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SINGULARITY OF MONOMIAL CURVES IN A3 AND 
GORENSTEIN MONOMIAL CURVES IN A4 

JURGEN KRAFT 

Let 2 ^ s e N and { « „ . . . , ns) Q N*. In 1884, J. Sylvester [13] 
published the following well-known result on the singularity degree S of 
the monomial curve whose corresponding semigroup is S: = (A?,, . . . , ns): 
If s = 2, then 

5 = -(/i, - \){n2 - 1). 

Let K: = -Z\S and 

cif. = min{a e N*|ûAïf- G 2 N • w-} 
y * * 

for all 1 ^ / ^ s. We introduce the invariant 

K: = card K\S - card S\K = 2 0 - 1 

of S involving a correction term to the Milnor number 28 [4] of S. As a 
modified version and extension of Sylvester's result to all monomial space 
curves, we prove the following theorem: If s = 3, then 

K = (a] — \)n} + (a2 — l)n2 + (#3 ~ \)n3 — axa2ay 

We prove similar formulas for s = 4 if S is symmetric. 

0. Basic invariants of monomial curves. Let i be a field and B a 
monomial curve over A in A\ s e N*; that is, there exists a set 
{«,, . . . , rt5.} c N* with gcd(rt,, . . . , ns) = 1 such that 

B ^A[[X]9...,XS]]W9 

where 

«P: = ker(A[X]9 . . . , Xs] ^> C: = A[[S]]) 

Xl H-> r'\ 

and 5 is the numerical semigroup 
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MONOMIAL CURVES 873 

(nl9...9ns): = Nu, + . . . + N/is. 

Let O denote the isomorphism 

Quot B ^ Quot C 

induced by B ^> C. As usual, we call 

d: = d(B) = d(S) = /A(^) - codim $ 

r/z£ deviation of B (of S), and 

m: = m(B) = m(S) = min{«j, . . . , HÇ} 

//z^ multiplicity of B (of S). 
If / c Z, then / is called a fractional S-ideal if and only if / ^ 0 and 

S + / ç / (cf. [8] ). For a fractional S-ideal / let 

G(I) = I\(M + /) 

denote the (unique) minimal system of generators of / and define 

ju(/): = card G(I). 

Further let 

/ - J: = {z <= Z|z + J ç / } 

for a fractional S-ideal J,I~l: = S - I, and 7V: = - Z \ / . 
Fundamental fractional S-ideals are S, the maximal ideal M\ = M(S): 

= S\{0), M~\ and the canonical ideal K\ = K(S): = SV. Let 

n = r(B) = r(S) = dim^ m^]/B 

= dim^ m^VOn^1 n B) - dim^ 5 / ( 5 n mB
x) 

denote the type of B (of S). The canonical ideal 

of 5 we will shortly denote by f. 
Here we will also be interested in the invariant 

K: = K(B): = K(S): = diin, f/(f n B) - dim^ B/(B n f) 

= card A \ S - 1 

of 5 (of S), which we will use as a measure of the singularity of B. Note 

that K + 1 is the Milnor number [4] and -(/c + 1) is the singularity 

degree of B. We have 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


874 JURGEN KRAFT 

r(B) = 1 <̂=> B is Gorenstein, 
d(B) = 0 <=> 5 is a complete intersection, and 
K(Z?) = — 1 «=> B is regular. 

For us, the study of the singularity of B is the study of f/(f Pi B) and the 
computation of K(B) in terms of a minimal system of generators of ^3. By 
computing a basis of m# IB, we will be able to achieve our goal in case 
s = 3 (Section 1) and in case s = 4 iî B is Gorenstein (Section 2). Let 

z<: = min M~ \ S and z>: = max M~ \ S . 

Denote z < and z > by z if 5 is Gorenstein. Note that z > + 1 is the 
conductor of S. 

PROPOSITION 1. If S c N, //z^« M ~ Q N is also a numerical semigroup. 
Moreover, S is of the form M~ for some numerical subsemigroup S of S, 
which, if S c N, can be chosen to have the same multiplicity as S. 

Proof Let S c N and take S: = {0} U (S + m) Q S. Then 

M~] = (z G Z|z + (5 + m) ç £} 3 S. 

On the other hand z G M implies z + m = 0 or z + m = s + m 
for some s G S, and hence z G £. But z = — m < 0 is not possible, 
because M _ 1 Q N. Therefore S = M~x. 

PROPOSITION 2. G(K) = -M~\s. 

Proof 

G(K) = {— y\y G Z \ 5 and there does not exist an s G M such 

that — y = s H- ( — JC) for some JC G ZXS}. 

Hence 

-G(AT) = {y G Z \ S | y + J G S for ail s G M} 

= M^ys. 

COROLLARY. Z \ S = y {^ — S|J G 5 } . 

In particular, /x(AT) = 1 if and only if S is symmetric (cf. [6] for the 
definition of a symmetric numerical semigroup). 

If char A = 0, then using a theorem of Seidenberg [12], one has 

mB
] = Der^ B -» Der,, C = 2 V + 1 - , 

td+ ]— being homogeneous of degree d.U S cz N, then M~ ] Ç N , s o that 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


MONOMIAL CURVES 875 

the scalar multiples of the Euler derivation t— of C are the only homo-
dt 

geneous derivations of C of weight = 0 ( [10], also [14]; concerning this, 
J. Wahl [14] proves a theorem for surfaces). We have 

D e r ^ C = 2 Q J + 1 - , 

where is a minimal system of generators of 

Der^ C, and hence 

ju(Der^ C) = /x(M ]). 

Further 

8/' dt 

In particular 

L 3? 8? 

= (J + jy+ < / ' + 1 - for all d,d e Af_1. 
3? 

J ^ + 1 - for all J G M - 1 . 
3r 

If 5 c N, then Proposition 2 shows 

G(M~') = {0} U M~\S = -G(K) U {0} 

and hence fx(M-1) = r + 1, and as 0 corresponds to /—, this means that 
dt 

the minimal generators of M _ 1 (the Euler derivation taken out) are 
reflected to the minimal generators of the canonical ideal K. This 
illustrates the distinguished role the Euler derivation plays among the 
elements of a minimal system of generators of Der^ B. 

PROPOSITION 3. S is symmetric if and only if z< = z > , that is, 
/x(A/~ ) ^ 2. In this case 

Der c = ct- + cr + ]~ = a- + Ar + ]-
A dt dt dt dt 

if char A = 0. 

Proof "=>" is true, because z > — z < e M implies 

z"" = z < 4- ^ - z<) e 5, 

and "<=" because of the corollary (cf. [6], [10] ). 

1. Singularity of monomial curves in A . For the computation of a basis 
of m^ IB, one needs the important invariants of S 
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a;. = m'm{a G N * | ^ G 2 N • n •}, 1 ^ / ' ^ 5, 
7 = 1 

for 5 > 1, which were introduced by S. Johnson [9]. (Let ax\ = 1 if s = 1.) 
Theorems 1, 2, and 3 were essentially known to him; however, he did 
not take the ideal-theoretic point of view and did not distinguish clear
ly the cases I and II of the following theorem. This was later done by 
J. Herzog [6]. 

THEOREM 1 (Relations of monomial curves in A ). If s = 3, then 
precisely one of the following two cases does occur: 

(i) % = (A?' - x ^ xa
k
k - x?kitfv) 

for some (i,j, k) G S3 and some aki, ak. G N; d = 0. 

(II) % = (X^ - J^ , 2*313 , X°2
2 - X%»XÏ2\ X^ - Xa^Xa

2^) 

with unique a]2, tf13, tf23> û2i» fl3i» 3̂2 E N* having the property 

at = ayi + aki for all (/,y, k) <E S3; d = \. 

Definition. Let ^ be a graded fractional i?-ideal and x G £$ a fractional 
monomial in x}, . . . , xs. Then we will call the unique basis <oY(^) of %/Bx, 
consisting of residue classes of fractional monomials in JC1? . . . , xs, the 
Apéry-basis of% with respect to x. Let cox: = ux(B) for all x G B. 

THEOREM 2 (Weights of monomial curves in A ). Let s = 3. Then in 
case 

(I) nt = ajak, rij = akah and nk = atakj + akicij, 

(II) nl = ajak - akjajk for all (ij, k) G S3. 

Proof. The Apéry-bases of B with respect to xx,...,xs look as 
follows. 

In case I one has 

A[[Xh, Xk] WW, X?) 2 B/Bxg ^A[[S) ]/(A) 

for all {g, h) = {/', j). Hence 

UXK = { ( * M r i O ^ j8 ë ^ - 1 and 0 ^ y ^ ^ - 1} 

for all {g, h} = {/, y}, and therefore nt = a^ak and rij = G^A, (and 

"A = akiaj + <V*,)-
As for <ov , note that 

xk 

A[[X„ Xj] ]/(Xf - X?, W'tf») = B/Bxk ^A[[S] ]/(*"*) 

and hence 
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aXk = { (xfxf)~\ 0 ^ a ^ a-: - 1 and 0 ^ 0 ^ tfA.y - 1} 

U { ( x ^ / ) - | 0 ^ a ^akl - 1 

andfl^- ^ P^aj + akj - 1}. 

Therefore nk = « ^ 4- tfA/<2.. 
In case II one has 

A[[Xj9 Xk] ntf'JXl*, tf, J®) ^A[[S] ]/(/"') 

for all (i,j k) e S3. Hence 

oXi = { (xfxy
k)-\ 0 ^ p ^ atj- 1 and 0 ^ y ^ *,, - 1} 

U { (xfxy
kr\ 0 ^ /? ̂  atj - 1 and a/A. ^ y ^ - 1} 

U { (*/*£)" | ^ ^ ft ^ a} - 1 and 0 ^ y tk ^ - 1} 

for all (/', j \ k) <= S3, and therefore 

ni = ajaik + *,/** ~ *,/*/* f o r a11 OJ* k) <E S3. 

In case II, for all (/, j , k) e S3 the integers 

au'' = aijnj ~ ajiHi a n d ZU: = Qkini + ajnj ~~ U\ ~ n2 ~ "3 

depend only on sign(/,y, k). Hence a: = |aJ is completely independent of 
(/',y, k) e S3, and one gets two numbers z + : = z/7 and z~: = zy/ for any 
OJ,k) e ̂ 3. 

THEOREM 3 (m_1/Z? for monomial curves in A ). Let s = 3. 77zett /« 
case 

(I) mB
]/B = ^ ( I ; / 4 V I 1 I 2 I 3 ) " = ,4r 

vv/7/z 

z = a ^ -f aknk — n] — n2 — n3 for all l e {/,7*}; r = 1. 

(II) m^Vfl = A(x"kiXjJ/x}x2x3)~ + ^ ( J C J ^ ' / J C ^ J ^ ) " 

= ^ r + ^ r /or A// ( / , / k) G ^ 3 , Û/W/ 

z < = min{z+, z~} = z > — a 

with 

z > = max{z + , z~}\ r = 2. 

Proof. Using the notation of the proof of Theorem 2, we see that in case 
I we have 

as A -basis of the socle of B/Bx , and in case II we have 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


878 JURGEN KRAFT 

{(^-^'r^r'^*-')-} 
as A -basis of the socle of B/Bxt. As for all b e B, (x i—> .*//>), x ^ B, 
gives an 
assertion. 
gives an isomorphism of the socle of BIBb and mfl IB, we get the 

5 3 
Let e denote the Euler derivation 2 ft,*,— of #• Assuming 

i = i 3* , 
char A — 0, we can also write Theorem 3 as 

THEOREM 3' (Module of derivations of monomial curves in A ). Lei 
5 = 3. Then in case 

(I) Der^ B = Be + BLX% 1 ^ " 1 / - + n ^ x ^ ± -

+ w^-'4*+ f l«- '—) s o - + cf+]-k K h dxk> dt dt 

for all {g, h) = {i,j} such that ak ¥= 0. 

(II) Der^ B = Be + B 2 nlx^~'xa
k
k~x— 

sign(/,y,/c)= + l 

UJ,k)eS3 0Xj 
sign(/j',£)=-l 

3/ 9* 3/ 

,< + i 3 z>-hi 3 

r —, r 
fl/2; (*, - 2K + l l 

3/ 3/J 3/ 

a,-l A2-2 v ^ - 2 
= ax 

Remark 1. Note that in the complete intersection cases the derivations 

r+ — can be written as determinants called "trivial derivations" by 
3/ 

J. Wahl [14]. 

COROLLARY 1 (Canonical ideal of monomial curves in A3). Let s = 3. 
Then in case 

(I) f = B(xxx2x7)/x
ai'xa

k
k) = Ct"z for all l e {ij}. 
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(II) f = fl(jt,jc2V*^*/0 + BixfoXs/x^x?') 

= Ct~z+ + Ct~z~ for all (ij, k) G A3. 

Proof. See Theorem 3 and Proposition 2. 

C O R O L L A R Y 2. Let s = 3. 77Z^A7 /"« case 

(I) z = axa2a3 + (û,.^. + akflj)ak - apk - aka{ - {aflkjakflj). 

(II) z --= axa2a3 + ^31^12^23 

- (a2tf13 + a]2a23) - (a3a2] + tf23tf31) ~ (ûiû32 + ^31^12)^ 

z~ = U]a2a3 + ^21^32^13 

-- (a3a]2 + tf13tf32) ~ (tf,fl2j + a2i f li3) ~~ (^2^31 + fl32û2i)> 

* = 1*31*12*23 ~ *21*32*13l-

Proof See Theorem 3 and Theorem 2. 

Remark 2. Note that the determination of z > was a problem posed by 
G. Frobenius occasionally in his lectures (cf. [5, Cl] for references). 

We now come to the modified version and extension of a result of 
J. Sylvester [13] on the singularity degree of numerical semigroups 
generated by two elements. 

T H E O R E M 4 (Singularity of monomial curves in A ). Let s = 3. Then in 
case 

(I) K = axa2a3 + (aflkj + aklaj)ak - a/ik - aka{ - (atakj + akiaf). 

(II) K = axa2a3 + a3xaX2a23 + a2Xa32aX3 

- (a2a3 - a32a23) - (a3ax - ax3a3X) - (axa2 - a2xax2). 

Proof Of course, in case I, the formula for K follows from Corollary 2, 
since S is symmetric; but we want to illustrate here a way of computing 
K which also works in non-Gorenstein cases; namely, we want to study 
f/(f n B). 

I. Consider the following two subcases: 

(A) X°k
k - * ? ' € = $ for some (all) / G {ij}. 

(B) X°k
k - Xe!' £ $ for some (all) / G {ij}. 

In case (A) let bki: = ai and bkj: = A-, and in case (B) choose bki, bkj G N* 
with 

^ - X^'X^ G «p. 

Define 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


880 JURGEN KRAFT 

/: = "al+„u-l X Naj+hkr2 X N f l t_, 

and 

where 

JC: = xix2x3/x
cf'xa

k
k for all / G {',7'}. 

If 

/ ' : = { (ai9 a-, c^) G /|a7 < a, - 1 for all / e {ij} 

ovak < ak - 1}, 

then 

f/(f n 5) = 2 ^(* • x?x?xlk)~ = x/(X n 5). 
(al,aJ,ak)^r 

Further define 

IdtJ: = { (a,., a,., a^) G /!«,. > a, and a, ^ ^ - 1}, 

(a,,a7,a^)G/J/;/ 

and A^7 in the same way. 
There are (at + bkl — 1)(Û- + ^ — 1 ) ^ representations taken into 

consideration for the formation of the elements of generating X, and those 
elements having two representations are precisely the elements generating 
Xdij = Xdji = :Xd. Hence 

dirn^ X = (a, + bki - \)(aj + bkj - \)ak 

~ (bki ~ W>kj ~ I K -

Now define 

(I n z + H)lm: = { (a,-, a,, a*) G / |a , ê a,-\ 

a n d a m ^ a„, - 1 } 

and 

(a„a r f l je ( /n2T/ / ) / m 

for all (/, m, n) e ^ 3 . Then 

* n £ = 2 ( l n % in case (A), 
(/,m,«)e/43 
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and 

X n B = (X n B)lk + (X n fl)^ in case (B), 

and there are 

bk,iaj + bkj - 1) + (a,• + bk, - \)bkj 

+ hkPk,ak - 3bk,bkj + hhj 

representations taken into consideration for the formation of the elements 
generating I n Bin case (A), and 

bkM, + bkj ~ i) + («,- + bk, - Wkj - hihj 

representations in case (B). Those elements having two representations are 
precisely the elements generating 

(A- n B) n Xd = Ytj + Yjj, 

with 

Jij- = i («/• «/> ak) G /la,- = a,-, a, = **/ " 2-

andaA. = ak - 1}, 

Yif. = 2 ^(x-xf-x;^), 
(a,.a r«j)ey / ; 

and Yjj defined in the same way. As K-= K-, we get 

dirn^ X D B = bkl(a} + bkj - 1) + (a, + 6W - \)bkj + bk,bkjak 

~ 2bkibkj - (bki - \)(bkj - 1) 

in case (A), and 

dim,, X n B = bkl(a} + bkj - 1) + (a, + bk, - \)bkj - bklbkj 

- (hi - mkj - n 
in case (B). Therefore 

K = dim,, X - dirn^ X n B - 1 

- (a, - 1)6^. - 6 ^ / 1 * + bkibkj - bkl - bkj 

= la^a^ — a2a3 — a^ax — axa2 

in case (A), and 

K = (bki ~ X)ajak + ai(bkj ~ x)ak + "flfik - bkkaj ~ 1) 

- (fl/ - \)bkj - bkl - bkj 

= a}a2a3 + ( ^ + M 7 X ~ */** ~ akai ~ (aibkj + bkflj) 
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in case (B). 
II. Define 

'• = N«,-2 X N, 2 _ 2 X N,3_2 

and 

X±: = 2 A(x±x^x^xa^), 

where 

x+: = x]x2x3/x"k,XjJ and x~: = x]x2x3/Xjkj x"' 

for all (/', j \ k) G Ay Then 

f/(f D B) = X+ + X~. 

Further define 

J0: = ( («l» <*2> «3) G 'la,- = «y/ a n d aj = % - 2 } 

and 

(a,,a2,a3)<E//y 

for all (/',y, £) e S3 with sign(/,y, A:) = ± 1 . 
There are 2(ax — \)(a2 — 2)(a3 — 1) representations taken into 

consideration for the formation of the elements generating X+ + X~. As 
Xjj = X~t for all (z,y, /c) G Ay those elements having two representations 
are precisely the elements generating 

x+ n x~ = 2 x£, 

and therefore 

K = d i m ^ A ^ + X~) - 1 

= 2(ax - \)(a2 - \)(a3 - 1) 

- 2 (a*,- - 1)K7 - \)(ak - 1) - 1 
(/VM)e/f3 

= 2axa2a3 - 2 a*,**/** 
(/,7,/c)G/J3 

2 ((a,/** + ^ f l / ) ~ aijaik) 

= axa2a3 + a3XaX2a23 + 02i*32«i3 ~ 2 (a-ak - akjajk). 
(i^J,k)^A3 
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COROLLARY 1. In case I, nl = afik^ n- = akah and nk = apk: + akia:. 

Proof. There exists an a e N* such that nf = aa. and n = aat. Hence 
there exists a À e N * such that Xa = ak, since gcd(«,, n2, n3) = 1. Now 
K = z shows that X = .1. 

COROLLARY 2. L<?/ s = 3. Then 

s s 

* = 2 (aa -\)na ~ U aa 
o=\ a = l 

with n]9 AI2, n3 as in Theorem 2. 

Remark 3. It is a result of M. Schaps [11] that space curves are 
always smoothable. As they are also unobstructed by [7, 3.2], we have 
by [3, 4.1] 

t] = K + r 

computed for all monomial space curves. 

Very useful for the construction of examples is the following lemma, a 
weaker version of which is stated in [9]. 

LEMMA [9]. Assume s = 3. 1. Let bx, b2, b3 e N* and bvX, bVïi e N for 
some (X, /A, v) e S3. Assume 

xxx - K"G *' xbv ~ x\vXKv"G *' and 

nx = bftv and n^ = bvbx. 

Then we are in case I, and we have (bx = ax or b^ = a^) and bv = av. If 
v = k in Theorem 1, then we also have bx = ax and b = a 

2. Let bh b^ blk e N* for all (/,y, k) e. A3. Assume 

X1!' - X^Xh
k'

k e $ , b, = bji + **,-, and 

ni = bjbk ~ bkpjk f°r a!l (iJ, k) e Ay 

Then we are in case II, flwd W have bf = a{ and hence b^ = atj for all 
(i,j,k) e S3. 

Proof 1. If we were in case II, then we would have 

n\ = bnbv = a^av > V*" " < W = wv 

Hence we are in case I. If v e {/,y}, then let {*>, p} = {z,y}, and we get 
^ = ^ and fo„ = av from 

"P = bkbv = ikav= V 

And if v = k, then 
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"A = V > „ = OyPv = nX 

>V = bA = ava\ = nii 

show b = a , bv = a,,, and bx = ax. 
2. If we were in case I, then 

bijbk + bkJ
bik = ni = <*fik= ni = bjbik + bijbjk 

would show btj < dj and 6/A: < ak, and we would get the contradiction 

(bl - al)nl + (tfy - / ^ = ft^/i*. 

Hence we are in case II. 
The rest follows from [9]. Note that the assumption 

gcd(Ai,, n2) = gcd(rt2, n3) = gcd(«3, w,) = 1 

in [9] is not necessary. 

Remark 4. Note that in part 1 of the lemma one can have bx ¥= ax or 
bp # a . Consider for example (6, 9, 8). Here 

$ = (x] - X% X\ - X*), X\ - X\ e «P, X\ - X] e 5p, 

6 = 3 • 2, 8 = 2 • 4, and ax = 3; 

but 6, = 4. 

Example (Pythagorean monomial space curves). Let s = 3. We call i? a 
Pythagorean monomial curve if and only if 5 is not a complete intersection 
and there exists an (/, j \ k) e S3 such that 

b- = aki = aj = ak a n d a: = aji = akj = ajk-

These have ai = a + 6, tf/y = #/A: = b — a, and hence 

As /i/ = b2 — a2, nj= lab, and nk = a2 4- &2, we get 

K = Z>3 - A3 + 2aZ>2 - 2b(a + Z>); 

and a and 6 are positive natural numbers of opposite parity with b > a 
and gcd(#, b) = 1. 

Further A, + « • = nk showing 

X"k
k - Xptf e «p. 

In fact, we have the identity 
Yd2 + b2 _ Yb2-a2

v2ab 
Ak A; Aj 

= xf((Xh
k)

b~] + (Xh
k)

h-\X^Xp + ... 

+ (xhx])h~])(xh
k - xhxp - xf~a2xf((x^)a-] 
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+ (xh
!f~\xa

kx
a
l) + + {xlxlf-^x1; X\X1) 

(xif-^xlxli)^ - x!x]) ( r>— i 

/ = 0 

( a—\ \ 

x?~a2xf 2 (xha-]-\xa
kx'!)l)(xI; - xa

kxï). 
Conversely, assume there exists a k e {1, 2, 3} such that 

n) + n) for some/, j e {1, 2, 3}\{k}. 

Choose /' andy so that nl is odd and AÏ is even. Then, as is well known, there 
exist a, b <E N* of opposite parity with gcd(#, b) = 1 and b > a such 
that 

b2 - a2, rij = lab and nk = a2 + Z>2. 

And as 

(a 4- b)ni = (b — a)rij + (b — a)nk 

brij = ank + ant 

bn. bn, + an,-. 

ak and a7 
akj = ajk ^y t n e lemma. «jk we get #^ = b = c 

This shows that the Pythagorean monomial space curves are precisely 
those monomial space curves for which there exists an (/,y, k) ^ S3 such 
that n2 + n2 nl 

2. Singularity of Gorenstein monomial curves in A4. The next step is the 
calculation of K if s = 4. This will be considerably more complicated than 
for monomial space curves, as it has been shown by H. Bresinsky [1] that 
there exist monomial curves in any A5, s ^ 4, requiring arbitrarily large 
numbers of generators for their defining ideals. 

However, our study of monomial curve singularities can still be carried 
out, provided one is able to divide the curves in question into subclasses, 
whose members have defining equations which one can survey. A division 
of this kind has been made for Gorjenstein monomial curves in A by 
H. Bresinsky [2]. 

Let us first treat the case that B is a complete intersection. 

THEOREM 5. [2]. (Relations of monomial curves in A which are 
complete intersections). If s = 4 an.d d = 0, then at least one of the 
following two cases does occur: 

(A) $ = (Xf - Xaf, X°k
k - X?kiX?kA Xe!' - X^'X'jX"^) 
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for some (/', j , k, I) e S4 with aki, ak:, a/h au, alk e N. 

(B) * = (xf - A^-, xa
k
k - x% rfrf - xfrx1;1) 

for some (/, 7, /c, /) G S4 vv/7/z bh ft-, ftA, ft/ G N. 

Remark 5. (8, 9, 10, 12) is an example for case (A), (10, 14, 15, 21) is an 
example for case (B), and (10, 12, 15, 18) is an example for both cases. 

The formulas in case (B) of the following theorem are also due to H. 
Bresinsky [2]. 

THEOREM 6 (Weights of monomial curves in A4 which are complete 
intersections). Let s = 4 and d = 0. Then in case 

(A) ni = aJakah n} = akaflh nk = a{(aflkj + akiaj)9 and 

n, = (aflkj + akflj)alk + (afllj + anaj)ak. 

(B) nt = aj(akb, + bkat)\ n} = (akbl + V/>V> 

nk = aiidjbj + bflj)\ w,= (albj + bflj)ak. 

Proof. As in Theorem 2 we consider the Apéry-bases of B with respect to 

In case (A) one has 

B/Bx, == A[[Xj, Xk, X,] \l{Xaf, X°k\ Xj') 

if an ¥* 0 and 

B/Bx, 2 A[[Xj, Xk, X,\ \/(Xf, X?, Xj> - X^JXp) 

if an = 0. Both times 

Wjc_ = { (xfxy
kx^~\0 ^ £ ^ ^: - 1, 0 ^ y ^ ^ - 1, and 

0 ^ 8 ^ A7 - 1}. 

Therefore «#- = ajakat\ and the formula for w- one gets by symmetry. 
Further 

B/Bxk s ^[ [x„ xjt x,\ y(xa
i> - xy, xp'xjv, x?) 

if alk ¥= 0 and 

B/Bxk = A[[Xj, Xj, X,\ ]/(*?' - Xf, A^'A*^, Xj' - X?»X]») 

if ajk = 0. Both times 

uXk = { (x?xfxb~\0 ë a â a,, - 1, 0 ^ 0 s ^ - 1 and 

0 ^ 8 ^ fl/ - 1} 

U { (x?xfxîr\0 ^ a ^ a k l - \, akj ^ B ^ 0j + akj - 1, 

a n d O i « g f l ; - 1} 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


MONOMIAL CURVES 887 

and therefore nk = a^afl^ + akiaj). 
As for co v, note that 

B/Bx, = A[[X„ Xp Xk] ]/(X",- - Xf, X"k
k - X^X"/', A^A^'A^), 

and hence 

^ a ^ at - 1,0 ^ B ^ akj - 1, 

and 0 â y ê a/A - 1} 

ë a ê a,, - 1, akj ^B^aj + akj - 1, 

and 0 ^ y ê a/A - 1} 

ê a ^ a, - 1, 0 â /? ë a/y - 1 

anda /A ^ y s aA + % - ]} 

s a s „,. - l, fl/y s | 0 ë aj + a,j ~ 1, 

anda/fc ^ y ^ a* + a/A. - 1}. 

Therefore 

n, = ( a ^ + akiaj)alk + (a,a/y + fl/j-a,-^. 

In case (B) one has 

BIBx, = A[[Xj, Xk, X,] ]/(X?, Xf - *?> ****?'), 

and hence 

*\. = { ( * / x f c ? r |0 â i» ë A7. - 1, 0 ^ y ë ^ - 1, 

andO S S ë 6/ - 1} 

U { (jcfjcXjcf)~|0 ë 0 g ^ - 1, 0 ^ Y = ** ~ L 

a n d ^ ^ Ô ^ a, + ft, - 1}. 

Therefore ni = aJ{akbl + />£#/); and the formulas for «-, z^, and /?, one gets 
by symmetry. 

THEOREM 7 (m_1/2? for monomial curves in A4 which are complete 
intersections). Let s = 4 and d = 0. 77zeH z'w case 

(A) m # ' / £ = A(XjJxa
k
kx^/x}x2x3x4)~ = At 

with 

z = aft + aknk + C7/A2/ - /i, - AZ2 - n3 - nA. 

(B) m^/B = ^ ( ^ J C ^ J C ^ V A : , ^ ^ ^ ) - = v4/z 

with 

Z = ajHj + V * + (*/ + * /> / - n\ ~ n2 ~ n3 ~ n4-

u>X/={(x«xVxl)-\0 

U {(xfxfxlr\0 

V {(xfx*xl)-\0 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


888 JtJRGEN KRAFT 

Proof. By the proof of Theorem 6, we have 

{ ( ^ - ' j c r ' * / ' - ' ) - } 

as A -basis of the socle of B/Bxi in case (A), and 

in case (B). 

Assuming char A = 0, we can also write Theorem 7 as 

THEOREM 7' (Module of derivations of monomial curves in A4 which 
are complete intersections). Let 5 = 4 and d = 0. Then in case 

(A) If a/k ¥= 0, then define 

A. — Ag Ah Xk 

for any {g, h) = {i,j} such that ak ^ 0. Otherwise define 

x. — xg* xh xk 

for any {g, h) = {/, j) such that at ¥= 0. Then x Œ B is well-defined 
and 

Der, B = Be + B ^ x ^ ^ ^ ^ - + n ^ x ^ ^ 
- , a 

8x, J 9x 

i - rt^Xg X/, X/ 
9 

dxk dxj 

HlXè) 
8r 3? 

for all {g, h} — {i,j} such that ak ¥= 0. 

(B) Der^ B = Be + B(nixp~lxbi'~]xa/+h'~1 — 
dXj 

+ n-xfi~ixh"~lxa'+b'~1 — 
' l l r i AU AJ> « 

j 

+ n^'-W^x"'-1-
dxk 

OX/ 

s a- + ct + i^-
dt dt 

for all {K, X) = {/', j) such that bK # 0 and all {fi, v) = {ky 1} such that 
6 „ # 0. 
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Remark 6. Note that, as in Remark 1, the derivations r — are trivial 

derivations. 

COROLLARY 1 (Canonical ideal of monomial curves in A which are 
complete intersections). Let 5 = 4 and d = 0. Then in case 

(A) f = B(xxx1x-hxAlx^xa^xa
l
l) = Crz. 

(B) f = B(x]x2x^x4/x^xh
k
kxa

[
l+bl) = Crz. 

Proof. Use Theorem 7 and Proposition 2. 

COROLLARY 2 (Singularity of monomial curves in A which are 
complete intersections). Let s = 4 and d = 0. Then in case 

s s 

(A) * = z = 2 (a0 - IK - Haa 
a=\ a=\ 

s s 

(B) «c = z = 2 (aa - \)na - H aa 
a=\ a = l 

+ (afy + bflj - alaj){akbl + V / - ^ ^ ) 

= (aflj + ^ + biaJ)(akal + akb( + V / ) - I I 0a " 2 " a 
a = 1 a = 1 

vv/7/2 «J, . . . , ns as in Theorem 6. 

Proof. Use Theorem 7 and Theorem 6. 

Question. Let 3̂ be generated by binomials Xf' — X for some 
/ e {1, . . . , s } and some monomial X e ,4 [ [Xx, . . . , Xs ] ]. 

Is 

« = 2 K ~ 0«a ~ II a<r 
a=\ a = l 

Now we will treat the case that B is not a complete intersection. 

THEOREM 8 [2] (Relations of deviation 2 Gorenstein monomial curves in 
A4). Let s = 4, d* 0, and r = 1. Then 

$ = (A?' - ^ A ? ' 7 , A '̂ - Xy X\>\ X°k
k - X?kiX°kJ, 

X*}' - X^X°k
lk, X°*Xa

k
,k - X^X0,'1) 

for some (/, j \ k, l) e 5 4 with unique aih aih ajh a-h aki, akj, a{j, alk e N* 
having the properties 
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aji + aki = an akj + aij = ar aik + aik = ah and 

au + aji = af, d = 2. 

THEOREM 9 [2]. (Weights of deviation 2 Gorenstein monomial curves in 
A ). Under the assumptions of Theorem 8, 

ni = ajakau + akjaikajb nj = akalaji + % V ^ < ; 

"* = aflflkj + ¥ * A / . "/ = afljaik + V * / / ^ ' 
Prao/ Again we consider the Apéry-bases of B with respect to 

Xj, . . . , xv. One has 

B/Bx, = A[[Xh Xh X{\ ViX^X^, X0^ X"k
k, )tf' - X"»Xa

k«, X^'X 

and hence 

<oA. = { (xfxlxfr-\0 ^ B fk a} - 1, 0 =i y ^ ak ~ 1, 

andO ^ ô â alV - 1} 

U { (xfoc^f)-|0 S M f l t . - i , 0 S 7 S ^ - 1, 

and au ^ ô ^ a{ — 1}. 

Therefore «/ = aJakall + akjaikaj/', and the formulas for «•, A^, and n; one 
gets by symmetry. 

Under the assumptions of Theorem 8, 

ZX^- = ^ X + V V + ^ " ~~ n\ ~~ n2 - n3 ~ n4 

is independent of 

(K, X, JH, f) G /: = { (K, A, /i, i>) G S4|</c, A, /i, *>> = </,7, /c, /> }, 

and we have 

THEOREM 10 (m~]/B for deviation 2 Gorenstein monomial curves in 
A ). Under the assumptions of Theorem 8, 

n\g]/B = y4(^'x^xJ',v/A:1X2X3X4)~ = ^4r w/7/z z = zjkl. 

Proof. By the proof of Theorem 9 we have 

{(^-'xr'*?"-')-} 
as ,4-basis of the socle of B/Bx(. 

Assuming char A = 0, we can also write Theorem 10 as 

THEOREM 10' (Module of derivations of deviation 2 Gorenstein 
monomial curves in A ). Under the assumptions of Theorem 8, 

DevAB = Be + B 2 n ^ - ' x ^ x ^ 1 ^ -

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


M O N O M I A L C U R V E S 891 

dt dt 

COROLLARY 1 (Canonical ideal of deviation 2 Gorenstein monomial 
curves in A ). Under the assumptions of Theorem 8, 

f = B(xxx1x2)xA/x^xa
k
kxa

l'
1) = Ctz. 

Proof. Use Theorem 10 and Proposition 2. 

COROLLARY 2 (Singularity of deviation 2 Gorenstein monomial curves 
in A ). Under the assumptions of Theorem 8, 

s s 

K = z = 2 (aa ~ \)na - I I aa + a^a^, 
a=1 a = l 

with nx, . . . ,ns as in Theorem 9. 

Proof. Use Theorem 10 and Theorem 9. 

Remark 7. As in Remark 3, we have by [3, 4.2 and 4.1] 

tX = K + 1 

computed for all Gorenstein monomial curves in A . 

Remark 8. Note that most of what we have said in this paper also makes 
sense for algebraic monomial curves. 

R E F E R E N C E S 

1. H. Bresinsky, On prime ideals with generic zero JC, = tn\ Proc. Amer. Math. Soc. 47 (1975), 
329-332. 

2. Symmetric semigroups of integers generated by 4 elements, Manuscr ip ta Math . 17 

(1975), 205-219. 

3. R. Buchweitz, On deformations of monomial curves, Séminaire sur les singularités des 

surfaces (École Polytechnique, Paris, 1977). 

4. G. -M. Greuel , Kohomologische Methoden in der Théorie isolierter Singularitaten 

(Habilitationsschrift Rheinische Friedrich-Wilhelms-Universitàt , Bonn, 1979). 

5. R. Guy, Unsolved problems in number theory, in Unsolved problems in intuitive math

ematics, vol. I (Springer, New York-Heidelberg-Berlin, 1981). 

6. J. Herzog, Generators and relations of abelian semigroups and semigrouprings, Manuscr ip

ta Math . J (1970), 175-193. 

7. Deformationen von Cohen-Macaulay Algebren, J. Reine Angew. Math. 318 (1980), 

83-105. 

8. J. Herzog and E. Kunz, Die Wertehalbgruppe eines lokalen Rings der Dimension 1, Ber. 

Heidelberger Akad. Wiss. 2. Abh. (1971). 

9. S. Johnson, A linear Diophantine problem, Can. J. Math . 12 (1960), 390-398. 

10. J. -M. K a n tor, Dérivations sur les singularités quasihomogènes: cas des courbes, C. R. 

Acad. Sci. Paris, 287A (1978), 1117-1119, and 288A (1979), 697. 

11. M. Schaps, Deformations of Cohen-Macaulay schemes of codimension 2 and non-singular 

deformations of space curves, Am. J. Math . 99 (1977), 669-684. 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8


892 JURGEN KRAFT 

12. A. Seidenberg, Derivations and integral closure, Pacific J. Math. 16 (1966), 167-173. 
13. J. Sylvester, Mathematical questions, with their solutions, Educational Times 41 (1884), 

21. 
14. J. Wahl, Derivations of negative weight and non-smoothability of certain singularities, 

Math. Ann. 258 (1982), 383-398. 

University of Puerto Rico, 
M ay ague z, Puerto Rico 

https://doi.org/10.4153/CJM-1985-047-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-047-8

