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ON THE ASKEY-WILSON AND ROGERS
POLYNOMIALS

MOURAD E. H. ISMAIL AND DENNIS STANTON
1. Introduction. The g-shifted factorial (a), or (a; q), is
n .
@, =@q), =110 —a", n=co0102...,
=1
and an empty product is interpreted as 1. Recently, Askey and Wilson [6]

introduced the polynomials

q ", abcdq"" !, az, a/z. q)

(1‘1) Pn(X; a, ba C, d) = 4¢3( (lb ac ad ’

where
12) z=x- V-1
and

[ < (al)n"'(ar+l)n x"
(3 -, ¢»,(a' drit, g, x) = > e ke Z
by by w0 (b (b)), (@),

We shall refer to these polynomials as the Askey-Wilson polynomials or
the orthogonal 4¢; polynomials. They generalize the 6 — j symbols and
are the most general classical orthogonal polynomials, [2]. The only
difficult step in proving their orthogonality is the evaluation of the
Askey-Wilson integral

(14) I =1(@,b,cd)

Do / 4 h(cos 26, 1)d6
27 7 0 h(cos 6, a)h(cos 8, b)h(cos 6, c)h(cos 8, d)’

where

(15)  h(cos 0, 7) = (re")oulve” oo
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1026 M. E. H. ISMAIL AND D. STANTON

Askey and Wilson [6] used contour integration and a clever elliptic
function argument to evaluate the integral /.

In view of the importance of the orthogonal ,¢; polynomials, it is
desirable to find as many simple evaluations of the integral I as possible.
Askey [3] used functional equations to evaluate /. Rahman [15] gave an
elementary evaluation of the Askey-Wilson integral. Ismail, Stanton and
Viennot [12] gave a combinatorial evaluation of the integral /. We give a
new evaluation in Section 2. Our proof uses properties of the continuous
g-Hermite polynomials {H, (x|q) }

[II

(1.6) EH,,(xm)( = 1/h(x, 1),

n=0 q),

where h(x, t) is as in (1.5). We also evaluate a contour integral related to
(1.4).

The continuous g-Hermite polynomials, as well as the continuous
g-ultraspherical polynomials {C,(x; Blq) }

oo

(1.7) G, (x; Blg)" = h(x, Bt)/h(x, 1),
0

h=

were introduced by L. J. Rogers in his memoirs on expansions of certain
infinite products [18], [19], [20]. Rogers solved the connection coefficient
problem and computed the coefficients in the linearization of a product of
two continuous g-ultraspherical polynomials as a sum. He proved

mAn

Cux: Bg)C, x: Blg) = 2 alke m. m)C,y (s Bla),

(1.8)

a(k, m, n)
— Doy 2Bl By s BBy 10 =BG
(Bz)m+n'Zk(Q)m*k(q)n—k(q)k(Bq)nz+r1~k(l - B)

In particular

mAn (q) (q)
]9) ]ln I H"’ ’ - 2 7 n
( (.X q) (X q) k=0 (q)m*r’\‘(q)"_,"(q)/‘

Hm+n—2k(x|q)’

holds since

(1.10)  H,(xlg) = (9),C,(x; Olg).

Rogers used his results to prove the Rogers-Ramanujan identities. He
realized that {C,(x; Blg) } generalize the ultraspherical polynomials but
did not investigate their orthogonality. Szegd [23] found the weight
function of {H,(x|q) } in 1926. He proved
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(L.11) /0 H,(cos 8lq)H,, (cos Blq)h(cos 20, 1)dd = 27(q),0,, ,/(q)oo-

The weight function of {C,(x; Blg) } was not found till the late seventies,
[4], [5], [6]. The orthogonality relation of {C,(x; Blg) } is

7 h(cos 20, 1)
(1.12) 7 9 h(cos 26, B)
&, = 27(8,(B)2/l (1 = BE"N@)n(B)oo(@)oo)-

The purpose of this paper is to investigate the implications of Rogers’
formulas (1.8) and (1.9) and study the H,’s and C,’s in some detail. In
Section 2 we give an evaluation of the Askey-Wilson integral that uses
(1.9) and Szegd’s orthogonality relation (1.11). The idea is to observe that
the integrand in I is the product of four generating functions of
continuous g-Hermite polynomials times their weight function. The
integral is then evaluated via repeated applications of (1.9). This led us to
consider the integral

(1.13) = Ha, b, c d)
_ @eo B
27(B)oo(Beo
™ h(cos 8, Ba)h(cos 8, Bb)h(cos 8, Bc)h(cos 8, Bd)
0 h(cos 8, a)h(cos 8, b)h(cos 8, c)h(cos 8, d)
h
) (cos 20, l)dﬂ
h(cos 28, B)
When B8 = 0 the integral #(a, b, ¢, d) reduces to the Askey-Wilson integral
I(a, b ¢, d). In Section 3 we prove that # is a positive symmetric
Hilbert-Schmidt kernel in cos 8 and cos ¢ when
a = dexp(2i), b = c exp(2i).

We also prove that the eigenfunctions are {C,(cos 6; Blg) } and determine
the corresponding eigenvalues. We also find a Poisson-type kernel for the
continuous g-ultraspherical polynomials using Rogers’ linearization for-
mula (1.8). This also leads to a positive symmetric Hilbert-Schmidt kernel
whose eigenfunctions are {C,(x; Blg)} and eigenvalues can be found
explicitly.

In Section 4 we study the integral

(oo f” h(cos 26, Dh(cos 8, sB)dd
27 7 0 h(cos 8, r)h(cos 8, t)h(cos 8, s)

This is a variation on the Askey-Wilson integral (1.4) when one of the 4’s
in the denominator is moved to the numerator. It turns out that

C,(cos 8; Blg)C,,(cos 8; Blg)dd = a,6

m,n°

(1.14) K(r, s, 1): =
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(B)oo(BD)oo
(7 )oo(5! oo oo

when —1 < B8 < 1, |r], Is|, [z| € [0, 1). This is a Mellin-Barnes type
integral representation for a ,¢,. The integral K(r, s, t) can be evaluated in
certain special cases. This integral representation is due to Nassrallah and
Rahman [15] but our proof seems to be new.

Mehler’s formula (or the Poisson kernel) for the Hermite polynomials
is

(1.15) K(r, s, 1) = 2¢1(r“;’s§t; 4, B),

L)(t/2)"
V2 n!

2 2

_ t — + 1/2

_( - exp{x)’ l(x 2)’) }
— ¢

(1.16) § H(%)H(

n=0

[17, p. 198]. Kibble [13] obtained a multivariable extension of Mehler’s
formula (1.16). Carlitz [8] rediscovered a special case of Kibble’s result.
Carlitz’s work led Slepian [22] to derive the full Kibble formula in-
dependently. This formula is now known as the “Kibble-Slepian
formula”. Louck [14] used the boson theory to derive the Kibble-
Slepian formula. Foata [10] found a very interesting combinatorial proof
of the same formula.
Two special cases of the Kibble-Slepian formula are

m_n

117 D H,,(a)H, (b)H, ()2

m,n=0 m!n!

— (1 — 4 — 4y} 2

{—4az(x2 + %) + da(bx + cy) — 4(bx + cy)z]
X exp >

1 — 4x* — 4)?
and
00 m.n,p
Xyt
(1.18) Z Hm+n+p(a)Hm(b)Hn(c)Hp(d) .
n1‘”‘p=0 m/n’p/

In [S5] Askey and Ismail raised the question of extending the
Kibble-Slepian formula to the continuous g-Hermite polynomials. In
Section 5 we obtain g-analogues of (1.17) and (1.18) and outline a way to
evaluate more general sums.

2. The evaluation of the Askey-Wilson integral. The generating function
(1.6) is
[ee)

(2.1) H,(cos 8lg)t"/(q), = 1/{ (te®)(1e ™).}
(

n=

https://doi.org/10.4153/CJM-1988-041-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-041-0

ASKEY-WILSON AND ROGERS POLYNOMIALS 1029

The Poisson kernel of {H,(x|q) } follows from

3 H,(cos f|q)H, (cos ¢|¢I)tn
n=0 (q)n

B (oo
"~ h(cos(8 + ), H)h(cos(8 — &), 1)

2.2)

a g-analogue of Mehler’s formula (1.16). Our evaluation of I uses the
g-binomial theorem

23) 2 W@, = Moo/ (1

The generating function (2.1) and the case A = 0 of (2.3) lead to the
explicit formula, [5]
n i(n—2k)8
24) H(cosflg) = 3 D" 7
k=0 (Dp(q)n—x
Since it is not well known that (2.2) and (1.9) are equivalent we first show
that they are.

ProPOSITION 2.5. The q-Mehler’s formula (2.2) is equivalent to the
linearization formula (1.9).

Proof. We prove that (1.9) implies (2.2). The steps are reversible.
Multiply (1.9) by s™¢"/(q),,(q),. replace x by cos 8 and sum on m, n = 0.
From (2.1) we obtain

1 00 Sk+mtk+n

h(cos 8, s)h(cos 6, t) N komn=0 (4),,(4),,(q)

The k-sum is evaluable by (2.3) to 1/(st),.. Next, replace ¢ by te”"® s by
te’® and n by | — m. Then (2.4) implies that the right side of (2.6) is

(26) Hm+"(COS 0"])

1 < Hj(cos 8lq)H(cos ¢|¢1)t/
(D)o, =0 (@)

5

which implies the g-Mehler’s formula (2.2).
We now give our evaluation of the Askey-Wilson integral (1.4).

PROPOSITION 2.7. When |a| < 1, |b| < 1,|c| < 1, |d| < 1, the integral I is
given by
(abed)o
(b )o@ )oo(ad )oo(BC o (bd o ¢ ) o

2.8) I(a, b,c,d) =
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Proof. Since the integrand in I involves the product of four continuous
g-Hermite generating functions, we must find

2.9  f(, I, mn)

@
27

fo Hy(cos blq)H(cos blq)H,,(cos blq)

X H,(cos 0lg)(€*®)o(e ) odf.
Then
§ f(j’ l’ m, n)ajb[cmdn

(2.10) I =
jdmn=0 (9)(@)/(9)n(q),

The linearization formula (1.9) implies that the integral of the product of
three continuous g-Hermite polynomials times their weight function is
evaluable. We iterate (1.9) to obtain

(2.11)  H(xlg)H,,(xI9)H,(x|q)
DAD D (Dm0 240 — 26— 2/(X|q)

ki Do~k Dn— kDD~ (@Dt n—26 (D)

Clearly (2.11) and (1.11) imply
fU,mn !l +m+n—2p)
(4)/(41)m(‘1)n(‘1)m+n—2k(‘1)/+m+n~2p

@Dk @Dk Dk Dk D1 p 4k Dotn—p
and (2.10) and (2.9) give
Q12) I=

(q )m n ”a/bm + /((j’l + Ad'l

Jokdir=0 (D (D DDt m4 132Dt = m—my1 2Dt mtn— 172

The k-sum is evaluable to 1/(bc),,, by the g-binomial theorem (2.3). If we

replace (/, n, j) by (a, B, v) where
a=(+m+n—5)/2,B=U+j— m— n)/2,
y=(+m+n—10)7/2,

sothata + B =18+ vy =j, a + vy = m + n; the B-sum contributes
1/(ad)y,, hence

1 00 (q)a+yaab/nca+y—mdy

T (0)oelad)oy avon—0 D@ty m(@ad)y

https://doi.org/10.4153/CJM-1988-041-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-041-0

ASKEY-WILSON AND ROGERS POLYNOMIALS 1031

We now replace a + vy by p to get
2.13) I =
~ L (@),a%d” Y[ & (@)b"e? ™
LS Pl calainth ke
(bc)oo(ad)oo p=0 (4) a=0 (51) (q)p « m=0 (q)m(q)p—m
If a = a]e*'ﬂ, d = ale’o, b = be " ¢ = be'® then (2.4) and (2.13)
yield
X (ab))?H (cos 0|q)H (cos ¢|
p=0 (9),(bc)oo(ad)o,

Finally, we obtain the evaluation (2.8) from (2.14) and the g-Mehler
formula (2.2). This completes the proof.

We now discuss the cases when the conditions |a| < 1, |b] < 1, |c] < 1
or |d| < 1 are violated. In order to do that we first transform the integral
defining I(a, b, ¢, d) to a contour integral. Since the integrand in / is an
even function of # we obtain

(2.15) I(a, b, ¢, d)

) (zz)oo(z - 2)002 “ldz
T dmi T (02) (@) 2)on(B2) ool B 2o 2ol €/ D)ool d2)ocl A/ 2o

valid for
max( lal, |bl, lc|, |d]) < 1.

We now analytically continue the above integral as a function of a. As a
functlon of z the integrand in (2.15) has singularities at z = 0, Ag/, A\ "¢~/
=0,1,...,A=a,b,cord Let

= {A¢/A=0,a,bc,dj=012..}
(2']6){ A lg N =abedj=012..)

Now assume that « is allowed to vary in

{a: la| <q_k,a #q 7, j=0,1,...,k— 1}
but b, ¢ and d are still restricted to

max( |b], |c|, |d| ) < 1.

Choose a contour C containing the set 4 in its interior and B in its exterior

and define
217 Ii(a, b,c, d)
=mw/ (Peolz Dot~ '
i Y€ (a2)00(8/ 2)oo(b2 )oo(B/ 2 )oo(€2 o €/ 2 ) ol 2 Yoo d/ 2 )0y

https://doi.org/10.4153/CJM-1988-041-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-041-0

1032 M. E. H. ISMAIL AND D. STANTON

Clearly, I, is an analytic continuation of I. The restrictions |b] << 1,
le] < 1, |d| < 1 can be similarly removed. Thus, the following proposition
follows from Proposition 2.7 and analytic continuation of the right-hand
side of (2.8). This analytic continuation is possible as long as ab, ac, ad, bc,
bd or cd is not of the form qf",j =0,1,2,....

PROPOSITION 2.18. Assume that the pairwise products of {a, b, ¢, d} do not
belong to the set {q’:j = 0, —1, —=2,...}. Then

(D)oo f (2D)ooz Doez dz
C(a2)06(@/ 2 )oe(B2)oo(B/ 2 1662 )0(€/ 2 )02 Voo d/ 2 )

B 2(abcd) o,

(@) oo(a@c ) (ad ool ) oo(bd )oe(cd o

where the contour C is the unit circle with suitable deformations to contain
the set A in its interior and the set B in its exterior.

(2.19)

2mi

Proposition 2.18 is Theorem 2.1 in [6] but our approach is new. The
relationship (2.19) can be used to prove the orthogonality relation of
the ,¢, orthogonal polynomials when the parameters a, b, ¢, d are no
longer restricted to belong to (—1, 1). The corresponding measure in this
case has finitely many discrete masses in addition to the absolutely
continuous component. For details, see [6].

3. The kernel #(a, b, ¢, d). The explicit formula
n
3.1) C,(cos 8; Blg) = 2 ——(B)k(ﬁ)"fke"("_zk)o
k=0 (9)1(q),

follows from the generating function (1.7), [5]. The main result of this
section is

ProPOSITION 3.2. The kernel #a, b, c, d) is given by
(3.3)  Hpe'?, oe¥, e ¥, pe”'?)

_ S @B
Hgo (B))2+I(B)rz

qu", ,B . ,qun, :B 5
) 2‘1)1( 34, p )2¢1( 34, 0 )

'Bqn+l 'Bqn+l

when p| < 1,0l <1, —1 < B < 1.

(p0)"C,(cos ¢; Blg)C,(cos ¢; Blg).

Proof. The proof is very similar to our evaluation of the Askey-Wilson
integral I; see Proposition 2.7. We first iterate the linearization formula
(1.8) to get
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C(x; Blg)C,(x; Blg)C,(x; Blg)

Y Dt n— 2B 1By — BB 1k
k) Bt n— 2@k @Dn— @Dk B sm 14

' (q)m+n+/—2k—2j(B)l—j(B)m+n—21<*j(B)j(:B it mtn—2k—;
B 1 met k=2 D= Dot n— 28D, Bt 20— 1
1 — qu+n—2k)(1 _ Bql+m+"_2k_2j)cl+m+n—2k—QJ(X; ’qu)

This, (1.7) and the orthogonality relation (1.12) give

(Do Boo
,b,c,d C g;
Ha by e, d) = 2(/3)00(;%)00[ m% , Giteos & Aia)

- C,,(cos 8; Blg)C,(cos 8; Blq)

h(cos 20; U}a’b"’c"d”dﬂ

' Gleos b qu){h(cos 260, B)
Dmt 2B — kBB (BPq™ ") (B),
ko D@Dt @n— Bt 2k<ﬂq"'+”“‘”>k(/z)p+.
BBt n—i— B (BPq")alb" "
@DHD Dot n 25— (Bg"" ),

where / + m + n = p + 2k + 2j. In the above sum we also have the
restrictionsm =2 k,n =k, I =jm+n— 2k =j,l+m-+n=2k+ 2
Now replace m, n and / by m + k, n + k and / + j respectively, then
replace j by / + m + n — p to obtain

HAa, b, c, d)

@D+ BB BB B aBUB), 1
kot DD (@B B "B st (DAD,—1

(B)I+m+n— —
. Pal pbm+kcn+kdpal+m+n.

(q)l+m+n—p

In the above sum / = p so we now replace p by p + landletm + n = M.
This leads to

34 HAa,b,c d)

=S @DuB 5 BuBlas -
M=0 (B)pr41(B)ps m=0 (@) m(g)p1—m
& ByBr—p vy, . (B B
. _— d? ; g, ad
o0 @@y 2¢'(Bq’”“ e )

2‘1’1(/;3 BA;H 49 bc)
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The ,¢,’s are the / and k-sums. This and (3.1) prove (3.3).
COROLLARY 3.5. When |p|, |ol, IBl € (0, 1) we have
(3.6)  H(pe'®, oe'¥, ce ¥, pe” )
(B BP)oo BT )oo
(B2(P"ocl @)oo
S (@,(1 = Bg")
=y

1/B, p* N (1B, o
’sz 5 94, ,qu )2¢1( 1302

Proof. We apply the Heine transformation

(3.7) 2¢1(a’ b'» q, x‘) = %fz%(x’ai/b; q, b)

(p0)"C,(cos ¢; Blg)C,(cos ¢; Blq)

: 2¢1( » 4, ,32‘]")-

c

to the ,¢,’s in (3.3). After some simplification we obtain (3.6).
We now investigate the properties of # viewed as a weighted L? kernel
on a square, [25]. We first consider the case |B] < 1. Clearly
(3.8) fo Hpe?, ae'®, ae?, peA'o)Cn(cos 0; Blg)wp(cos 6)do
= A, G, (cos ¢; Blg),

where

39 A, =

G A T BB

and wg(cos 0) is the weight function
(@)ool oo/ (B ) oo Be ™),

Observe the A, > 0 when p, 0 € (0, 1), —1 < B < 1. The Weierstrass
approximation theorem guarantees the completeness of {C,(cos 8; Blg) }
in the space

L*([0, 7], wg(cos 8)d6).
Therefore, the kernel
Hpe?, 0, se™'*, pe” )

will be positive on [0, 7] X [0, 7] if and only if

2 252 n ’ ) 2 n , 2 n
B )ipo) (l;q[ifl 5 4, Pz)z‘i’l(/;qli fl > 4, 02)

f o f o A0e”, 0e®, 5e™'®, pe )G, (cos 8, Blg)C,,(cos ¢; Blg)
- wp(cos G)wp(cos ¢p)dfdy = 0
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for all m, n. The above double integral is obviously a positive multiple of
A,8,.,.» hence is non-negative.

Recall that when 0 < g < 1, the continuous g-ultraspherical
polynomials are orthogonal with respect to a positive measure if and
onlyif 1< fB<lorl <fB< q_m, [4], so the only case left is the
case 1 < B < ¢ "2 In this case, the continuous g-ultraspherical

polynomials are orthogonal with respect to the measure

_ h(cos 26, 1) dx
(3.10) di(x) = h(oos 26, B) B)X[ 1, 1]—1 —
+ M BecBo 5 gy 4 5x + ) ax,

(Doo(Boo

where
(3.11) x =cosf, ¢ = %(\/B + 1/VB), B> 1,

[4]. The definition of # when 1 < 8 < q~l/2 is
(3.12) fF=Ha, b, c d)

2
P = —zf()l‘;‘;iﬁ;;; f N Gy E
with
h(cos 0, Ba)h(cos 8, Bb)h(cos 8, Bc)h(cos 8, Bd)
h(cos 8, a)h(cos 8, b)h(cos 8, c)h(cos 8, d)
In other words, the term

11/
2 (Bloo

should be added to the right side of (1.13). Here again, £ will be positive if
and only if A, > 0. It is clear from (3.9) that Ay > 0. For n > 0 the Heine
transformation (3.7) enables us to express A, as a positive multiple of

I/B, PZ‘ I/B’ 02
po* po’
which implies the positivity of A,

PROPOSITION 3.14. Let the function #(a, b, ¢, d) be defined by (1.13) when
B € (—1, 1) and be given by (3.12) when ¢~ /* > B > 1. Set

r=1ifBe (=11 r=VBifl<pB<gqg'?

(3.13) f(cos ) =

/& + /(9]

2‘1’1( 9, :32‘1")2¢1( ; ¢, B*q"), n >0,

and
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1
a. = —(r + 1/r).
2( )

Then for g € (0, 1), p, 0 € (0, r) the kernel
F(pe® 6e®, 5o, pe 1)

is positive when x = cos 0, y = cos ¢, x, y € [—a, a]. The eigenvalues
of # are the \,’s of (3.9) and the corresponding eigenfunctions are

{C,(x; Blg) }.

Proof. We need only to show that # has no eigenvalues other than the
A,’s of (3.9). But this follows from the completeness of {C,(x; Blg) } in
the corresponding L* space, [25].

ProvposiTiON 3.15. Both Proposition 3.2 and Corollary 3.5 hold when
B € (1, ¢ %) provided that £is given by (3.12) and |p|, |a| € (0, r).

The key to the results obtained so far in this section has been the
linearization formula (1.8). If we multiply (1.8) by 5" and sum over m
and n then replace s by pe '® and ¢ by pe’® we obtain the Poisson type
kernel

(Boe " P)o(Boe ™" ") o(Bpe' " P)oe( Boe ™ ),

GO 0T (oD (p TP (o )
< @, » 8. Bq"
= EO (B—),,p G, (cos 8; Blg)C,(cos ¢; qu)2¢1(3qn+] 5 4, p’)~

This identity is also in [7]. Now let K(cos 6, cos ¢) denote the left
hand side of (3.17). The kernel K(x, y) can be shown to be positive on
[—a, al] X [—a, a] when 0 < p < r. This also leads to an integral
equation satisfied by the continuous g-ultraspherical polynomials.

4. An integral representation. Recall that

(4.1 G(x: 0lg) = H,(xlg)/(q),
Rogers solved the connection coefficient problem for the continuous

g-ultraspherical polynomials. He proved
[n/2]

BB~ (), (1 — Bg" ™)
4.2 q1 : I _ 2 k n—k
*2 0 7l9) k=0 (DB — (1 — B)

which implies

/2], ko k(k—1)/2
43)  Cxivlg) = > 14 @)
k=0 (@)(q), -2k

n—k Ifn_Zk(Xk]),
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in the limiting case 8 — 0. The integral K(r, s, t) has the power series
expansion

Koys,0) = D 3k men,

T mypp

™ H_(cos 6lq) H,(cos flq)
K — m P T C 0; 7
wor= [, @, et po——
X (¥, (e~ %) d6.

It is now clear that evaluating K|, , , is equivalent to finding the coeffi-
cients in the linearization of H,,(x|q)C,(x; Blg) in terms of the continuous
g-Hermite polynomials since (ez’ﬂ)oo(e_z“‘])oo is the weight function of the
H’s. So, we multiply (4.3) by H,(x|q)/(q),, then use (1.9) to linearize
the product

Hm(xlq)}In—Zk(xlq)

as a sum. The result is

H, (x|q)

Gi(x;
@, (x5 Blg)
_ > OB VB, i (xla)
k.j DD m-{D)(@)g—2x—

This and the orthogonality relation (1.11) imply

Do e _ 51 (BB,
20" G D@D D D2k

and the sum is over k, j = 0 such that
jtk=m+n—p)2,j+ 2k =n

We replace n by n + 2k then let
m+p—n=2am+n—p=2y,n+p—m=20.

Therefore m = a« + y,n =y + 8, p = a + & and we obtain

< (—'B)qu(kh1)/2('8)k+Y+8ra+ys2k+Y+8

k,a,y,6=0 (@@ oD)(9)s

a+d

K(r,s, t) = t

The sum over « is 1/(rt),,, see (2.3). The above sum becomes

§ (_B)qu(k_1)/2(B)k+aszk+8t8 00 (qu+8)y

K(r,s, t) =
k=0 (@i (@s(rt)oo =0 (q)y

(rs).
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The y sum is (Brsqk+6)oo/(rs)oo, by (2.3). We now set m = k + 4,
hence

QS S"™(B),(Brsq™) (@)m(—Bs)eg™"?
K s, _ m o) 2 m )
(r. . 1) Eo @)oo 10 (D(@m—il"

The k sum i1s
ﬁ ( m)A m /t
= O Lk (gmBs/n)t

which, in view of (2.3), sums to (8s/t),,. Thus, we have

[ee)

(7)) oo(F oo s"t"(B),,(Bs/1),,
Yool Moo ¢ - .
(Brs)eo 50 n12=0 (@), (Brs),,

This proves Proposition 4.4 which was obtained first by Nassrallah and
Rahman [15].

PROPOSITION 4.4. A basic hypergeometric function has the Mellin-Barnes
type integral representation

@5 o PR g ) - et

0 < |rl, Isl, lt| < 1, where K(r, s, t) is defined in (1.14).

0,

Observe that K(r, s, t) is symmetric in r, ¢ but the ,¢, in (4.5) is not a
symmetric function of r and ¢. The application of Heine transformation
(3.7) yields the following symmetric form of (4.6)

rs, St ) B) _ (rs)oo(rt)oo(St)ooK( )

2¢‘( ps B BDon

holding for |r|, |s|, |z], |8] € [0, 1). This is (1.15).
We now consider special cases of (1.15) when the ,¢, can be
evaluated.

PROPOSITION 4.6. When B = —q/s*> we have

2
(— q,q)oo( q/s q)oo rl<lo<ls <l
%% @)oo — 1% D)oo

Proof. When r=—1,B = —gq/s’ the ¢, appearing in (1.15) is actually
a ¢, base g°. Here we need to impose the restriction |s| > /g since
|Bl < 1. Therefore,

4.7 K(r,s, —r) =

rZSZ 5

rs, —Fs
z¢1( —g 3 4, *q/sz) = 1%( ;g —q/s
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(=" e

= —1‘ 2) ,
(% ).

and the integral K(r, s, —r) is
(—¢ Dol —9/5%; Decl 7 4o

(83 Dol =755 Dol =775 Do — /5% §7)oo

which can be simplified to the right hand side of (4.7). The restriction
Is| > 1/q can be removed by analytic continuation. This completes the
proof.

Finally, we consider the special case t = r\/q, Bs* = /4.

PROPOSITION 4.8. When t = r\/q, Bs* = \/q the integral K(r, s, 1) is
given by

(qwr 7). (=g ")
4.9) K(r,s,rVq = ,
@5 d D (—q"s: 4

|r2q| <1,0< s < 1.

Proof. The ,¢, on the right hand side of (1.15) gives

e (I‘S,\rs/gi\/_’ q, s 2\/_) _ 20 ((:;i \\//_‘))2: —ann/?

rs —
|¢0( \[, N 141/4)

rs - _
1¢0( s Ve, — s 141/4)a

when |s*! > 4. Formula (4.9) follows from the g-binomial theorem.
Analytic continuation allows us to weaken the assumption Is*] > g to
|s| > 0.

I

+

In Propositions 4.6 and 4.7 we could have used (4.5) and avoided the
analytic continuation.

5. Multilinear formulas. In this section, we shall give g-analogues of the
multilinear Mehler formulas. For convenience, we consider the poly-
nomials

- (q), k
5.1 h D= _—
G hydgy: = 2 e

which are related to H,(x|g) via
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(52) H,(cos 8lg) = e""ahn(efzialq).

The multilinear formulas are (5.14) and (5.15).
The key observation is that the polynomials 4, (alq) are the moments for
the Al-Salam-Carlitz [1] polynomials

53 [7 ) = by
where the step function y,(x) has jumps

k k

54 y X :q—’d k :_..i___,
CH W) = i@y Y T W oan,

fora < 0and 0 < g < 1. (We have replaced the normalization constant C
in [1] and [9] by 1 — g, as in [11].) The orthogonal polynomials Uj(x) for
dy,(x) have the generating function

< a0t (D@
5.5 U —_— = <1,
65 2 O T e

and the orthogonality relation
[e.0]
(5.6) f oo Ui U (0 db,(x) = (=a)'q"" ™ V" 2(q),0,
The analogue of the Askey-Wilson integral for {U%(x) } is
ﬁ (1)o@t )
j=1 (th)oo

We now evaluate (5.7) in two different ways. From the definition (5.4) it is
clear that

(5-8)  E(t, 1), 13, 1)

4
= [{H1 (az,-)oo}/w)oo
]

(57 E(ty, ty, 1y, 1) = f . A, (x).

Iy, b, B3, Iy, )
4¢3( q/a, 0,0 74

_|_

4
at,, at,, aty, aty, )
{jzl (t/)oo}/(l/a)oo 4¢3( aq, 0’ 0 > 4, 49|

If a < 0 and |¢;] < min(1, —1/a), then (5.5) and (5.3) imply that
(5.9)  EQ, 1, 13, 1y)

0o 4

= 2 hnl+nz+,,3+n4(alq)ﬂlz_;?f(at,-)oo(tj)m/(q),.
=

1y,0p,n3,14=0

If we let m = n; + ny, n = ny; + ny and then use (5.1), we obtain the
trilinear formula

https://doi.org/10.4153/CJM-1988-041-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-041-0

ASKEY-WILSON AND ROGERS POLYNOMIALS 1041

m

G10) Sy aldh 1yt h, (1o ) —
mun=0 ( ) ( )

4
— tl, 12, [3, t4
- 4¢3( g/a, 0,0 P19 )/{(a)ooj_l;]]: (tj)oo}

4
atl, atz, at3, at4. )
+ 4¢3( aq, 0, 0 4,9 /{(l/a)oo jI;Il (atj)oo}

An appropriate change of variables (see (5.2) ) will make the left side of
(5.10) a g-analogue of the left side of (1.17).

One may ask if it is reasonable for the sum of two 4¢;’s to replace the
exponential function in (1.17). We now show that the special case of (5.10)
which corresponds to Mehler’s formula (2.2) does indeed work. If we put
t; = 0 and then ¢, = 0 (5.10) becomes

(5.11) 20 h,,(alq)h, (13

n

(25 4. 4 (@t

ats, aty,
4. q

+ ¢ ( s )/{ (l/a)oo(at3)oo(at4)oo}

for a < 0 and Itjl < min(1, —1/a). According to (2.2), this sum of ,¢,’s is
a quotient of infinite products. A three-term relation for ,¢,’s due to Sears
[21, Eq. (4.1) ] implies that this sum is
(at3t4)oo(g/ atstg)oo(G13/ 14)oo (13, aty, q q )
291 » 4, |
(a14)0o(q/ 14)0o( 9/ At8)oo(t)oo(13)oc(@t)e ~ \ 913/ 1a" ™ atsty

Then the g-analogue of Gauss’s theorem for a ,¢, implies that (5.11) is

(at3t4)oo
( ) (at4)oo(t4)oo(t3)oo(at3)oo

which is equivalent to (2.2). (A combinatorial proof of (5.12) appears in
[12].) Similarly, Sears [21, Eq. (4.2) ] implies that the right side of (5.10) is
a sum of three ,¢;’s. However, we have been unable to show that as ¢ — 1
the right side of (1.17) results.

The argument for the trilinear formula (5.10) works for any number of
factors (not just four) in (5.7). Put

(5.12) 2 h,(alq)h, (1,

k
(513) H(tl,...,tk,a) =k¢k (q/(l 0 t O’ q,. 9 )/{(a)ool_]l:(tj)oo}
j=
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k
aty,...,dt,
(g acal oo T}

j=1
Then we find
LY

G4y 2 by e @Ok, (1/019) by (il TT 2

my,..., N j=1 q),,,j

= I{(tl, “ e ey t2k, a)
and
(515) 2 hm,+...+mk+n(alq)hm‘(t1/t2lq) s

my,..., 1y

n
L R

hmk(tzk—x/tzkIQ)jI:Il Gi,; ' @,

= H(t], [P ’t2k+]’ a).

We caution that (5.14) and (5.15) hold for a < 0 and |t,| < min(1, —1/a),
not as formal power series (as (2.2) does). A combinatorial proof of a
formal power series g-analogue to (1.17) is given in [12].

Finally, we mention the g-analogue of

(o0 tn
(5.16) > H, ()= = exp(2xt — AH, (x — 1),

n=0 n:
which Carlitz used for his derivation of the multilinear formulas. It is

(o) n k ]

! 1 (@)x’

(5.17) o f(x)— = > (),

im0 @, 6eoDeo /=0 (@D,
Equation (5.17) is equivalent to Mehler’s formula (2.2). This can be seen
by multiplying (5.17) by u"“‘/(q)k and summing on k.

Appendix. Because of the interest in Mehler’s formula, we shall indicate
how to verify that, as ¢ — 1, the right side of (2.2) approaches the right
side of (1.16).

We start with

(Al)  Lim H,(\/T = gx/2lg)/(1 — q)"* = 27"2H (x/\/2).

g1
For cos § = /1 — ¢gx/2 and cos ¢ = /1 — gy/2 in (2.2), as g —> 1
the left side of (2.2) approaches the left side of (1.16). The right side of

R of (2.2) becomes (after the addition formula for cos(§ + ¢) and
cos(d — ¢))
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0 -1
(A2) R = (el )0’ L1 |1 41— 2tzq"2'; A
where
(A3) b, = —1g4"(1 — @)xy + £¢*"(1 — g)(x* + »?)
— g1 — g)xy.
Since

(O)eol?s 490> = (45 4o/ (5 §Doos

the g-binomial theorem (2.3) implies

(Do
(A9 ‘lll_r’r: 5 4%

which is the first factor of (1.16).
For the exponential factor, note that

(AS) log(ﬁ (1 + b 7} 4,1)4)

n
n=0 1 — 22¢°" + %4

—a -

< b
- - n + 001 — g).
ng() 1 — 224 + A" ( q)

Thus, we must find the limit of three terms:

oo )
A6 vyl =) By s = T
[ee] 2n
A =2+ =) B s = T
and
q3n

(A8) Pxy(1 — q) 20 1 = T,

_ 2t2q2n + t4q4n
Each of these three items is a g-integral (see [2]), so if ¢ — 1

, 1 dx
(A8 T, = txy 01 — 2% + *x*

1

xdx

ATY Ty, — —P(x* + y?
(A7) 2 (x ) 01 — 2202 + %4
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! x*dx

A8)Y T, — fx )
(A8) 3 Y 01 — 222 + x4

Clearly
T, = —2(x* + yH/2(1 — ) and T, + T; = xypt/(1 — 1)
are the arguments of the exponential function in (1.16).
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