) = K. The following con­
ditions are equivalent: 

(a) a is a maximal torsion radical. 
(b) In R^a every nonzero injective object is a cogenerator. 
(c) a is saturated and every nonzero torsionfree, injective left Ra-module is 

faithful. 
(d) a is saturated and every nonzero torsionfree, injective left R/K-module is 

faithful. 

Proof, (a) => (b). Let M be an injective object in R ^ „ . By Lemma 2.3, 
RM is a-torsionfree and injective, so a(M) = 0 implies a ^ radM, and then 
since radM defines a torsion radical of #~# and a is a maximal torsion radical, 
we must have a = radM. For any object N in R^éa, radM(N) = a(N) = 0, 
and so N can be embedded in a direct product of copies of M. Thus M is a 
cogenerator in R^a. 

(b) => (c). E(R/K) is a-torsionfree and injective, so it is an injective object 
in R*J?a and by assumption a cogenerator in R*Jéa. Since every object in R*Jtv 

can be embedded in a direct product of copies of E(R/K), it follows that 
every cr-torsionfree i^-module can also be embedded in a direct product of 
copies of E(R/K). Thus radE(R/K)(M) = 0 for all modules RMwith a(M) = 0, 
and so rsidE(R/K) ^ o". But since rad E(,B/K) ^ <r always holds, we have equality, 
and a is saturated. If M is a torsionfree, injective ^-module, then by Lemma 
2.3 it is an injective object in R^a, and so by assumption M is a cogenerator 
in B*Jtff. In particular, Ra can be embedded in a direct product of copies of M, 
and this shows that M is faithful as an ^-module. 

(c) => (d). This follows immediately from Lemma 2.3, since R/K C Raj 

and thus any faithful i?ff-module is faithful as an R/K-module. 
(d) => (a). If a is a proper torsion radical with a ^ a, then E(R/a(R)) is 

injective and a-torsionfree, so it is injective and torsionfree as an R/K-module, 
and by assumption it must be a faithful R/K-module. Thus 

a(R) = Arm(E(R/a(R))) = K, 

and since a is saturated, Proposition 2.1 shows that a is a maximal torsion 
radical. 
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Applying the theorem to rad^ ( i 2 ) , which is sa tura ted , we obtain the following 
corollary. Note t h a t if S is any subring of QmSLX(R) with R C 5 C Qm&x(R), 
then S satisfies the conditions of the corollary if and only if R satisfies the 
conditions, since Qmax(S) = QmSiX(R). 

2.5. COROLLARY. Every nonzero torsionfree, infective left R-module is faithful 
<=> rad#(i2) is a maximal torsion radical of R*Jé. 

Lambek and Michler [10] call a left ideal A critical if i t is maximal in the set 
of proper (7-closed left ideals for some torsion radical a. In this case a can be 
taken to be rad E{R/A), since A is cr-closed and therefore a g r ad^ ( f l M ) . (If R 
is commuta t ive , then the notions of critical ideal and prime ideal coincide, as 
shown by Proposition 1.2.) Wi th a = radE(R/A), it can be seen t ha t A is a 
critical left ideal if and only if Qa(R/A) is a simple object in R^a. In [16] 
Popescu calls a torsion radical a a prime torsion radical if R^a has a cogenera-
tor which is the injective envelope of a simple object in R*JKV, and he shows 
t h a t this is equivalent to the original definition given by Goldman in [6]. I t 
is evident t h a t a is a prime torsion radical if and only if a = r ad#(# M ) for a 
critical left ideal A. Theorem 2.4(b) establishes the connection between 
maximal torsion radicals and prime torsion radicals. 

2.6. COROLLARY. Let a be a torsion radical of R^f. 
(a) If a is a maximal torsion radical, then a is a prime torsion radical <=> there 

exists a a-closed critical left ideal. 
(b) / / a is a prime torsion radical, then a is a maximal torsion radical <=> for 

each nonzero a-torsionfree injective module RM there exists m Ç M such that 
Ann(ra) is a critical left ideal. 

Proof. If a is a maximal torsion radical, then every nonzero injective in 
B^a is a cogenerator, and so a is a prime torsion radical if and only if R^éa 

has a simple object. This occurs if and only if there exists a enclosed critical 
left ideal. 

If a is a prime torsion radical, then every nonzero injective in R ^ v is a 
cogenerator if and only if every nonzero injective in R^éa contains a sub-
module simple in R<J(a. 

T h e singular submodule Z{RM) of a module M Ç R^$ \s the set of elements 
of M whose annihilator is an essential left ideal of R. T h e Goldie torsion radical 
G of R ^ is defined for RM by let t ing G{M) be the submodule of M for which 
G(M)/Z(M) = Z(M/Z(M)). I t is well-known t h a t G defines a torsion radical 
of Risrff, with G è rad^cfl) since every dense left ideal of R is essential, and 
t h a t G = rad#(fl) if and only if Z(R) = 0. Fur thermore , G(M) = M if and 
only if Z(M) is essential in M. (See [4].) W e note tha t , as remarked by Alin 
and Armendariz [1], for any commuta t ive local ring R with ni lpotent maximal 
ideal, Z(R) is essential in R and the only proper torsion radical of R ^ is the 
zero functor, so rad#(#) is a maximal torsion radical. 
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2.7. PROPOSITION. If a is a maximal torsion radical with <T(R) = K, then 
either Z(RIKR/K) = 0 or Z(R/KR/K) is essential in R/K. 

Proof. If a is a maximal torsion radical, then by Theorem 2.4 every nonzero 
torsionfree, injective left R/K-modu\e is faithful. T h u s T3.dE(R/K) defines a 
maximal torsion radical for R/K^- If G is the Goldie torsion radical for 
R/K^, then G ^ r a d ^ ^ / i o , and so either G = radE(R/K) and Z(R/KR/K) = 0 
or else G is the identi ty on R/K^ and Z(R/KR/K) is essential in R/K. 

2.8. T H E O R E M . Let a be a saturated torsion radical with a(R) = K. If 
Z(R/KR/K) = 0, then a is a maximal torsion radical <=> Ra is a prime ring. 

Proof. (<=) If c is a maximal torsion radical, then by Theorem 2.4 every 
nonzero torsionfree, injective left i^ -module is faithful. As in the proof of 
Theorem 2.2, to show t h a t Ra is a prime ring it is sufficient to show t h a t every 
closed ideal of Rff is a torsion ideal. Since a is sa turated, Ra = QmsiX(R/K), and 
if Z(R/KR/K) = 0, then it is well-known tha t Ra mus t be von N e u m a n n 
regular. This yields the desired conclusion, since every ideal of a von Neumann 
regular ring is a torsion ideal [9, Proposition 2.3]. 

(<=) If Ra is a prime ring, then it follows from Theorem 2.2, Corollary 2.5, 
and Theorem 2.4 t ha t a is a maximal torsion radical, wi thout assuming t h a t 
Z{RIKR/K) = 0. 

Alin and Armendariz [1] have investigated the condition t h a t rad# (#) ^ c 
for every proper torsion radical a, and they have shown [1, Theorem 2.2] t h a t 
for commuta t ive rings whose singular ideal is not essential this condition 
characterizes integral domains. I t follows from our results t ha t for the same 
class of rings the weaker condition t ha t rad£?(i2) is a maximal torsion radical 
also characterizes integral domains. For any ring R, r a d ^ ^ ) ^ a for every 
proper torsion radical a of R^C if and only if 0 is the only proper torsion ideal 
of R, and since the torsion ideals of R are precisely the annihilators of injective 
modules, this occurs if and only if every nonzero injective left jR-module is 
faithful. Any prime von Neumann regular ring R which is not simple has 
nontrivial torsion ideals and yet r a d i ^ ) is a maximal torsion radical. Th i s 
shows t h a t the two conditions are not always equivalent. 

2.9. PROPOSITION. Every nonzero injective left R-module is faithful <=> every 
nonzero torsionfree, injective left R-module is faithful and every torsion ideal of 

RR is closed. 

Proof. (=>) This is clear since by assumption the only torsion ideals are 
0 and R. 

(<=) If RM is injective, then Ann (M) is a torsion ideal, and so by assumption 
it is closed. If M 9e 0 then E (R/Ann (M)) is a nonzero torsionfree injective, 
and so 

Ann (M) = Ann(£ ( i ? /Ann( ikO) ) = 0. 
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2.10. PROPOSITION. Let K be a torsion ideal of R. Consider the following 
conditions: 

(a) Every nonzero infective left R/K-module is faithful. 
(b) K is a maximal torsion ideal of R. 
(c) Every nonzero torsionfree, infective left R/K-module is faithful. 

Then (a) =ï (b) =*• (c). If R is left hereditary, then (a) and (b) are equivalent. 
If every torsion ideal of R/K is closed, then the conditions are all equivalent. 

Proof, (a) => (b). If we assume (a), then the only torsion ideal of R/K is 
the zero ideal. We shall show that if A is a torsion ideal of R with A 3 K, 
then A/K is a torsion ideal of R/K, and thus K must be a maximal torsion 
ideal of R. Now A is a torsion ideal of R if and only if HornR {A, E (R/A ) ) = 0 
[9, Corollary, p. 33], and this is equivalent to the condition that 
HornB(A0, R/A) = 0 for all left ideals A0 C A [9, Proposition 0.2]. This 
implies that 

UomR/K(A0/K,R/A) = UomR(A0/K, R/A) = 0 

for all left ideals A0 with K Ç A0 C A, and since (R/K)/(A/K) = iÊ/4, 
this shows that A /K is a torsion ideal of R/K. 

(b) => (c). If cr is a proper torsion radical such that c ^ rad^^/^) , then 
c(i^) 3 i£, and since K is a maximal torsion ideal, <r(R) = K. Proposition 2.1 
shows that ra.d E(R/K) is a maximal torsion radical, and so the desired conclusion 
follows from Theorem 2.4. 

(b) => (a). Assume that R is left hereditary. Condition (a) will follow from 
(b) if we can show that if A is an ideal of R with A Z) K, and A/K is a torsion 
ideal of R/K, then A is a torsion ideal of R. As above, if A/K is a torsion 
ideal of R/K, then H o m ^ i o / i ^ , -R/4) = 0 for all left ideals A0 with 
K Q A0 ÇZ A. Since X is a torsion ideal, Hom^fXo, R/K) = 0 for all left 
ideals K0 Ç K. By assumption every left ideal is projective, and so this implies 
HomR(K0,R/A) = 0. Thus 

HomR(K,E(R/A)) = 0 and HomR(A/K, E(R/A)) = 0, 

and therefore HornR(A, E(R/A)) = 0 and A is a torsion ideal of R. 
(c) => (a). Assume that every torsion ideal of R/K is closed. The result 

follows from Proposition 2.9. 

2.11. PROPOSITION. Let a be a saturated torsion radical with a(R) = K. If 
Z(RIKR/K) = 0, then Ra is a simple ring <=> every nonzero infective left R0-
module is faithful. 

Proof. If a is saturated, then Ra = QmSiX(R/K), and so Ra is von Neumann 
regular if Z(R/K) = 0. As remarked previously every ideal of a von Neumann 
ring is a torsion ideal, and so Ra is simple if and only if the only torsion ideals 
of Ra are 0 and Ra. 
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Nâstâsescu and Popescu [14] call a ring R left semi-Artinian if every nonzero 
left i?-module contains a simple submodule. They show [14, Proposition 3.2] 
that R is left semi-Artinian if and only if R/J(R) is left semi-Artinian and 
J(R) is right T-nilpotent, where J(R) is the Jacobson radical of R. (An ideal A 
is right T-nilpotent if for each sequence {at}T=i of elements of A there exists 
an integer n such that anan-i . . . a,\ = 0.) The only proper torsion radical of 
R ^ is the zero functor if and only if every nonzero inj ective left i£-module is a co-
generator, since radM = 0 if and only if RM is a cogenerator for R^é. Gardner 
has shown [5, Proposition 2] that this occurs if and only if R is left semi-
Artinian and has a unique (up to isomorphism) simple left module. Moreover, 
in this case R/J(R) is simple Artinian [5, Theorem 6]. It is well-known that 
the inclusion functor from R*Jta to the category of left i^-modules is an equiva­
lence if and only if Qff is naturally isomorphic to Rc ®R —. When this occurs, 
Theorem 2.4 takes the following form. (Note that the implications (b) => 
(c) =» (a) hold for all torsion radicals cr.) 

2.12 THEOREM. Let a be a torsion radical of R ^ such that Qa ~ Ra ® R —. 
The following conditions are equivalent: 

(a) a is a maximal torsion radical. 
(b) Ra/J(Rcr) is simple Artinian and J{Ra) is right T-nilpotent. 
(c) a is saturated and every nonzero infective left R^-module is faithful. 

Proof, (a) => (b). By assumption R*Jéa is equivalent to the category of 
left ^-modules, and so Theorem 2.4(b) shows that every nonzero injective 
left i^-module is a cogenerator. The results of [5] and [14] then imply that 
Ra/J^Rv) is simple Artinian and J(R<r) is right T-nilpotent. 

(b) => (c). If Ra satisfies the conditions of (b), then every nonzero injective 
left i^-module is a cogenerator and therefore faithful. The proof of Theorem 
2.4 shows that a is saturated, since E(R/a(R)) is a cogenerator. 

(c) => (a). This follows immediately from Theorem 2.4. 

3. Maximal torsion radicals and minimal primes in Noetherian rings. 

3.1. THEOREM. If R is left Noetherian and a is a maximal torsion radical of 
R<J£ such that Qa ~ Rff ®R —, then Rff is left Artinian. 

Proof. If R is left Noetherian and Qa ~ Rff ®B —> then Ra is a left localiza­
tion in the sense of Silver, and consequently Ra is left Noetherian [18, Proposi­
tion 1.6]. By Theorem 2.12, Rff is left semi-Artinian, and a left Noetherian, 
left semi-Artinian ring is left Artinian. 

3.2. PROPOSITION. Let R satisfy the maximum condition for ideals. 
(a) Every proper radical of R*Jt is contained in a maximal radical. 
(b) Every proper torsion radical of R*Jt is contained in a maximal torsion 

radical. 

Proof, (a) If p is any proper radical, then there exists by assumption an 
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ideal A maximal in the set of proper p-closed ideals. By Proposit ion 1.2, A is 
a prime ideal, and by Theorem 1.3, r a d # M is a maximal radical. W e then have 
P ^ r a d # M , since A is p-closed. 

(b) If o- is any proper torsion radical, then there exists an ideal K maximal 
in the set of proper ^-closed torsion ideals. T h e n a ^ radE(B/K), since K is 
(7-closed. If a is a proper torsion radical with r a d ^ ^ / ^ ) è a, then a(R) is 
a-closed, and hence c-closed. Since a(R) 2 K, we mus t have a(R) = K, and 
then Proposition 2.1 implies t h a t radE(R/K) is a maximal torsion radical. 

T h e torsion radical rad^(ig) is contained in a maximal torsion radical of R^Jé 
if and only if there exists a maximal closed torsion ideal, and if R is semiprime, 
then this occurs if and only if there exists a maximal closed ideal, since the 
proof of Theorem 2.2 shows t h a t every closed ideal of R is a torsion ideal. If R 
is commuta t ive and semiprime, then Qmax(R) is self-injective, and the closed 
ideals of QmaiX(R) are precisely the annihilator ideals. Since in this case the 
latt ice of annihilator ideals of R is isomorphic to the lat t ice of annihi la tor 
ideals of Qmax(R) — Q, any commuta t ive semiprime ring with no maximal 
annihi lator ideal yields an example of a ring Q for which there is no maximal 
torsion radical containing rad^(Q) . 

T h e result t h a t maximal torsion radicals of a commuta t ive , Noether ian ring 
correspond to minimal prime ideals can be generalized in several ways to the 
noncommuta t ive case. These involve prime left ideals and a more general 
notion of minimali ty. Lambek and Michler [10] call a left ideal P of R pr ime 
if for all a, b £ R, aRb £ P implies a G P or b G P. For a left ideal A of R 
and r G R, we let 

Ar~l = {x e R : xr £ A}. 

3.3. P R O P O S I T I O N . Let A and B be left ideals of R. The following conditions 
are equivalent: 

(a) For all left ideals A i such that A £ A i, there exist r £ A i\A and s G R\B 
such that Ar~l Q Bs~l. 

(b) For all left ideals A\ such that A £ A\, there exists a left ideal A2 such 
that Ai D i 2 3 A and HomR(A2/A, R/B) ^ 0. 

(c) radtf(jBM) ^ r^dE{R,B). 

Proof, (a) =» (b) . If A £ A\, then by assumption there exist r G ^4i\^4 and 
j G R\B with Ar~l ÇZ Bs~l. Let A2 be the left ideal generated by A and r. 
Then the homomorphism / : A2/A —> R/B defined by f(xr + A) = xs + B 
is well-defined and nonzero. 

(b) =» (c). Note t ha t rad E(R/A) ^ r&dE(R/B) if and only if 

radE(R/B)(R/A) = 0. 

Le t Ai =2 4̂ with Ai/A = rad^ ( i 2 /5)(-R/-4). If ^4iA4 ^ 0, then there exists by 
assumption a left ideal A 2 with ^41 2 4̂ 2 2 A and a homomorphism 
0 9* / G Hom B ( i4 2 / -4 , £ / 5 ) . T h e n / extends by the injectivity of E(R/B) to 
g : R/A ->E(R/B) with g{A2/A) j * 0, a contradict ion. 
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(c) ==» (a). If A ^ Ai, then rad E(R/B) (R/A) = 0 implies there exists 
/ £ UomR(R/A,E(R/B)) with f(Ai/A) ^ 0. Since E(R/B) is an essential 
extension of R/B, 

f{A1/A)C\R/B 9*0, 

so fir + A) = s + B y£ 0 for some r £ Ai\A and 5 G R\B, and then 
^Ir"1 C Bs-K 

3.4. Definition. For left ideals 4̂ and 5 of R, we say 4̂ 5̂  P if for each left 
ideal A i with A Ç. A i there exist r C i i\A and 5 G P \ P such that 
Ar-1 Ç Ps"1 . 

If 4̂ and 5 are left ideals containing an ideal K, then Proposition 3.3 (b) 
shows that A ^ B in ^ ^ if and only if A/K rg P / i£ in RIK^- If 4̂ is an ideal 
with Ai/A = rdLdE(R/B)(R/A), then Ax/A is invariant under P-endomor-
phisms of R/A, and so A\ must be an ideal. Thus the proof of Proposition 3.3 
shows that if A is an ideal, then A ^ B if and only if the condition of Defini­
tion 3.4 is satisfied for each ideal A\, with A £ A±. If P is a prime ideal in a 
commutative ring, then Pr _ 1 = P for all r ([ P, and so for prime ideals Pi 
and P 2 in a commutative ring, Pi ^ P 2 if and only if P i Ç P2 . The following 
lemma shows that in general if P i and P 2 are prime ideals, then P i ^ P 2 

implies P i C P2 , and so any minimal prime ideal is minimal with respect to 
the relation ^ . 

3.5. LEMMA. Let A be an ideal of R, and let B be a left ideal of R. 
(a) If A S B and B is a prime left ideal, then A C B. 
(b) If A C B and A is a prime ideal such that R/A satisfies the ascending 

chain condition for annihilator right ideals, then A S B. 

Proof, (a) If A ^ B, then there exist r G R\A and 5 £ R\B with 
Ar-1 C Bs~K For a € A, aR C i ç ^ r " 1 C Ps" 1 implies that aRs C 5 . 
Since P is a prime left ideal and s (£ B, we must have a £ B. Thus i Ç 5 . 

(b) Since 4̂ ^ P in R<Jé if and only if 0 ^ B/A in R/A^f it suffices to show 
that in a prime ring R with ascending chain condition on annihilator right 
ideals, 0 is the only proper torsion ideal, since then rad#(#) ^ rad^(i2/C), or 
equivalently, 0 S C, for all left ideals C of P . This result is due to E. P. Armen-
dariz (stated in a letter to the author), and can be shown using the methods 
of Lambek. Proposition 2.2 of [9] shows that if R is a semiprime ring with 
ascending chain condition on annihilator right ideals, then every torsion ideal 
of RR is of Type 1, i.e., every torsion ideal K satisfies the condition that for all 
r (i K, there exists 5 Ç R such that sK = 0 and sr (? K. This shows that for 
all r g K there exists a right P-homomorphism / £ Horn((R/K)R, RR) such 
t h a t / ( r ) = sr 7* 0, and so K is closed as a right ideal. But R is a prime ring, 
and by Proposition 1.2, 0 is a maximal closed ideal of RR and so K = 0 or 
K = R. 
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3.6. THEOREM, (a) If R satisfies the maximum condition for ideals, then there 
is a one-to-one correspondence between maximal torsion radicals of R<-Jt and 
prime ideals of R minimal with respect to the relation ^ . 

(b) If R is right Noetherian, then there is a one-to-one correspondence between 
maximal torsion radicals of R^t and minimal prime ideals of R. 

Proof, (a) If a is a maximal torsion radical of B « ^ , then by Proposition 3.2, 
a is contained in a maximal radical, and thus a ^ rad^^/p) for a prime ideal P. 
Since a is maximal, we must have a = rad^^/p), and it is clear from Proposi­
tion 3.3 (c) that P is minimal with respect to ^ . If P\ and P 2 are prime ideals 
with radota/Pi) = r3.dE(R/p2), then P i ^ P 2 and P2 ^ Pu which shows by 
Lemma 3.5 that P i = P2. Thus the correspondence between maximal torsion 
radicals and prime ideals minimal with respect to ^ is one-to-one, since for 
all ex, a ^ rad#(ij/p), with P minimal. 

(b) If R is right Noetherian, then for every prime ideal P , R/P satisfies 
the ascending chain condition for annihilator right ideals, and so Lemma 3.5 
shows that the prime ideals minimal with respect to ^ are precisely the prime 
ideals minimal with respect to C . The result then follows from part (a). 

Let R be the ring of all linear transformations of a vector space of countably 
infinite dimension. The only ideals of R are 0, R, and the ideal F of all trans­
formations of finite rank [7, Chapter IV, §17, Theorem 1], and so R certainly 
satisfies the maximum condition for ideals. Since R is von Neumann regular, 
F is a torsion ideal [9, Proposition 2.3]. It can be seen easily that F is a prime 
ideal, and so both rad#(#/p) and rad#(#) are maximal torsion radicals of R^t. 
This example shows that the maximum condition for ideals is not sufficient 
to guarantee a one-to-one correspondence between maximal torsion radicals 
and minimal prime ideals. The proof of Theorem 3.6 shows that to guarantee 
this one-to-one correspondence it is sufficient to assume that every proper 
radical of R^4t is contained in a maximal radical and that R/P satisfies the 
ascending chain condition for annihilator right ideals, for every minimal 
prime ideal P of R. 

3.7. COROLLARY. Let a be a torsion radical of R^f, with <r(R) = K. If R is 
commutative, Noetherian, then the following conditions are equivalent: 

(a) a is a maximal torsion radical 
(b) a = radE(R/p) for a minimal prime ideal P of R. 
(c) a is saturated and every nonzero infective R/K-module is faithful. 
(d) a is saturated and K is a maximal torsion ideal. 

Proof. Conditions (a) and (b) are equivalent by Theorem 3.6. Conditions 
(a), (c), and (d) are equivalent by Theorem 2.4 and Proposition 2.10, since 
[9, Proposition 2.2 (1)] together with the proof of Lemma 3.5 shows that every 
torsion ideal of R/K is closed. 

If R is left Noetherian, then Corollary 2.6 shows that every maximal torsion 
radical a is a prime torsion radical. Thus a = radM for an indecomposable, 
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injective module RM [11, Corollary 1.2], and then a = rad#(# M ) , for a critical 
prime left ideal A [10, Corollary 2.14]. For the sake of completeness we give 
here a short proof t ha t if R is left Noetherian, then for any nonzero injective 
module RM, there exists a critical prime left ideal A with rad#(# /A) ^ r a d ^ . 
If a = rad M , then let P be a maximal cr-closed ideal, and let A be maximal in 
the set of cr-closed left ideals containing P. Clearly A is critical, and for any 
left ideal Ai with A £ Ah P C A n n ( ^ i / ^ 4 ) and Ann(^4i/^4) is o--closed, so 
P = Ann( i4 i / i4 ) . U a, b € R and aRb C A, with & g A, then 

a G Ann(Rb + A/A) = P ^ A, 

so 4̂ is also prime. T h e next theorem follows immediately from this result. 

3.8. T H E O R E M . Let a be a torsion radical of R<Jt. If R is left Noetherian, then a 
is a maximal torsion radical <=> a = ra,dE{R/A) for a critical prime left ideal A 
minimal with respect to ^ . 

We complete this section by applying some of our previous results to the case 
when the ring R is left hereditary and left Noetherian. 

3.9. LEMMA. If R is left hereditary and left Noetherian, and K is a torsion 
ideal of R, then R/K is left hereditary. 

Proof. A module RM is called fully divisible if it can be expressed as a 
quot ient of a direct sum of copies of E(R). Every injective module is fully 
divisible, and it was noted in [2] t h a t every fully divisible left i^-module is 
injective if and only if R is left hereditary and left Noetherian. If K is a torsion 
ideal of R, then the R/K-'m]ective envelope and the i?-injective envelope of 
R/K coincide, so every fully divisible jR/i£-module is fully divisible as an 
jR-module. If R is left hereditary and left Noetherian, then every fully divisible 
jR/X-module is injective as an i^-module and hence as an i^ /X-module , so 
this shows t h a t R/K is left hereditary. 

3.10. T H E O R E M . Let a be a torsion radical of R ^ . If R is left hereditary and 
left Noetherian, then a is a maximal torsion radical <=» Ra is a simple Artinian 
ring. 

Proof. Note t ha t since R is left heredi tary and left Noetherian, 
Qa ~ Rff ® B —. If a is a maximal torsion radical, then Theorem 3.1 implies 
t h a t R<r is left Artinian. By Lemma 3.9, R/a(R) is left hereditary and therefore 
has zero singular ideal, and so Theorem 2.8 implies t ha t R„ is a prime ring. I t 
follows t h a t Ra is simple Artinian, since a left Artinian ring is prime if and only 
if simple. 

T h e converse follows from Theorem 2.12. 
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