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An Extension of Heaviside’s Operational Method of
Solving Differential Equations.

By Dr Bevan B. Baker.

(Read 2nd May 1924, Received 1Uth September 1924.)

§1. Introductory.

An elegant symbolic method of solving differential equations
was developed by Heaviside in his ¢ Electrical Papers” and
« Electromagnetic Theory,” chiefly in connexion with problems
concerning electric currents in net-works of wires. Attention has
recently been called to the method by Bromwich,* who applied it
to a wider range of ptoblems and gave an extension of Heaviside’s
formula ; another generalisation of the formula has been obtained
by Carson.t

In the present paper a formula is obtained which contains the
formulae of Heaviside, Bromwich and Carson as particular cases,
and whose form is such that it may be readily applied to physical
problems.

§2. Deduction of the Formula.

Consider a physical system which is governed by one or more
differential equations; let w be one of the dependent variables
and ¢ one of the independent variables. Let p be written for the
operator 2/0¢, p* for 0°/0¢* and so on and let p be treated as a symbol
obeying the ordinary laws of Algebra.

Suppose that after making this substitution a solution of the
differential equation or equations can be obtained, satisfying any
given boundary conditions, in the symbolic form
F(p)

A(p) P (1)
where F(p) and A(p) denote polynomials in p, which are such that
A(p) is of higher degree than F(p), and P is a function of the

u =

* Phil Mag , 6th Ser., 37, (1919), p. 407.
t Physical Review, 2nd Ser., 10, (1917), p. 217.
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independent variables. The method consists in interpreting
this symbolic solution by obtaining an equivalent expression which
no longer involves the operator p.
If A(p) be of degree n, and if its zeros be «,, @y, ..., ,, which
we suppose all different, it is a well-known algebraic result that
Fp) & _4. ¥(a,)
Av) = Z e where 4, =A'(a,) ............... (2)

kN

Let us suppose in the first place that P=K¢ ¢\’ where
K, kand A are independent of ¢&. Let 2 be the function obtained
by operating on P with the operator (p -- )7}, so that z is a solu-
tion of the differential equation

(a‘i" ) (3)

integrating this as an ordinary differential equation for 2, we
obtain

ze At =C+Kj ¢t e —arke dy

=é+5'e(x—ar)¢[ ¢ k! k(k 1)¢e- (_ 1)% ! :I

Aa T -wl T (hmay T ey

where C is an arbitrary constant of integration. We now take z to
be that solution of (3) which reduces to zero when ¢=0, so that

oy tx ktk! kik — l)t"-2 N (- 1)kt
Fe e [A—«f(x—a,)** A=) (A—a,r“]
. (= 1)*k! Keort

ey (4)

To obtain the result of operating on P with F(p)/A(p) we
multiply the expression (4) by 4, and sum for all values of = from
1 to m, giving for the value of u which reduces to zero when ¢=0
the formula

+ k(k - l)t"—2 2,

wer[ M{eF A e} e
r= 1

4, 4,
(A=) =1(A - e, )

. . 4,60
k(= 1)k 2( ),‘H} )kxzm] ..(5)
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Now suppose that F(p)/A(p) can be expanded in a series of
positive powers of (p ~ A) in the form

F(p)
A(p)

From equation (2) we obtain also

Fp) = 4, [  p-\ 4,
Ap) "2 e LT a)“glx-

=N+ N (p- N+ No(p- AP+ Ny (p- NPt ...

-p- )‘>2()\ 0.)

r

+(p- /\)251()\ -

- 0‘1‘)3
Comparing the coefficients of powers of (p — A) in these expansions
we have
Bo= 2yt Fim - 3 -
r= 1)\— —_T=1(A'_o"r)2,“.’
4,

F=(-1 %

> 0 -_a.,)‘“’ ceen s

and the solution (5) can be written in the form

u=K[ M (ot 4 bt + Nl = )0+ ..+ Nk}

A4,
—(=1)%! pe’
(- 1k 2 i o]

| o d @ @
—K[ MANL+ N, b Nyt 4 By

Fla,)er!
—-( -1k —
(0% 2 e

It is then easy to extend the 1esult to the case in which P has
the form f(¢) ™ where f (t) is a polynomial in ¢ of degree m, and
we obtain the following general theorem :—

If u be one of the dependent variables in a differential equation
or system of differential equations and t be one of the independent
variables, and if by writing /ot =p and treating p as an algebraic
quantity a solution satigfying the boundary conditions can be obtained
in the symbolic form

_Fo),
Alp)
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where F(p) and A(p) are polynomials in p such that A(p) is of higher
degree than F(p), and P is a function of ¢ (and of the other inde-
pendent variables) of the form

P=f(t)e", where £(t) = Co+ Cyt + Co* + ... + C,t*;

then the solution which satisfies the prescribed boundary conditions
and which reduces to zero when t=0 is given by

w= Mo f () + N f () + Nof () + .. + N fX(0)]

n Fla,) C, C, C..2! Cy. 3!
o apt
t A, ¢ Feve (@ - AF w2 e oAy

C..k!
+... +(u_ ),‘“], ....... (6)
where Ny, Ny, ... are thé coefficients in the expansion of F(p)/A(p) in
a series of powers of (p— A) in the form

R LR ACEINES A EE VI
and o, &y ..., &, are the roots of A(p)=0.

The formula (6) may be written in the alternative form

u=e)“l:No+lV;£—+N2: .+, d*] 0
+ Slf(:;f) * t,:f ds ;}:)]"zx
or
F(/\+i>
oy 0] S5 T .

d dy .
where the expression F \)»+ & ) / A<)‘+¢E> is supposed to be

. d
expanded in a series of powers of T

It is easy to modify the result for the case in which the roots
of A(p)=0 are repeated.
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Although the theorem has only been proved when F(p) and
A(p) are polynomials in p, it is readily seen that the formula may
also be used when more general types of functions take the place of
these polynomials, though a formal proof in such cases is more
troublesome ; such cases will be illustrated in the examples which
follow.

Evidently the result will also apply when the function f(¢) is in
the form of an infinite series of powers of ¢, provided that the series
on the right hand side of (6) are convergent.

When P is a constant, say C, the formula reduces to Heaviside’s
result,

F(0) Flo,) «ast
-0 30t Sy o )

When P = (¢, the formula becomes

o7 2 Flo,) &
LA(A) R ) A'(oy) (o, ~ A)]

which is the result given by Carson (loc. cit.)

When P = Ct, we obtain the formula

ré
u= c[zmun § Fle) "“]
1A(°Lr)°‘-r

which is Bromwich’s expression (loc. cit.).

§3. Example 1. The interaction of Two Equal Coils.

As a first illustration of the method we will consider the effect
of switching an electromotive force X into one of two coils which,
to simplify the algebra we will take to be equal in all respects.
Let R be the resistance, L the self-inductance and M the mutual
inductance of the two coils and let the current in the primary coil
be z, that in the secondary being y ; the equations to be satisfied
are therefore

Ld—””+ud—+12m EMd d-"

Tt dt +Ry 0.
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d
Writing p for 7 these become

(Lp+ Ryx + Mpy=E, Mpx+ (Lp+ Ryy=0
and therefore

_ (p+RE _ MpE
T(Ip+Ry-Mp YT T (Ip+ R-MP

Let the electromotive force £ be switched into the primary
circuit at the instant ¢ =0, and let it be represented by

E= f(t)e™ where f(£) = My+ Myt + Myt + ... + M, ¢,

To obtain the current = we have to interpret the effect of the
operator F(p)/A(p) acting on the function K, where

F(p)=Lp+ R and A(p)=(Lp + B)’ -
Writing £ =p - A, the operator F(p)/A(p) can be written in the form

_ 4E+B

C§’+D§+ 7 = ¢(£) say, where

A=L,B=L\A+R C=IL'- M D=2{(L*- M)A+ LR},
F=(LA+ Ry - M2\,

Expanding the function ¢(£) in a series of powers of ¢ by
Maclaurin’s theorem we obtain

47— BD)E (BD* - CBF - AFD),,
7

4>($) ==

the later coefficients in the series being determined from the
recurrence formula

F¢n(0) + nD¢"(0) + n(n - 1)C'¢™*(0)=0.
In the notation of §2 we have therefore

B AF - BD BD*-CBF - ADF
N, = 77 N = 7 y Np= 7 y e
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Again the roots of A(p) =0 are a.= - L.Ifﬁ’ B= —z—fe—M and
therefore
Fle) Lo+ R _ La+R 1
Aw)  2L(Lo+ R)-2Mx ~2{(L*- M*)a+ LR} ~ 2(L+ M)’
F(B) LB+ R 1

N(B)” (I - MR +LR) " UL= M)

Applying the formula of §2 the current in the primary circuit is

given by
em M [ Nof O+ MG FO+ N T Ok 4 B 10
&%t [Mo M, +M.2.2! M,. 3! + M, 'm!
YN P s v RS ey AR v ]
Pt M, M, M 21 Ms 31 M, m!
Tz M[ YERTEY TR T T A)"‘*]

To obtain the current in the secondary circuit we consider the
operator F(p)/A(p) where F(p)= - Mp and A(p)=(Lp+ R)* -
and obtain in this case

MA . _MF-DN . M(D\-CIN\-DF)

N, = - = Ni= - 7 , Np= 75 , ooy and
y= [ Nf O+ Wi f O+ S f Ot N 0]
o M M My.90 M8 My.m!
LD TY/57))] R Sl PR YR P Nl P T "'+(——m_x)m+r]

eﬂ‘_ }_{g‘ M, M,. 2! M, 3! JI m!
2’(_L—M>[/7—>\+(B—>~)2+(B—A>3 B2y Tt A)m“]

By putting A = «u and then taking the real parts of these expres-
sions for x and y we should obtain the currents in the two circuits
when the electromotive force in the primary circuit is of the form

E =7 (t)cos pt, where f(t) = My+ Mt + Mf* + ... + M 2™,
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§4. Example 2. The conduction of Heat through a Block of
Finite Thickness.

Consider the conduction of heat in an infinite block of con-
ducting material of thickness /, whose initial temperature is zero
and whose faces are parallel and are maintained at temperatures
Ji(¢) and f5(t) from the instant £=0 onwards.

The axis of = being taken perpendicular to the bounding planes,
the temperature u satisfies the differential equation

Pu  du

ko =

where k= K/po, K being the thermal conductivity, p the density
and o the specific heat of the substance composing the block;
subject to the boundary conditions:—u=£ (f) for z=0 and
u =13 (t) for x =1, for all positive values of ¢.

Writing p for 9/0¢ and putting p =k¢® the solution satisfying
the assigned boundary conditions is obtained in the symbolic form

smh sinh ¢({ - z)
Tsinhgql

smh qm

L@+ 2 (%)-

Now suppose
Fill)= (4o + 4,2 + 4,%)eM [i(2) = (By + Byt + Byf)eM,

and write u = u, + u,, where w, is the part of u ariging from f(¢) and
u, is the part arising from f,(¢).

Consider first u, and, in the notation of § 2, take
N F(p) =sinh gx/q, A(p)=sinh gl/g;
then expanding #(p)/A(p) in a series of powers of {p — A,) we obtain

F(p)/A(p)=No+ Ny(p - Ao) + Nop - M)+

where
smh B N= x cosh Bz — I coth B, 1sinh Bz
smh Bil 2 VkAgsinhB, 1
N (#* - PP)sinhBylsinh B — (By'sinh B, + 2lcosh B,l)(xcosh Byr—Ilcoth B lsinhfyx)
8k, sinh B,

where B,= ~JA/k.
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The roots oy, a;, o, ... of A(p) =0 occur when gl = o, where »

is zero or a positive integer,* so that o, = — kr’n®/l*; we obtain
F(x,) %rr , rox
A -1y il
Moy — (7D Fsing

It follows from the formula of § 2, that

ty={N,By+ N,B, + 2N, B, + (N,B, + 2N, B,)t + N,B,t*} M

© . ke ke
+ 3oy rex
r=90

gin—e B

& l

[ __B B, 9B, }
\ ¥ F B " (%, + ke BY T (gt By )

The value of %, is obtained from this by changing « into /-z*and
replacing By, B,, B; by 4,, A,, 4,, respectively, and A, by A,. By
adding the value of u, so obtained to the above expression for v, we
obtain the required temperature u.

By writing A, =10, and A;=10, and taking the real parts, the
formulae give the temperature at any point when, from the instant
¢ =0 onwards, the bounding planes are maintained at temperatures

Si(t) = (4, + 4t + A,0%) cosart, fo(t) =(By+ Byt + Byt®) cos oit.

* The values for which  is & negative integer provide no new roots of
A(p)=0.
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