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A SEGAL-LANGEVIN TYPE
STOCHASTIC DIFFERENTIAL EQUATION
ON A SPACE OF GENERALIZED FUNCTIONALS

GOPINATH KALLIANPUR AND ITARU MITOMA

ABSTRACT.  Let E' be the dual of a nuclear Fréchet space E and L*(¢) the adjoint
operator of a diffusion operator L(f) of infinitely many variables, which has a formal
expression:

£ & i 9
L) = aii(t, x)=——=— + 3 bi(t, x) —.
=1 Y ax;ox; o ! ox;
A weak form of the stochastic differential equation

dX(t) = dW(0) + L*(0X(0) dt

is introduced and the existence of a unique solution is established. The solution process
is a random linear functional (in the sense of I. E. Segal) on a space of generalized
functionals on E'. The above is an appropriate model for the central limit theorem for
an interacting system of spatially extended neurons. Applications to the latter problem
are discussed.

1. Introduction. A class of stochastic equations (SDE’s) governing nuclear space
valued processes as a model for the behavior of single neurons was introduced in a recent
paper by Kallianpur and Wolpert [12]. The present paper is motivated principally by the
study of the asymptotic behavior of the voltage potentials of spatially extended neurons
which are described by a system of n interacting SDE’s of the type considered in [12].
The techniques developed in this paper enable us to prove a central limit theorem for
empirical distributions of interacting dual nuclear space valued processes which is an
infinite dimensional version of the fluctuation theorem for McKean’s model of n-particle
diffusions [9]. The result (Theorem 2) is derived in the last section as a consequence of
Theorem 1 which is a general result whose proof occupies most of the rest of the paper.
Theorem 2 is similar to the ones for mean-field interacting particle diffusions treated in
a number of papers [2, 4, 9, 10, 17, 25]. However, the fact that the interesting SDE’s
represent infinite dimensional systems raises several technical difficulties. For instance,
the interaction coefficient in the system of SDE’s (5.4) is a function defined on infinite
dimensional spaces so that conditions of smoothness efc. have to be given in terms of
functional derivatives and one is required to introduce suitable distribution spaces on
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test functions of infinitely many variables. Consequently, the detailed proofs of some of
the lemmas have acquired a forbidding aspect, a circumstance which seems unavoidable.
Nevertheless, we think it a worthwhile effort to study this special example of a fluctuation
theorem for infinite dimensional systems because the final result is not a routine extension
of the finite dimensional case (the reasons for which are discussed below) and introduces
in a natural way a SDE whose solution is best interpreted as a random linear process in
the sense of 1. E. Segal [24].

Before proceeding to the more technical part of the Introduction, we mention that
another possible application of Theorem 1 is to the fluctuation theorem recently obtained
by J. D. Deuschel for a system of lattice valued diffusion processes [5].

A natural setting for our problem is a nuclear space C3°(E’) of smooth functions on
E'. However, in general C3°(E’) is not invariant under the operator L(r) of interest to us.
In other words, the range of L(f) is not contained in C°(E). To remedy this situation
we define a suitable space Dy of test functions on E' as the completion of C°(E') in a
sense different from that in the Malliavin calculus [29] to be made precise below which
is invariant under the operator L(f). To obtain the desired central limit theorem we also
need to be able to regard Dirac measures on E' as generalized functions on E'. The iden-
tification problem of the limit measures leads us to study the stochastic analogue of the
deterministic evolution equation

axw .

o~ LOXxm
on the dual space Dy, of Dy, L*(¢) being the adjoint of L(#). The corresponding SDE
may formally be written as

(*) dX(f) = dW() + L*(H)X(¢) dt.

The work of the present paper differs from the by now familiar theory of stochastic
evolution equations in duals of nuclear spaces in the following essential respect and also
extends [21] to the case of infinitely many variables in a weak form. In the above SDE,
the process W(z) (the limiting Wiener process obtained in the course of our proof) lives
in C°(E') which is strictly larger than 2. We thus have to give a meaning to the SDE
given above and this is done by introducing a weak form of (x). We begin by explaining
the setting more precisely: A stochastic process Xg(f) defined on a complete probability
space (2, F, P) indexed by elements in Dy is called an L(Dg)-process if Xp(t) is a real
stochastic process for any fixed F' € Dg and X, ri56(2) = aXp(t)+ 3 Xg(r) almost surely
for real numbers «, 8 and elements of F,G € Dp and further E[Xx(?)?] is continuous
with respect to F on Dp [11]. X¢(¢) is called continuous if lim,—; E[(Xr()~Xr(s))’] = 0
for each F € Dp. Let Wi(¢) be an L(Dg)-Wiener process, i.e. such that for any fixed
F € Dp. Wr(r) is areal continuous Gaussian additive process with mean 0.
The weak form of (x) is an SDE of the form

(1.1) dXp(t) = dWe(1) +XL(t)F dt
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with given initial value Xr(0) and F € Dg. Our aim is to show that (1.1) has a unique
continuous L(Dg)-process solution Xg(f). The process Xg(t) is a random linear func-
tional in 2, in the sense of I. E. Segal. Roughly speaking, if L(f) generates the strongly
continuous Kolmogorov evolution operator U(t, s) from Dg into itself, the unique solu-
tion for (1.1) can be given as follows:

t
Xr(t) = Xuaoyr(0) + We() + /(; Wisu,sr(s) ds.

We now begin by giving the precise definitions of the operator L(¢) and the space D .
Let E be a nuclear Fréchet space whose topology is defined by an increasing sequence

of Hilbertian semi-norms || - [jo < || - | < || -2 <+~ <l -]l < -- - As usual let £’ be
the dual space, E, the completion of E by the p-th semi-norm || - ||, E,, the dual space of
E, and || - ||, the dual norm. Then we have
NEandE = |JE
E= pDOEp and £ = pL;JO -

Let K be a separable Hilbert space with norm || - || and F a mapping from E’ into K.
Then F is said to be E),-Fréchet differentiable if for every x € E', we have a bounded
linear operator D, F(x) from E;, into K such that
_ F(x+th)— F(x)
m _—

li

lim p = DF(), h €E, inK.

Suppose that F is E,,-Fréchet differentiable for every integer p > 0. Then taking £ =

0 E*p and the strong topology of E', (which is equivalent to the inductive limit topol-
ogy of E'p ; p=0,1,2,...), into account, we have a continuous linear operator DF(x)
from E' equipped with the strong topology into K such that for any integer p > 0,
DF(x)(h) = D,F(x)(h) for h € E,,. Hence, if F is n-times E,,-Fréchet differentiable for ev-

ery integerp > 0, we have a continuous n-linear operator D" F(x) fromE' X E' X --- x E'
R S —4

n-times
into K such that the restriction of D"F(x) on E,, X E,, X --- X E,, = the n-th E)-Fréchet

n-times
derivative fD,’,‘(F)(x). Then if F is infinitely many times E;,—Fréchet differentiable for ev-
ery integer p > 0, the Hilbert-Schmidt norm

00 1/2
D Fly = (% D PG WD, KIR)
i1i2in =1
is finite for each integern > 1 and p > 0, where (h}p)) isa C.O.N.S., (complete orthonor-
mal system), in £}, [15].
From now on, we will use the conventional notation such that ||[D°F(x)|| 7% =

| 7ol k-
The nuclear space E' will be assumed to satisfy the following basic assumptions.
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ASSUMPTION 1. For any integer p > 0, there exists an integer ¢ > p such that
[l g < 3llxll--
ASSUMPTION 2. || D"F)|| 7y < || D"F)|| ¢} forintegersn > 1 and p < g.

These assumptions are satisfied for the nuclear spaces of interest to us. Here we give
a brief verification of the assumptions for E' where £ = @ = {¢(x) = e(x)p(x) ; ¢ €
S(R)}, where S(R) is the Schwartz space of rapidly decreasing C*-functions on the
1-dimensional Euclidean space R, e(x) = 1/ 7(x), m(x) = [re M p(x — y) dy,

_ fe-exp(—1/(1—1x?), |4 <1
p(x)_{o ( )ixlzl

and c is the constant satisfying [z p(x)dx = 1 [9]. The nuclear Fréchet topology of
@ is equivalent to that metrized by ||¢[|, = [5°, a(p)*(, o1V p =0,1,2,...,
where (-, -) denotes the inner product of L>(R), { ; € S(R)} is a C.O.N.S. in L*(R) and
a(p) = (2+2y.

Since for any integer p > 0, there exists ¢ > p such that

2ll¢ll, <l g,

we have

Il o= sup [{x¢)] < sup ()] < = llall-p
[l llg<1 2llg <1

which asserts Assumption 1 for @'. Let h; € L*(R)’ C @ satisfy (b, ¢;) = é;. Then @,
has a CON.S. { A" = a;(p)hj} . Since a;(p) < a(g) if p < q.

|1 D" Fo|| 7%

00 1/2
=( 3 1D FORD KD, KR

> 1,
i1,i2 =1

e /
= ( > D Fo(ai Py, @ (P, - -, i, ()R, i)] 2

02, =1

o) 1/2
=( % e o) o, Y| DF@hy b IR

1,02, in=1

oQ

1/2
<Y a@an@a @D F@ G b bR

1,02 ,5mesin =1

= |[D"FWI$s.,

which implies Assumption 2 for @'.

Let 3(t) be the standard E'-Wiener process such that for any £ € E, (3(1),€) is
a l-dimensional Brownian motion with variance E[{ 3 (1), £ )21 = 1||€|3, where (x, &),
(x € E, £ € E), denotes the canonical bilinear form on E’ x E. Without loss of generality,
we assume [ () is an E"] -valued Wiener process. [15].
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DEFINITION OF L(t). We need conditions which are infinite dimensional analogs to
those given in [21]. Fort > 0 and x € E, let B(t,-) be a continuous mapping from E’
into itself such that the following conditions are satisfied.

(H1) There exists an integer po > [ such that B(z,-) maps £’ into E;,O and for each
T>0,

sup || B(t,x)||—p, < 00.
SEr

(H2) B(t, x) is infinitely many times E;;Fréchet differentiable for every integer p > 0

such that for any T > 0 and any integer n > 1,

sup ||D"B(t,x)||}(f)s‘ < 00,

x€E'
0<t<T

where || D"B(t, )| 5 = (5, ., |ID"BG, )P, b, .. 12,02,

(H3) For any integer n > 0 and any T > O, there exist A(n,p,7) > 0 and
A1(n,p, T) > 0 such that

sup || D*B(t,x) — D*B(s, )| "% < \i(n,p, D]t —s|*™PD, 0<s, t<T.
x€E

0<k<n
For simplicity, let K (¢) be a continuous linear operator from E' to itself and gener-

ate the strongly continuous evolution operator V(¢, s) from E' to itself such that for any

integer p and any 7 > 0, there exist integers m(p, T) > p and n(p, T) > p satisfying

(V1) (K@ = K|, < Calr =5l lxllp,
sup || V(t, )xl| -y < Il
0<s<t<T

IV, s )x = Vit x| npry < Hlxlp{ 11 =] +]s =}

Without loss of generality, we assume m(p,T) < m(q,T) and n(p,T) < n(q,T) if
p < q. Here and in the sequel, we denote positive constants by C; or, if necessary, by
Ci11,T2,...),i = 1,2,..., in case they depend on the parameters 7,7, ... .

Then for any twice E;,-Fréchet differentiable real valued functional F on E' for every
p > 0, we put

(L()F)(x) = %tracego D*F(x) + DF(x)(B(t,x) + K(1)x),
where
traceg, D’F(x) = " D*F(x)(h”, h").
j=1

DEFINITION OF Dp. We will extend the weighted Schwartz space @ introduced in
[9], [21] to the case of infinitely many variables. For a real valued infinitely many times
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E;,-Fréchet differentiable functional F on E' for every integer p > 0, we define the fol-
lowing semi-norms:

1 Fllpgn = Z 1 Fl%s
where p > 0, g > 0 and n > 0 are integers and

I Flls% = supe‘“"”‘ﬂllD"F( Mids.-

x€E, P
For any natural number n, define
OR") = {¢ () = h(X)p(x); ¢ € S(R"},

where A(X), X = (x1,x2,...,%,), is a weight function such that A(x) = l/g(x), g(x) =

17, go(xi), go(x;) = exp(—\/fR [ylp(xi — y) dy). Let {£;;j = 1,2,...} be acountable

dense subset of E. Define

CRE) = {FO) = ¢ ((x.€,).(x.65) ... (x.£,)) 1 & € DR}

and introduce the nuclear Fréchet topology on this space by the countably many semi-

norms;
1l = sup 1+ x| )PK ) (x))¢(x))’, p=0,1,2...,
O<k<p
where (£ i W= Dokttt =k _W%W Then we have a fundamental space C8°(E’ ) =

ol Cgf;(E’) which is the strict mductlve limit of nuclear Fréchet spaces Cgf’”(E").

For any integers p > 0, g > O and n > 0, let D, , , be the completion of CSO(E’ ) by
the semi-norm || - ||.4.»- We define Dp = M 4.0 Dp 4., and introduce a topology on Dg
by the countably many semi-norms || - ||, 4., 7 > 0,4 > 0and n > 0.

Then Dy becomes a complete separable metric space [7].

REMARK 1. The definition of D is independent of the way of choosing a countable
dense subset of E. We call areal valued functional F(x) = ¢ ((x,&1),(x,&1),...,(x, &)
where n is a natural number, §; € E,i = 1,2,...,n,and ¢ € ®(R")a weighted Schwartz
functional. Let P be the set of all weighted Schwartz functionals, 7, , , the completion
of Poy || - |lpgn and D = Npgpn By gn Where p > 0, g > 0 and n > 0 are integers. Then

D= Dp.

PROOE. It is enough to show that F(x) = ¢ ((x,&1),(x,&2),...,{(x,&m)), & € E,
¢ € O(R™), belongs to Dy, . By the nuclearity of E, we have a natural number r >
max{p,q} such that

(1.2) SIE)2, < oo
j=1
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o o [} o
and since { £ ;} is dense in E, for each i, there exists a sequence { £, },€,,€ { £} such
that

(1.3) lim [|&— €0 I = 0.

h(}l)

On the other hand, D"F (x)(h(q) B .7} is a finite sum of terms;

IEEEER]

(1.4) J o (nE) (5 ). (0 )

ax‘;'a K
(HE €0) (R, €) - <h2‘fi,£1>
<h<g?’§2> <h(ﬂ?7 ) (h('gg’ §2>
(s &m) (i Em) - <h2‘i’,, s
where ky + k> + - - - + k, = n. Since

(1.5) mh(x)' <G exp(z \/7)

noticing ¢(x) = h(x)cp(x) ¢ € SM®RM™) and (12) and setting FP(x) =
dUXE 4 ) <X’€2k> S(x £m‘k>) we have

lim [|F — FOl 40 = 0,
k—00

which completes the proof.

Before proceeding to the discussion of equation (1.1), the following remarks on the
L(Dg)-Wiener process are in order. Taking the continuity of Wg(r) and E[Wg(1)*] with
respect to the parameters ¢ and F into account, we note that supy<,<r E[WE()?] < oo
and supy,<r El Wr(£)?] is lower semi-continuous on Dg. Since Dy is a complete metric
space, by the Baire category theorem there exist positive integers p1, g; and m, such that

(1.6) sup E[Wr(1)*] < C3(T)|| F||;

puqi,m
0<r<T

2. Existence and uniqueness of solutions of the SDE. First we need to define the
term, “approximated by bounded smooth functionals”, which comes from dealing with
an infinitely many variables version of [21]. Let K be a separable Hilbert space. We call a
K-valued functional G(x) = g({x,&1),{x,&2),...,(x, &), &1, &2, ..., &4 € E asmooth
functional if g(x): R" — K is a C*°-function. Further we call G(x) a bounded smooth
functional if g(x) itself and all the derivatives of g(x) are bounded. The coefficient B(z, x)
is said to be approximated by bounded smooth functionals on £’ if for any integers,
p Z po, ¢ > 0and n > 0, there exists a sequence of bounded smooth functionals

Bu(t,x) = b(t, (5, €1),{x, &2, ..., (%, &k, ))
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such that the following conditions are satisfied:
1. B, (¢, x) satisfies the conditions (H1), (H2) and (H3),
II. Forany T > 0O,

lim sup ||B(t,x) — By(t,0)||—p, = 0,
Mmoo ver
0<i<T
lim sup ||D*B(t,x) — DB (t,0)||\{x =0, k=12,...,n.
m—o0  eF -

0<I<T
Then we have

THEOREM 1. Suppose that the coefficient B(t, x) satisfies the conditions (HI)—(H3)
and is approximated by bounded smooth functionals on E'. Then L(t) generates the Kol-
mogorov evolution operator U(t, s) from Dy into itself. Further the continuous L(Dgr)-
process solution of (1.1) such that for some 0 < o < 1, E[|X(0)|>**] < 00 is uniquely
given as follows:

1
Xp(t) = Xuaow(0) + We®) + | Wiiuor(s) ds.

PROOF.  Asin [21], [22], we carry out the proof via the stochastic method. Let 7;,(x)
be a solution of the following stochastic differential equation:

M) = Vit s+ [V dBo)+ [ Vi nB(rno() dr.

By the assumptions (H1) and (H2),if p > pp and x € E;,, then the solution of the
above equation is uniquely obtained by the usual method successive approximations in

Eup;

For any F in Dg, we set
(U(t, $)F)(x) = E[F(15,(x))).

The proof of Theorem 1 is based on several lemmas whose proof will be given in
Sections 3 and 4. We begin by using the following lemmas which will be proved later.

LEMMA 1.  Suppose that the coefficient B(t,x) is approximated by bounded smooth
functionals on E. Then if F € Dg, U(t, s)F € Dg and L(OF € Dg.

LEMMA 2. Under the same assumptions as in Theorem 1, L(t) generates the Kol-
mogorov evolution operator U(t, s) from Dy into itself such that

(1) U(t,s) is a continuous linear operator from Dy into itself,

(2) forany F € Dp, U(t, s)F is continuous from { (t,5) ; 0 < s < t} into Dp,

(3) U(t,1) = U(s, s) = identity operator,

(4) LU(t,5)F = U(t,s)L(OF, 0 <5 <1on Dp,

(35) %U(t,s)F: —Ls)U(t,5)F, 0<s<t t> 0on Dp.
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Further, for any integersp > 0,q > 0,n > 0,j > landany T > QO and F € Dy, we
have

2.1) U Fllpgn < Call Fllpgn,

| U, sHF — U@, )F|| 2., < Cs(T.F.p.q.m){ [t =7 +]s— sV}, 0<s1 s/ <T,

where p, § are integers given as n3 in (3.15) later.

First we will verify that the integral in Theorem 1 is well defined by showing that for
any fixed F € Dy, Wi u.sr(s) is continuous in (1, s). Since Wg(z) is a Gaussian additive
process with mean O and variance V;(F), we get for any integer n > 1,

(2.2)  ElWKn) — Wen)*"] < Co(T) (Vi (F) = Vo(F))", 0<1, b <T.

We choose an integer k > 2 such that 2kA (my, q;,T) > 2, where m; and ¢ are the num-
bers which appeared in (1.6) and A (my,q), T) is the number in (H3). By Assumptions 1
and 2, we may assume g, > py and ||x]|_;, < 3|lx||—p,. For0 < s,¢,5',¢ < T, the
inequalities (2.1) and (2.2) yield, together with (VI), (H3) and the nuclearity of E,
(2.3) E[|Wisuesr (") = Wisunr(9)] ]
k
< CUD)(Ve (LU 9F) = Vs(L(U (1. 5)F))
and
2.4)  E[|Wunuwor () = Wiwuaor(s)) ]
< C(D||LHU,$HF = Lis)Ut, $)F|| K 4, m,
< CoT) {|| U, $YF — Ut |3 4 i
+ || U, sHF — Ut )F|| K mii2
4 ~S|2k)\(m|,q|,'l') +ls' — S|2k}
< Cro(M{ |t =1 +|s—s|*+|s — slzk)‘(""’q"n}.
The inequalities (2.3) and (2.4) are sufficient for the Kolmogorov-Totoki criterion [27]
for continuity in (¢, s). The continuity of Wy yu.srnr(s) in (¢, s) can be proved similarly.
Now we proceed to the proof of the existence of solutions for (1.1). Taking the relation
Ut s)F = F + [l U(t,s)L(T)F dr, the continuity of Wiy sLirr(s) in 7, the linearity
of W,(s) and the L2-continuity of W,(s), into account, we have

WL(S) U(t,s)F(s) = WL(.Y)F(S) + WL(x) f:’ U(r $)L(T)F dr (S‘)

1
= Wyyr(s) + /‘ Wisuer s r(s) dr,

so that by making the use of the continuity of Wy s1r)r(s) in (1, 5) again, we get
11 t t 1
/0 Wi s r(s) ds = f() Winr(s) ds + f() ( /T Wisuer sanr(s) dT) ds
t t T
= /0 Wi r(s) ds + /0 ( /0 Wrsue syLrr(s) dS) dr
t T
= /0 (WL(T)F(T )+ /0 Wisyuirs)Le)r(s) dS) dr

= /Ot (XMT)F(T ) — XU(T.O)L(T)F(O)) dr.

Q2.5)
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Combining the L*-continuity of X£(0) in the definition of £(Dg)-process and the Jensen
inequality such that E[|X(0)|2**] < E[|X£(0)|%]*, we get that E[| X£(0)|>**] is contin-
uous in Dg'. Hence there exist positive integers p» > po, g2 and m; such that

(2.6) E[|X£(0)| 2] < || F| 22

pP2,q2,mz "
Therefore the Kolmogorov criterion for continuity, together with (H3), (V1), the nu-
clearity of E and the inequalities (2.1) in Lemma 1 and (2.6), yields the continuity of
XU(T,O)L(T)F(O) in 7. Hence it follows that

1
@.7) |} Xv 0o (0) dr = Xu0p#(0) = Xp(0).

The equalities (2.5) and (2.7) show that Xg(¢) is a solution of the equation (1.1).

Following H. Komatsu [13], we now prove the uniqueness of L?-continuous solutions
for the equation (1.1). Let Y;(z, F) and Y»(¢, F) be two continuous £L(Dg)-process solu-
tions for the equation (1.1). First we remark by the Baire category theorem that for each
T > 0, we have natural numbers p3 > po, g3 and m3 such that

(2.8) max sup E[Yi(t, F)’] < Cio(T)|| Fllps.qsm:-
I:I'ZOStST
Define v(t,F) = Yi(t,F) — Ya(t,F). Then for any a > 0, we will prove

%E[v(t, U(a, t)F)z] = 0 fort € (0,a]. The inequality (2.8) and the strong continuity
of U(t,s), ((2) in Lemma 2), yield

v(s, Ula,9)F)" —v(1, Ua, DF)’ '

s—1

1/2
, s,t€(0,a] C[0,T].

< Ci(T. PE (v(s, Ua, 5)F) — v(1, U, ,)F))z
>~ Li13 5

s—1

The inequality (2.8) and the strong continuity of L(r) and U(t, s) imply that
v(s, Ula, t)F) — v(t, Ul(a, t)F)

s—1

2

(2.9)  limE =0.

s—t

—v(t, L(OU(a, 1)F)

By the strong continuity of U(t, s), we get similarly
v(s, [U(a,s) — Ula,D]F) — v(t,[U(a,s) — Ula, DF)

s—1

s—t

(2.10) limE[

27

—v(t,L()[U(a,s) — Ua. H]F)| | = 0.

Since L(t) generates the Kolmogorov evolution operator U(t, s), we have

=0

2
B

lim E[|v(z, L(U(a,)F) — v(1, L(OU(a, 1F) [2-

limE{
s—t s—1

v(t, L(yU(a, 0F) + v(,, MQF)
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so that we get

v(1, Ua, $)F) — v(t,U(a, )F) |

v(z, L(t)U(a, S)F) - s—t

(2.11) limE
S5—

From (2.9), (2.10) and (2.11), we get the desired equality claimed above. Hence
E [v(t, U(a,nF )2] = constant. Then letting t — 0, by (2.8) and the definition of continu-
ity of an L(Dg)-process in t, we have the constant = 0. Taking the equalities
E[v(t, Uta,0F)"] = E[(v, (t, Fy+v{t, [U(a, D~ Ula, I F))"] and lim, _q E[v(1, [U(a, )~
U(a,a)]F)z] = 0, into account, we have E[w(a, F)*] = 0 for any a > 0, which implies
v(a, F) = 0 almost surely. Thus the proof is complete.

3. Proof of Lemma 2. Assuming Lemma 1 which shall first be proved in the next
Section, we will prove Lemma 2. To examine that U(z, s) is the evolution operator stated
in Lemma 2, we will check some regularities and integrabilities for 7,,(x). It is obvious
that if p > py and x € E;,, Ns.(x) € E:,(,m so that for h € E;,4, nux+h) € E;(psf),
where ps = p V ps. Here a V b = max{a,b}. Setting n, = n(ps, T) and following
Kunita (p. 219 of [14]), we will show that £, (1) := Tl{ns,,(x +7Th) — n5.(x)} has a
continuous extension at 7 = O for any s,7 a.s. in E, . This can be shown by appealing to
the Kolmogorov-Totoki criterion for continuity [27].

LEMMA 3. ForanyT > 0 and any integer j > 1, we have
E{[|€(m) = &x0(OII%, } < CuaTo{|s — 'V + [t = £V + |7 — 7|},
for0<s, s, t,¢/, 7,7 <T.

PROOE.  Without loss of generality, we may assume 0 < s < s’ < t < ¢ < T. Then
& (1) — &A«‘,(T’) is a sum of the following terms:

(3.1) (V(t,s) = Vit s"))h+ f ‘g(V(t, r) /O 1 DB(r,r (7, ) (&:(T)) dy) dr,
where §,(7,y) = 15,(x) + y(75,(x + Th) = 75,,(%)).

3.2) [[(Vin [(DB(r.Gotr. »)(€ur) —~ DB(r o 7", 1)) (€9,7)) ) ) dr

By assumptions (V1) and (H2), the expectation of the 2j-th power of the || - || —,,-norm
of (3.1) is dominated by

Cis{|s - s’|2j+E[( / S/NV(t, N ' DB(r, G, 1) (£47)) dy.]z_m dr)j]

. . s .
< Ciofls =17 +15 = E| [ Nlew 12, ar] -
Again using the same assumptions and the Gronwall lemma, we have

(3.3) El||nu() = 0,01 Z, 1 < Collx=yl|%,,. xy€E,,
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which implies
s 2j 2j !
3.4) E[ [ e, dr] < Chrllh|Z,]s — .

Since the integrand in (3.2)

= V(1) [ DB(r G (r. ) (€5,40) — E,7))
) /O' ( /0' DB Vs (1,7, 90 (GorlT3) = GoT')) 1 ) (€ () b,

where V,¢ (1,7, 31) = o7, 3) + 31 (Gr(T. ) — Gup(, ), the || - || -, -norm of the
integrand is dominated by

3.5) Cis{ll&srm) = £ @), + (175, = 10D -,
+ ”ns'r(x +7h) — Ny A(x + T/h)”—”l)“ 65'"(7-/)”*'” }

The expectation of the 2j-th power of || - || ,,-norm of (3.2) is dominated by
1 .
(3.6) Ciof [ E[|&5.) = E0rtr)]|Z, ] dr

+ /: E[“ns,r(x) - ns’,r(x)[lijn,]I/ZE[Hgs’,r(TI)“ijn,]l/zdr

+ /S,I E[H Nor(x +Th) — ng (x +7'h)|| ¥, ]l/2E[” §y,(7")”fj,,l] & dr}.
By the assumption (V1),

|V, nllz = ; |V, ne|2,, < ; 1K), < oo [15].
Jj= J=

Then by the assumption that 3(¢) is an E|-valued process and the It formula we have
easily

LEMMA 4. For any integerj > 1,

2j
—n

E[”/Sr V(r,r)dB(r) ]] < Czo(i)E{(/st |V, s dr>j} < Cy|t—s).

From the assumptions (H1) and (H2), we get

| B(r, 15.r0)) = B(r. 1 /X)) —py < CaallMr (%) = 0. ()] -,
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and taking the expectations of the 2n-th power of both sides of the following inequality

1960 = 1@l < V9% = VI SW o+ | [ Vit dB ()

—n

+ [ Vi, r)B(r n”(x) dr

| venaso

—ny

+ ‘/’/ V(' nB(r, ne.A(X)) dr

—m

| [(van—vi.n)asm|
+| [ (v = v, n)B(rnep) dr|
+] [V D {B(r. s ) = B(ro e )} dr

—ny

we have, by Lemma 4 and (V1),

E[”T],,(X) v’!’(x)”;m }
sc23m{lt_z’|"+|s—s’|”+|1x X||2 + /;E{Ilwx) ne NI, ] dr }

Hence we obtain
G E[n) = nes )12 ] < CoaD{t = 1]" + |s = 5" + || x = X120, ).
Combining (3.1), (3.2), (3.3), (3.4), (3.6) and (3.7), we have

E[“i\'I(T) "t'(T )“‘m]
< C25(T)||h||fp5{|t P +ls—sV+|r -1 |2]||h“~ps}

This completes the proof of Lemma 3.
Letting 7 tend to O in &,(7), we have for each x € E/,

(3.8) D (x)(h) = V(t,5)h + / v, NDB(r,n,,(x)) (D (x)(h)) dr.

For the higher order differentiations, a formula similar to (3.8) can be proved inductively,
together with the following lemma.

LEMMA 5. Suppose that a natural number g > py and any T > 0. Then for 0 < s, 1,
s',¢ < T, anatural number j and x,X' ,h; € E|, i = 1,2,...,n, we have for n, = n(q,T),

3.9) E[| D" sk, has )12, ] < Coa(D il Z ol 2, - - |l %,

GAOE[|| D" sy (ks has o ) = Do o ()R o, )| 2]
<Gl =1V +|s =V + |lx =X |12, }nhlnz al|, 1l
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PROOF.  First we will show (3.9) for the case n = 1. By assumptions (H1) and (H2),
we get
IDB(r,16,)) (D0 ()M -g < Casl| D0y s O] s

so that taking the expectations of 2j-th powers of || - || -, norms of both sides of (3.8),
we get

E[|Dne o)1 %,,] < czgm{nhnif;, + ﬁ ’ E[Dn.,-,,u)(h)tﬁfm]dr}

and the Gronwall inequality gives (3.9) for the case where n = 1. For n > 2, we will
prove the inequality by mathematical induction. For h\,hy, ... h, € E;,

D (XY hi hay . hy) = L'(D"B(r, Nor(0)))(hi ha, o by dr.
Since
G.11)  (D"B(r,ns,(x)))(h1.has. ... hn) = DB(r,0,,(0)) (D5 () (h1, Ba, . )
+ a finite sum of terms of the type
D"B(r,n,(x)) (D" s )y By, hfk:]»),

Dk n_y,r(x)(hf]z), hf:z», cees hﬁkzz'), e, DFm nx»f(x)(hfl'"” h]«znn, cee, hfk::'»)),

where2 <m<n ki +ky+---+ky =nand0 < k; < n— 1, so that using the inductive
assumption, we get (3.9) by the same argument as before.

Before proceeding to the proof of (3.10), we note that for h € E/, ||Dn,,(x)(h) —
Dy #(X)(h)|| -, is dominated by

| V(t, )h — V(£ s )h]| -,

¥ Hf V(t,nD(B(r.15,(x))) (h) dr

3.12
T [ vid nD(B(r e ) )by dr

o | [ (via.D(B(r.n.,0)) b — VI nD(B(r. e ) 0}

—n,

Now by the assumptions (H1) and (H2), we have
(3.13)  |V(t,ND(B(r,n,(x)) ) (h) = V(, D (B(r, e (X)) ) (h))
< [t =1 | DB(r,15,(0)) (D)D) -
+ |{DB(r. 10, 0) — DB(r.ne,()) ) (Dnss )|
+ [ DB e (00 (D (e)R) = Do (M)
< CoD{ (1t = 1] + 175,00 = 1 GO )| PR RN | -,
+ | Dns () () — Do (XY R)|| s }.

—n>

—q
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Hence from (3.7), (3.12) and (3.13) we have
E[||Dn(0)(h) — Dy o (YW1 Z,,]
< CuD{(jr =1V +ls =5V +llx= X1 %) 14112,
+ [ E[1Dno k) — Do )%, ] dr}

which gives (3.10) by the Gronwall lemma for the case n = 1. By (3.11) and the estima-
tion of || D" (x)(h1, ha, . .. s hy) — D"y o (X )(hy, ha, - . ., By)|| -, similar to that in (3.12),
mathematical induction and Gronwall’s lemma yield the proof of (3.10) for n > 2.

For the proof of the generation problem of L(r) we proceed as follows. By the as-
sumptions (H1) and (H2), (3.7) and (3.9) of Lemma 5, we may exchange the order of
differentiation and integration. They by assumption (H3) and It6 formula [16], we have
the pointwise Kolmogorov forward and backward equations as in the finite dimensional
case (Theorem 1 (page 73) of [8]):

%(U(r, S)F)(x) = (U1, )L(1)F)(x)
d
Z (U@ 9F) ) = =(L(s)U(, 9F) x).
Let p > 0,9 > 0and n > 0 be integers and x € E,,. Since
D" (F(n3,(x0)) ) (i B, .. 1)
is a finite sum of terms of the type
1=:DmF@hAx»(Dhn&K W Hh, hﬁb
D, (x)(hﬂif, h({i,’, . ,hj({iz,’), ..., Dy (x)(h(f’m),, h(fm’,, . ,h;{a’,)),
kit+ky+---+k,=n,
so that from the nuclearity of £ and (3.9), we have an integer ¢’ > n(p, po, g, T) such that

(3.14) YA, < 400
j=1

and setting n3 = n(q', T), we have

(3.15) EMﬁswmmqﬂwmemmmmmp.mmm
IW%MM%M%.MLMHNnuMWML.MLJ
<szllFII,,W.IIh“”II2 N [P 1o T o P

Here we will prove
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LEMMA 6. Foranya > QandT > 0, there exists a constant C33 = C33(a, T) such
that

sup E[e®ln:Wll-n ] < Cy3 M- |
0<su<T

PROOF. By (H1), || 9 /()||=ny < |lxll=g + C3a + || f{ V(t,r)dB (P)||-s,- Then it is
enough to prove Elexp(|| ff a V(t,r) dB(r)||-n,)] < Css. Setting y5, = [ aV(t,r)dB(r)
and following [9], by the Itd formula for (1 + ||ys,]|2,,)"/ 2, we get the desired estimate.

Therefore (3.14), (3.15) and Lemma 6 yield
“U(t, S)F“p,q,n S CJG(T)“F“n],n],m t,s € [0’ T],

which implies that U(t, s) is a continuous linear operator from D into itself.

In the same way as in [22], if we prove the strong continuity of U(t, s)F in (t,s), the
pointwise Kolmogorov forward and backward equations imply that L(f) generates the
evolution operator U(t, s). Since || U(t, s)F — U(, s’ )F||7,» is dominated by a finite sum
of terms of the type
sup &~ 2l E[|D"F(n.4(x))

) 1 (1)
x€E, R SR

{m) A{m) Am)
R s,

k @ 1 (q) (q) k> @q) 4 (q) (q)
(D ITIs,r(X)(hm» hun ceey hm)’ D Ans,l(x)(hun hun e vhﬂ))’ e
1y > Ty, Ji ) iy

Ko @q) 1.(q) (q)
o D ns,l(x)(hz:)»hzw LR hgn)))
5 h Jim

m | (@) 1(q) (q)
D" (1. () (D QO B ).

) @ 1@ (@) " @ 1) @\ |¥
Dhng s ()G BE), A, - D R B D) 7],
Sy N iy Jy J2 Jim

so that by (3.7), Lemmas 5 and 6 and the nuclearity of E, we have
U F — U HFNZ,, < CollFILY, a{lt =11 +1s =5}

ny,n3,n+l

This completes the proof of Lemma 2.

4. Proof of Lemma 1. For any integers p > 0, g > O and n > 0, as before we
choose an integer ¢ > n (p, po, g, T) such that

(e ¢]
(q))2
4.1 ,Z’. |12y < +o00

and set n3 = n(q’, T). Then by the assumptions on B(t, x) and for these ¢’, n + 1 and any
0 < 6 < 1, there exists a bounded smooth functional

B(t,x) = b(t,{x,(1),(x,Q),. ., {x,n )
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such that
n+l @
4.2) >° sup || D'B(t,x) — D'B(t, %)<
1=0 erq,
0<i<T

Set B, = J! V(1,r)dB(r). For sufficiently large N, we put

t ~
200 = Vi s+ By + [ VB, Ve, six+ B,
n ~
+/5 V(ll,t2)B<12,...,V(IN_l,S)x+ﬁx‘,N7|
IN-1 ~
+./s V(tn_1,ty)B(tn, X) dtN) o ) dn.

Setting
t ~
E0(x) = V(t, $)x + By + / Vi, t)B(11, Vi, $)x + By,

+ [1 V(t1,0)B(t2, ..., Vltn1,5)x + By,
+ [,,,1 V(tu-1.tn)B(tn 150, (%)) dty) - - +)

n=1,2,...,N, where 1, = 1, we have for any x € E;) 0 < s,t < T and any integer

4.3) E[”ns,t(x) ZN (x)H»,”} < L—E“ITIH(X) —Z ,)(x)”—m}
+ZJWW”M—&M&J
+w4MWm 2@l,]
< T 3 AU
k=2
+ N 2YMANTY | N
< 6% exp(c(MV DIT) + N2¥MINTV /N,

where ¢ = 2% and M = maxg<j<ps1 SUP ) \|D'B(z, x)H(q) Hence for any ¢ > 0, if
()<I<T

we take sufficiently small 6 and large N, we have

(4.4) sup E[[|n6,(x) — 2], ] < e

xekE,

Next we verify by mathematical induction that for any integer | < & < n and any
€ > 0, there exists an integer N(k, €) such that if N > N(k, €),

@5  E[IDng ) KD D) — DY ok D D2, <
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For any ¢’ > 0, (4.4) gives that for sufficiently small § and large n(e’), and for any
N > n(e))

(4.6) sup E[[n.,0) — A, " < ¢

x€E,

Here we need the following lemma for later use. In a manner similar to that in the
proofs of (3.9) and Lemma 6, we get

LEMMA 7. For any integers q > po, j > 1, n > 1 and any T > 0, we have for
ny = n(Q» T)’

(4.7)  sup E[IID"ZQ,(X)(hhhz,-- h)”-nz]

0<s,1<T

< C(DIMIZ Nl Z, - N hall %, xhivi=1,2,..., n €E,
Foranyo > Qand T > 0,

(4.8) sup E[e?120ln | < g9 eI,

0<s,1<T

Forany& € Eand o > Q0and T > 0, there exists C4g = Cao(§, o, T) such that

4.9) sup max {E[exp(a \/| ( ﬁsv,,(x),-é ) ) E[CXP(O‘ \/l ( Z(Vz(x) €>| >] ]

0<s,1<T
< Cyo exp(Ot \/R;jé} |_)

Setting

O
= V(t,9)h? + / Vi )DB(ty, 2 () (Ve )k + f V(t1, )DB(12, 23,2 (x))

(Vi s)AD + -+ / " Vet tn) DBty 01, (0) (D11, KT dit) ---) iy,

& k)
= V(t, s)h" + /V(r t)DB(t1, 2, () (Ve )i + [ V(t), 0)DB(t2, 22 (x))

(V(tz,s)hf-f”+'~+‘/. Vb1, t)DB (1, 227 (0)) (D15, ORD)) dlt) - ) dlt,
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and taking N > m + n(e’), we have by (3.9) and (4.7),

E[|| Dy ()(h) — D2 ), ]
< cE[[| Dns )y — N oD,

—n3

+E[|yN oD = 2N ) 7]
m—1 .

+ S EINHD = 5 @HDI
k=1

+ FPEIB e = 55 e, )

+E[| N ) — DL B2, ]
< Car(B{ 6T + €' P MPT

-1

+ 3 (KT MY 4 5’C’<+3M2f"‘+”)T"”/(k +1)!
k=1

+ Cm+2M2jme/m!}

< Cpd¥ + €' + "M T [ m)),

which gives (4.5) for k = 1 if we take sufficiently small §, €’ and large m. We assume
(4.5) holds for integers 1 <k <[, 1> 1.

Since
D" (B(r,ns () (WP WP, AT
= DB(r, ns‘,(x)) (DIJrl ns.,(x)(hi-:’), htzq), o hil‘i: ))
+ a finite sum of terms of this type:
D*B(r,no,(0) (D no (S, B, ’hf(‘f{.? :
DR (A, WS, ), . DR L KD, D),
Jn iy L ku
where

2<u<I+l, ky+ky+- - +k, = 1+1,{h;ff,),i: 1,2, u} = {A?j=1.2....1+1}

i
i
Ky

and
Dy oD B, )

i 141
= /: D[+l (B(r, ns,r(x)))(hf_lq)’ hi_;{)’ L hfz: ) dr.

so that (4.5) for k = [ + 1 can be proved similarly by the assumption of the induction.
Since F € Dy, forany 0 < &’ < 1, we have a weighted Schwartz functional F(x) =

FUx &Y, (x,&),...,(x,&n)) such that

n+l
(4.10) 3 sup e Iln D"(F(x) — F(x))“‘;é) < €.
k=0 x€E,,
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Then to prove Lemma 1, it is enough to show (U(t, s)F ) (x) is approximated by weighted
Schwartz functionals in || - H:f,:, 0 < k < n. Since D"(F(nx,,(x))) (hg?), hg), . ,hfkq)) isa
finite sum of terms of the type

4.11)
o o, o (15:0)) = D*F(115:) (Dk'nu(xxhﬁ‘f?, Bl D),
1

DR1g5, (O0E, ) B, Do L . )
k2
where 0 < u < kand k; + ky + - - - + k, = k, so that setting

(4.12)
Jh‘q’,h“”v..,h'v"’ (Z?], (x))
i i ik

= D'F(2,0) (DO, R, h&‘f?)
DR A il B, D"“ZN QL HD, . HELD),
ky ku

we see that (“ U, s)F — E[F( )]“(q)) is dominated by a finite sum of terms of the *
type

(4.13)Cy3 sup e 213l [[ KO, o (nsa)
XéE;, 11,02 yuey ik %

— JhE?)'hg)*“"hE:) (Z];I,(x))] ]

o0
< Cufsupe s 3 Efelnaln ey

x€E, i, ik =1
1D s COUE A B D5 eI 8 B,
|| (DR, ,(x)(hﬂfi?, hﬂ‘i:, .. h<;53) 2]
2
+ sup e 2l H un hun h“” Ms, r(x)) h(ql h(q) h?"'(zgx(x))[ ]}
s€E, i1,i, lk 1 e

Lemmas 6 and 7 and (4.10) show that

4.14) sup €‘||X||—p max{E[(l DMF(Z{VV,(X)) ::zs) )2]1/2,

x€E,

1s) 1)

E[([|D“ F (2 x) + 7 (nss () — 2x) )
S Cys(T), 0<7<1,0<s,t<T.

Hence from (3.9), (4.1), (4.14) and Lemma 6, we have constants Cy4¢ and C47 independent

https://doi.org/10.4153/CJM-1992-034-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-034-8

544 G. KALLIANPUR AND I. MITOMA

of €/, and for any € > 0, a natural number Ny such that (4.13) is dominated by

(4.15) €/3+ Cage' +Cq E[Ilnn(x) 2|2,
Jk= |

1D* g, mﬂ.:, o B N MDD KD,
Tk

+ 2 14 2ot h‘ff?)ll,m o

H(Dk'* NG TUPATR A h“".oll%

| DL . ) b UK. KD,

Dk, (x)(h{ﬁfmhtﬁm RN ]

Ky

2
“nal-

Therefore noting (3.9), (4.4), (4.5), (4.7), (4.13), and (4.15) and taking sufficiently small
e’, 6 and large N, we obtain

sup e I+ DA (U, 9)F ) — DHE[FE) )[4 <

x€E,

ks @ (@ (@
”D n (x)(hzwhfi)""whjﬁn)
ku

It remains to prove that E[F(zﬁ',(x))] is a weighted Schwartz functional. Of course

E[F(zﬁ’,(x))] = ¢ ((,61), (0, &), . () (6G), (5,G),....(x,¢)) is a smooth
functional. To prove g(x)¢,,(x) € S(R"™), by the Leibniz formula, it is sufficient to
examine the finiteness of

sup (1+]x]%)"|g”(x)¢ X (x)|,  forany integers 0 < r, k < n.
KGR[“"
For any differentiable function ¢(x), we denote (j Ye(x) by (x).
By the expression (4.12) of D*(F(2),(x)))(h{®, . ... i), (4 7) and the fact that
f(x) = h(x)¢(x), x € R" and |g"(x)| < Cusexp(— Z’*’" \/lx,
the finiteness of

i

sup(l+¥x§ X8 6)?)" % exp(~ z¢"'27 :Z"\/( )

(4.16) ¢
[h(u((lk)J(ZN(.X)) (V)( .\',l(x)))] a

where

0= {x:((x&) (0 &) (X En) (260G (0G)) € RFY,
R (20)) = KO0, €0) (@ €2) 1o (20, Em))

and

(D) = (0. &) (. &) (D). Em))
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Since |A")(x)] < Caoexp(Tr; v/|xi]), (4.9) of Lemma 6 shows that (4.16) is domi-
nated by
“4.17)

sup((1+ >(x6)’ +§<x,g>2)" x exp( = 30V (x G E[(6 ()]

< Csosup(l +
Q i=1

s
S~

[

782
S~

[

- +
I -~
Y

=

&£
~
N——r
=

o

>

o]

|
M-
=
N

=
o‘
N’

(1+50 (2 m.62)"
(1+5n (. &))"

< Callelhsun(1+ $35.60? +3:000)?) exo(- VIl )

X E

1/4
@Wzﬁ,(x))]“]

X E

| 1/4
(1 + 2;":1<Z?,It(x)9 €i>2)4n}

where || ¢, = sup e (1 +]x]%)"|(x)|.
0<r<n
On the other hand, we can verify the following lemma.

LEMMA 8. Forany&,,&,..., &n € E and any integer p > 1, we have
E ! < Csy(T) ! 0<s,t<T
S Cs 5 <st<T.
(145 (M), 6)2) (12 (x6)?2)

PROOF. Setting 8 (x) = _(_E'<—>T and applying the 1t6 formula for 8 (z;' ,(x)),
1+3°7 (x&)?2 ’
we get

(4.18)

1 1
E =
(1 +2:11<zﬁx(x>,§i>2)”} (1+50 (x€)2)
+E[ [ =2p(1+ i(zﬁ,(x), é,»)z)*w)
x (3o(2 0. € (Vi NB(r 21 0). €) ) ]

i=1

ot 00 m —
([l o+ Sy

=

+2)

m

(St e (v, e)

—p(l £ . §i>2)_(p“)(i( v, nh?, «Si)z)} dr}.

i=1 i=1
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By the boundedness of B(1,x), (4.18) is dominated by

1 t 1
C E dr,
(1+ 50 (x.€)2) * 53/& (1+5m (w.&)2) ’

which yields the proof of the lemma, together with the Gronwall lemma.
Using this lemma, we see that the right hand side of (4.16) is dominated by

Calellsup(1+ 3305607+ 3306)%) enp(= 2V (5411

i=1

1

7 < .
Ueomeeyy =%

Hence E [F (zﬁ’,(x))] is a weighted Schwartz functional and the rest of Lemma 1 follows
immediately.

5. A fluctuation theorem for a system of interacting, spatially distributed neu-
rons. A problem in neurophysiology that has received considerable attention in recent
years, is the stochastic behavior of the voltage potential of a spatially distributed neuron
[12, 28]. When the spatial dimension of the neuronal membrane is greater than one, the
voltage potential is modeled as a stochastic process taking values in the dual of some
nuclear space such as the space of Schwartz distributions §'(R?). The SDE satisfied by
the voltage potential is best introduced via the following general model: Let H be a real
separable Hilbert space, in applications, usually H = L*(X,dyu) where X is the mem-
brane of the spatially extended neuron (e.g. X = [0, b], a d-dimensional rectangle or a
compact Riemannian manifold and p is the appropriate natural measure on X). Let 7, be
a strongly continuous semigroup on H generated by a closed, densely defined operator
K such that (K¢, &)y < 0for { € Dom(X) where (-, -)y denotes the inner product of
H. Assume that some power of the resolvent of X is a Hilbert-Schmidt operator i.e.

5.1 (A — K)™" is Hilbert-Schmidt for some r; > 0.

For example, (parallel fiber neurons), X is usually the Laplacian on a bounded region
with nice properties; then the above condition (5.1) is satisfied [3].

Then there is a CONS { ¢;};>1 in H such that —K¢; = X, for any j > 1 and
0< A < A< -+ Set

E= {g € H3 3 (1 + )Y (€, ¢} < oo forany r > 0}.
j=1

Define the inner product on E,

oY

(€,0)r =S+ M), 0D, o)u

J=1
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and E, as the || - ||,-completion of E, (|]§ 7= ({,5),) and E, as the dual of the Hilbert
space E,. For r < s, E; C E, and Ey = H. Condition (5.1) implies that the canonical
injection E, — E, is Hilbert-Schmidt if p > r + ;. Hence E is nuclear.

Assumptions 1 and 2 are satisfied for the nuclear spaces E' which are duals of the
spaces E defined above. To see this, note that, in view of (5.1) there exists an integer
io > 1 such that A;; > 0. For simplicity, take iy = 1, then

[00)
(€170 = 20+ X277, ) > (L + M)V E -
j=1
Take sufficiently large ro such that (1 + A;)" > 2, then we have
2[1€ My < 1€ llpr-

Further, E}, has a C.O.N.S. { (1 + \)’h;} where (hj, ¢;) = &;, h; € H' C E'. Hence we
can carry out in a manner similar to the proof in ® that Assumptions 1 and 2 are satisfied
for this case.

Since X generates T; on H, we have for { € Eandt > 0,

7§ = 25&’(5’%‘)0%-
=

The following properties of T, can be easily verified:
(a) LECE,
(b) The restriction of T, to E is an E-continuous semigroup,
(c) t— T,£ is continuous for every £ € E,
(d) The restriction of X on E maps E into E and is the generator of the semigroup T;
onkE,
(e) Forany £ € Eandt,s > 0,

7€ llr < 1]l and [(Ts = TOE |, < [t = s [[€]]-
The voltage potential is then derived as the solution of an E'-valued SDE
5.2) dX() = dB(n + K'X(1) dt,

where X is the adjoint of K on E and (3(¢) is the standard E'-Wiener process.
Let us now define

(V(hx, &) = (x,T,¢) foranyx € E, £ € E.
Then, using property (e) above we have

[Vxl—r = sup [(xT:&)| <llxll-r sup [T, < lxll-

el <t el <1

and so

(5.3) sup || V()| < [|x]| -
0<t<T
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Thus the condition (V1) stated before is satisfied for the class of spatially extended neu-
rons whose voltage potentials are modeled by (5.2). For specific examples of L>(X, du)
and the semigroup 7, which describes the deterministic part of the behavior of the neuron,
see [12].

We now come to the question of interacting assemblies of a very large number of neu-
rons. This appears to be an important problem of physiological interest since such large
systems are involved in the functioning of the central nervous system. The difficulty con-
sists in discovering the precise nature of the interaction in a mathematical form. In this
section we consider an interaction similar to the mean-field interaction in particle diffu-
sions. Another, possibly more realistic interaction known in the physiological literature
as “parallel fiber interaction” will be investigated in our future work.

We now consider an infinite dimensional version of the fluctuation result for the
McKean model in the following setting. Let b(x, y) be a mapping from E' X E' to some
E‘;O such that b(:, ) is infinitely many times E;,—Fréchet differentiable for every integer
p > 0 and with all derivatives bounded;

(V2) sup || DEDb(x, y)|| 7y < o0
x,yeF

for any integers k, m and p > 0. Here D, and D, denote the Fréchet derivatives with
respect to variables x and y. The i-th component Xf")(t) of the n-system of diffusions
obeys the following stochastic differential equation:

(5.4) dx\"(1) = dp,(n) + {K(t)xf")(z) + %Z b(x}”’a),x}")(t))} d, i=12,...,n,
j=1

where {8;(r)} are independent copies of 3(f) and K(f) is a continuous linear operator
stated in the Introduction. Then (5.4) is equivalent to

(5.5) X" = V(1,0)0; + /0 Vi, 5)dBi(s) + /0 "V, s)(% anb(xf“(s),x;")(s))) ds.
=

For simplicity we assume the initial values o; to be independent copies of ¢ such that
Elexp(el|o||—p,)] < oo for every € > 0.

The solution of (5.5) until time T is easily obtained by the usual method of successive
approximations in E,, 7).

For the finite measure v (dx) on E, set b[x,v] = [ b(x, y)v(dy), where the integral is
the Bochner integral on E' and consider

(5.6) dXi(t) = dBi(t) + { K(OXi(r) + b[Xi(1), u]} dt,
u(t,dx) = the distribution of X;(z).

Then according to the following lemma the empirical distribution % YLy Oyim,y con-
J

verges to u(t, dx) in probability in the usual weak convergence of measures, where d, is
the Dirac measure at x in E'.
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LEMMA 9. ForanyT > 0 and integerj > 1,

E[[| X (1) — Xi(1)|| 7 n(pm] < Css(h/m, 0<1<T.

PROOF. Put ng = n(pg, T). Then the condition (V2) yields
[6(x" ). X" 1) = b(Xi0. X" )],
< sup || Db, y)ll""”lle-”"(r) — XiO)l|ny

X,yEE

< Csol| X (1) = Xi0)]| -,y

and

[b(Xi0. X" @) = b(Xe0). Xi0)|_, < Csa 1K™ 0) = X Oll -
so that we have
E[| X" @) - X:0|%,,]

< s [ E[|vi.9{ - 3 (6. x7(0) — bixcsr. )|

J=1

]ds

—ng

5.7 1 m
67 < Cso(D) [ {E[lIXM ) ~ X%, ] + %ZE[]IX;’") X6,
=1

[H— b(Xi(s), X;(5)) — bIXi(s), u]}“z_jpj J as.
From the independence of X;(t),i = 1,2, ...,m and condition (V2), we have
(5.8) []‘— b(Xi(5). X;(s5)) = BIXi(s). u]}”z_jpo] < Coo(T)/ .

Therefore Gronwall’s inequality, together with (5.7) and (5.8), implies the assertion of
Lemma 9.

Now we are able to proceed to the fluctuation problem. Suppose that u(dx) is a prob-
ability measure on E' and [g exp((x [{x,€)] )u(dx) < oo for any @ > 0. Then for
F € CO(E), [{u,F)| < Ce Fllo, so that u(dx) € C35,(E'). Hence, together with the
following Lemma 10, the Dirac measure §,,x € E and u(t,dx) are considered as ele-
ments of C°(E'Y. We are able to consider Ny(1) = \/ﬁ(% Y 5Xj(n)“) — u(t, dx)) as a
C(E'Y-valued continuous stochastic process [19], [23]. To check the tightness of Aj(f)
in C ([0, 00) ; CP(E'Y), the space of all continuous mappings from [0, co) into CP(E'Y,
it is enough to verify the Kolmogorov tightness criterion for (N, (1), F), F € CP(E)),
where ( , ) denotes the canonical bilinear form on CP(E') x C(E') [6], [20].

We have the following exponential integrability.
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LEMMA 10. For any a« > 0, T > 0 and any integer p > n(py, T), there exists a
constant Cep = Cea(ax, T, p) such that

sup E[eallX}"’(f)ll—p] v E[e®IX0l-] < ¢,
0<I<T

PROOF.  Set ng = n(pg, T). Assumptions (V1) and (V2) give

max {1 O 16O} < 0illps + Cos + | [ ViE.5) i)

—no

and hence the lemma can be proved in the same way as Lemma 6.
Once we know Lemmas 9 and 10, we can check the moment condition;

(5.9) E[[(NG(0) — No(s), F) |*] < Coa(F)]1 — s,

(see [9]). Similarly we have

(5.10) sup E[( AG(1), F)?1 < Cos(D|| Fllnor-
0<ti<T

Then a subsequence of Nj() converges to A(#) in C ([0,00) ; C3(E')).
By the Itd formula, for F € C8°(E ), we have

(0. F) = (N0 F) = ['| [ (MF)e)dN(o)] ds
l 1 4 n n
*7m 2 PR ) (@315 = R
where R}.(?) is the negligible term and

(M(I)F)(X) = % traCeEo DZF(X) + DF(X)(b[x, u] + K(t)x)
* /E DF(y)(b(y, x))ut,dy).

Since M (¢) does not leave Cg"(liv ) invariant, to derive the SDE of type (1.1) satisfied
by AL(1), we extend N[ (¢) and A[(¢) to continuous L(Dg)-processes by using (5.9) and
(5.10) and so we denote the extensions by (A})x(f) and Nx(2).

Now we impose a rather technical condition on b(x, y).

For any ¢ > 0 and any integers p,q,n > 0, there exists a C;°-function b(x,y) of
R™ x R™ to E,,, such that

(V3) sup[DEDY [b(x, ) — b((x,€1) . (% 2) 5. (X, &m)

xEE;,
(q)

(y’<l>7<y7C2>"”’<y’<ml>)]“H.S. <&
0<p+v<n&GEE i=12. mandj=12, . m.
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Here Cp°-function means b(x, y) itself and all the derivatives are bounded.
We set

(JOF) @) = [ DFO)(b02)u(t, dy).

By Assumptions I and 2, (V1), (V2), (V3) and a part of the proof of Theorem 1, we can
show that
L(ODg C Dg and J(1)De C Dy

Define

W) = 2 () — NO) — [ Nonor(s) ds.

Then noticing that the characteristic function of (A};)#(f) converges to the characteristic
function of Ajx(¢) and following the argument of [9] word by word, we have the proof
that Wg(¢) is a continuous £(Dg)-Wiener process. Thus any limit process of convergent
subsequences of Aj;(¢) satisfies the SDE of type (1.1).

By Theorem 1, L(¢) generates the Kolmogorov evolution operator from Dy into itself.
Further since J(¢) satisfies the condition of Proposition 2 in [22] the proof of Proposition 2
in [22] is valid for any Fréchet space. M () = L(t) + J(t) generates the Kolmogorov
evolution operator like U(t, s) in Theorem 1. Since Theorem 1 gives the identification of
the distributions of the limit processes A((f), we obtain the desired conclusion.

THEOREM 2. Under assumptions (VI1)—(V3) and the exponential integrability of o,
Ny(t) converges to a Gaussian field governed by the weak SDE of type (1.1) in
C ([0,00) ; CP(E"Y ), namely,

ANE(1) = dWE(t) + Nygor(t) dt.

Unfortunately we have no criterion under which an L(Dg/)-process is a D,-valued
process.
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