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Let G be a group. We denote the Whitehead group of G by Wh G and the projective
class group of the integral group ring Z(G) of G by K0Z(G). For undefined terminologies
used in the paper, we refer to [3] and [6].

First we recall the definition of semidirect product of groups. Let G be a group, a an
automorphism of G and F a free group generated by {fx}AeA- If w is a word in tk defining
an element of F, we denote by \w\ the total exponent sum of the tk appearing in w. The
semidirect product G x a F of G and F with respect to a is defined as follows: GxaF =
GxF as sets and multiplication in GxaF is given by

for any (g, w), (g', w') in GxaF. In particular, if F is an infinite cyclic group T = {t)
generated by t, we have the semidirect product GxaT of G and T with respect to a.

Next we recall the following definition of a group of type n [6, p. 214]: Any group
possessing only a single element will be called a group of type 0. Inductively, we define G
to be a group of type n if G = HxaT where H is a group of type n - 1 . In particular, any
free abelian group of finite rank n is a group of type n.

Now let G be a group of type n, Fu F2,... a set of free groups, each of rank at least
two, and let

Hk = GxF1x...xFk (1)

be the direct product of G, F l 5 . . . , Fk (k = 1, 2, . . . ) . Let a be an automorphism of Hk

which leaves all but one of the Ft (/= 1 , . . . , k) pointwise fixed. Then, in [5], we have
shown:

THEOREM 1 [5, Theorem 1]. For each k = 1, 2 , . . . ,

WhHk = 0, KoZ(HJ = 0 and C(l(Hk). id) = 0.

THEOREM 2 [S, Theorem 2]. For each k = 1,2,. . . ,

Wh(HkxaT) = 0, KoZ(HkxaT) = 0 and C(l(Hk xaT),id) = 0,

where T is any infinite cyclic group.

Let F = (OXSA be another free group and Hk x a F the semidirect product of Hk and F
with respect to a (k = 1, 2, . . . ) . Then the purpose of this paper is to extend these results
to:

MAIN THEOREM. For each k = 1, 2 , . . . ,

Wh(HkxaF) = 0, K0l(Hk xaF) = 0 and C(Z{Hk xoF),id) = 0.
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REMARK. The results clearly extend those of [3]. Moreover, since the group D
denned in [4] is just one of our Hk, these results also give an affirmative answer to the
question mentioned at the end of [4].

As noted in [4, p. 29], we have for k = 1, 2 , . . . ,

HkxaF~(HkxF')*Hk(HkxaT), (2)

where T = (fAo) for some Ao and F ' is the free group generated by (t^t^J A^A0).
The following direct sum decomposition for free product of groups with amalgama-

tion is due to Waldhausen (cf. [9, §5] or [10]).

THEOREM 3. Let A and B be two groups and C a common subgroup of A and B. Let
A *CB be the free product with amalgamation and y.C^ A, /3 : C —* B the inclusions
defining A*CB. Then there is a natural direct sum splitting for Wh(A*cB):

Wh(A*cB)=Wh(A, B; C)<£K0(C; A, B)®C(C; A, B), (3)

where Wh(A, B; C) and K0(C; A, B) are given by the following exact sequences

Wh CT > f f iA\VhA®Wh B > Wh(A, B; C) > 0;

0 > K0(C; A, B) > KO1(C) ^ ^ KOZ(A)®KO1(B);

and C(C; A, B) is given in [9, p. 2.2] (we refer the readers to [9] for a detailed description).

Moreover, if C is such that Z(C) is coherent and of finite global dimension, then the
exotic summand C(C; A, B) = 0, so that in this case,

Wh(A*cB) = Wh(A,B; C)®K0{C; A,B).
Finally, we recall

THEOREM 4 [5, Theorem 4]. Let G be a group of some particular form such that G and
GxT are of the same form, where T is any infinite cyclic group. Suppose that the Whitehead
group of any such group is trivial. Let H'k = G x F 1 x , . . x F f e , where F1,...,Fk are free
groups each of rank at least two. Then, for each k = 1, 2 , . . . ,

WhH'k = 0, KoZ(Hk) = 0 and C(Z(H'k), id) = 0.

Proof of the main theorem. First, we prove the theorem for k = 1. As noted in (2), we
have,

H! x a F S ( H l x F') ^ ( H i xaT),

where T = (lXo) for some Ao and F' = (tl1tKo \ \± Ao>.
We have pointed out in [5] that if G is a group of type n, then H1 = G x Fx is

coherent and of finite global dimension (cf. [6, Theorem 25] and [2,7]). Thus the exotic
summand C^H^; H1 x F1, Hl x aT) = 0 and so the Waldhausen direct sum decomposition for
Wh(Hj xaF) becomes

i xaF) ss Wh(Hi x F', H, xaT; H1)0Ko(H1; Ht x F', H, xaT)
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and the following sequences are exact:

Wh Hx -» WhCHi x F')eWh(H! XBT)-• Wh(Hx x F', Hx xaT; H ^ 0 ;

0 -* K0(Hi; Ht x F', Hi xaT) -* £oZ(Hx) -* XoZ(Hx x F'^KoKH, xaT).

But Wh(H1xF') = 0, KoZ(H1) = 0 by Theorem 1 and Wh(H1xaT) = 0 by Theorem 2.
Thus Wh(H 1 xF,H 1 x a T;H 1 ) = 0 and K o (H 1 ;H 1 xF ,H 1 x a T) = 0. Hence Wh(Hxx
aF) = 0 and this proves the theorem for k = 1.

Next, since G is a group of type n, G x T is a group of type n +1 . Thus G and G x l
are of the same form and so H^^^iGx F0 x a F a n d ( H 1 x a f ) x T = ( G x T x Fx) x a F are
of the same form. We have shown above that the Whitehead group of any such group
Hj xaF is trivial. Hence the assertions follow immediately from Theorem 4.

This completes the proof.
In addition to the results in the main theorem, we see that

C(Hk;HkxF',HkxaT) = 0 (fc = 2,3, . . . ) ,

by Theorem 3, although Z(Hk) is not coherent (cf. [7, p. 42]).
We conclude the paper by the following remark.

REMARK. Let Hk, a and F be as given above. Let i = {a"'}AEA
 a s e t of automorph-

isms an» of Hk, where each nA is an integer, for all A e A. Let Hk x^F be the semidirect
product of Hk and F with respect to sd (cf. [5]). Then a slight modification of arguments,
as given above, will give

Wh(Hk x^F) = 0, KoZ(HkxMF) = 0 and C(l(Hk x^F),id) = 0.
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