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F o r e a c h pos i t ive in t ege r n it is pos s ib l e to p a r t i t i o n the Euc l idean 
p lane into n (disjoint) congruent connected se t s [l ], but if n > 2, it 
i s i m p o s s i b l e to pa r t i t i on the p lane into n congruent cont inuumwise 
connected s e t s such that s o m e one of the se t s can be t r a n s l a t e d onto 
ano ther one [ 2 ] . This pape r is concerned with the poss ib i l i t y of 
pa r t i t ion ing the p lane into t h r e e congruen t s e t s without any topological 
r e s t r i c t i o n s w h a t e v e r . 

Defini t ion. Case (r , r ) i s a pa r t i t ion ing of the plane into t h r e e 
j- 2 

s e t s A . A^, A„ such that a ro t a t ion through 2 TT r . c a r r i e s A. onto 
1 2 3 J J 

A if j e { 1 , 2} . A ro ta t ion through 0 i s i n t e r p r e t e d as a t r a n s l a t i o n . 

R e m a r k 1. If c a s e (r , r ) i s p o s s i b l e , and is r e a l i s e d by the 

o r d e r e d t r ip l e (A , A , A ) of s e t s , then the following c a s e s a r e a l so 

p o s s i b l e (as a r e a l l c a s e s obta inable by repea ted appl ica t ion of t hese 
r u l e s ) : 

(a) (r +m, r +n) (where m and n a r e i n t e g e r s ) , r e a l i s e d by 

(b) (r + r , - r ), r e a l i s e d by the p e r m u t a t i o n (A , A , A ); 

(c) ( - r , - r ), r e a l i s e d by the p e r m u t a t i o n (A , A , A ); 

(d) (r , r ), r e a l i s e d by (A , A , A ), w h e r e the ba r denotes 

r e f l ec t ion with r e s p e c t to some fixed l ine; and 

(e) ( - r , - r ), r e a l i s e d by (Â Â A J . 
1 2 1 2 3 

THEOREM 1. Case (0 ,0) i s p o s s i b l e . 
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Proof. If j e {1, 2, 3} , let A. be {(x, y) : [x] = j (mod 3)} . 

(The brackets denote the greatest- integer function.) In (1) an example 
is given in which the three sets are connected but not arcwise connected. 

THEOREM 2 . Case (0, 1/2) i s p o s s i b l e . 

P roof . If j £ {1 , 2, 3} , le t A. be the se t of a l l ( x, y) in the 

p lane such that e i t h e r x i s an i n t e g e r congruen t to j - 1 modulo 3, 
or x i s a n o n - i n t e g e r such that [x] = j (mod 3) . Then a r e f l ec t ion 
th rough the point ( 3 / 2 , 0) c a r r i e s A onto A . 

Th is example a l so i l l u s t r a t e s c a s e (0, 0), and i s in fact a s p e c i a l 
c a s e of the following t h e o r e m . 

THEOREM 3 . If c a s e ( r , 1/2) i s p o s s i b l e , then so i s c a s e 
(r, 0) . 

P roof . Let a coo rd ina t e s y s t e m be chosen so that (with c o m p l e x 
n u m b e r nota t ion for the p lane) 

(1) z e A < > - z e A . 

T h e n 

(2) z e A, < > - z e A, , 
1 1 

s ince both o ther p o s s i b i l i t i e s c o n t r a d i c t (1). Thus A is s y m m e t r i c 

about the o r i g i n . Hence A i s s y m m e t r i c about some point a. But 

then A i s t aken onto A by the t r a n s l a t i o n ( through 2 a) composed 

of a r e f l ec t ion th rough the o r ig in followed by a r e f l ec t ion th rough a. 
Thus the s a m e pa r t i t i on ing s e r v e s for c a s e (r , 0) . 

THEOREM 4 . Case (1 /4 , 0) i s i m p o s s i b l e . 

P roof . The s t e p s in the proof a r e indica ted s c h e m a t i c a l l y in 
F i g u r e 1. A coord ina t e s y s t e m i s chosen so that 

(3) z £ A < > i z £ A^ and 
1 2 

(4) z £ A 2 < > z + 1 £ A 3 . 

The h o r i z o n t a l and v e r t i c a l dashed l ines a r e the coo rd ina t e a x e s . 
P o i n t s in the l a t t i ce of G a u s s i a n i n t e g e r s which a r e needed in the proof 
of i m p o s s i b i l i t y a r e ind ica ted by dots or symbo l s j , the l a t t e r 
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10 

12 11 

2 3 2^ -
2 j l 4 

F i g u r e 1. Case ( 1 / 4 , 0 ) 

denoting the m point whose a s s i g n m e n t to a se t can be d e t e r m i n e d 
f r o m (3) and (4), w h e r e that se t is A. if j £ { 1 , 2, 3, } , and i s 

no s e t if j i s ? . Thus , the o r ig in i s m a r k e d 3 , s ince it m u s t 

belong to A (a c e n t r e of ro ta t ion f r o m A to A can ' t belong to 

e i the r A or A ), and i s the f i r s t point a s s ignab l e to a s e t . The 

a s s i g n m e n t of poin ts numbered 1, 4, 6, 9, and 12 i s by exc lus ion of 
a l l o the r p o s s i b i l i t i e s , b e c a u s e of confl icts with p r e v i o u s l y ass igned 
p o i n t s . The p r e s e n c e of the ques t ion m a r k shows that the p roposed 
pa r t i t i on ing i s i m p o s s i b l e . 

R e m a r k 2 . Case (1 /4 , 1/2) i s i m p o s s i b l e , by T h e o r e m s 3 and 
4 . It i s easy to s e e , us ing R e m a r k 1, that a l l c a s e s involving angles 
which a r e i n t e g r a l mu l t i p l e s of ir/2 can be obtained f r o m those 
t r e a t e d in T h e o r e m s 1 through 4 . 

THEOREM 5. Case ( 1 / 3 , r ) i s i m p o s s i b l e if r i s r a t i o n a l . 

P roof . Let c be exp (2iri/3) and let a be exp (2-rrir). 
3 2 

Then c = 1 and c + c + 1 = 0, and for some complex number b we 
have (after choice of a coord ina te s y s t e m ) 

(5) z £ A <-—-> cz e A and 

(6) z E A^ <—> az + b £ A0 2 3 
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or , equivalent ly , 

(7) z e A <—> (z - b ) / a E A . 

An i n d i r e c t proof us ing (5) shows tha t 

(8) z e A —> cz e A 

(one way i m p l i c a t i o n only! ). Use of (8) and (7) y ie lds 

(9) z e A 2 ~ ^ ( c z - b ) / a £ A z . 

F r o m (5) i t follows that 

(10) 0 e A
3 -

Hence , by (7), 

(11) - b / a e A 2 . 

Repea ted app l ica t ion of (9), beginning with (11) ,yie lds 

n - 1 
(12) 2 ( c / a ) J ( - b / a ) £ A 

j=0 

for e v e r y pos i t i ve i n t ege r n . Now, by hypo thes i s , a and c a r e 
roo t s of uni ty . Hence a l s o c / a i s a r oo t of un i ty . If a ^ c, then for 

any pos i t ive in t ege r n such that ( c / a ) = 1, the s u m in (12) is 0, 
which c o n t r a d i c t s (10). However , if a = c ( i . e . , in the c a s e (1/3 , 1/3)), 
then let 

(13) d be b c / ( c - 1) . 

It fol lows f r o m (13), (5), and (6), af ter a l i t t le computa t ion , tha t 

d £ A <—> cd £ A^ <—> d £ A . 
1 2 3 

which i s i m p o s s i b l e u n l e s s d £ A . Then (6) and (9) yield 

cd + b £ A and (cd - b ) / c £ A , 

r e s p e c t i v e l y . But this is i m p o s s i b l e , s ince 

2 
cd + b = b(c + c - l ) / ( c - 1) = (cd - b ) / c . 

THEOREM 6. Case ( 1 / 6 , 0) i s i m p o s s i b l e . 
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Proof . Let c be exp (-ni/3). A coord ina te s y s t e m is chosen 
so tha t 

(14) z e A <—> cz e A and 

(15) z e A <—> z + 1 e A . 

Le t d be the centroid ( c+ l ) / 3 of the t r i ang le with v e r t i c e s 0, 1, and 
c . The proof of imposs ib i l i t y , like that of T h e o r e m 3, i s shown 
s c h e m a t i c a l l y , in F i g u r e s 2 and 3 . The points indicated a r e those of 
the r e g u l a r hexagonal t e s s e l a t i o n of t h c p l a n e in which the c e n t r e of one 
hexagon i s at the o r ig in and one of i ts v e r t i c e s i s at d. If d is 
a s s u m e d to belong to A , then F i g u r e 2 is used; poin ts numbered 

4, 7, 9, 12, 13, 15, and 18 a r e ass igned by i n d i r e c t a r g u m e n t . If d 
i s a s s u m e d to belong to A , then F i g u r e 3 is used; poin ts numbered 

3, 6, and 8 a r e ass igned by i n d i r e c t a r g u m e n t . If d i s a s s u m e d to 
belong to A , then se t 

B = { z : c - z e A } , 
1 1 

B = {z : c - z e A ^ ) , and 
2 l 3s 

B = {z : c - z e A } . 

(Note the p e r m u t e d subscr ip t s ' . ) Then easy ca lcu la t ions show that 
B , B , and B f o r m a par t i t ion ing of the p lane sat isfying (14) and 

(15) (with " B " r ep lac ing "A" throughout) , and that d e B . F i g u r e 2 

shows that such se t s B , B ? , and B cannot exis t ; thus A , A , and 

A cannot ex i s t . 

R e m a r k 3 . All c a s e s in which the ro t a t ions a r e i n t e g r a l 
m u l t i p l e s of TT/3 can be obtained f rom those t r ea t ed in T h e o r e m s 1, 2, 
3, 5, and 6, by use of R e m a r k 1. F o r example , if c a s e (1 /6 , 1/6), 
w e r e p o s s i b l e , then so would be ca se ( 1 / 3 , - 1 / 6 ) , which con t r ad i c t s 
T h e o r e m 5 . 

R e m a r k 4 . All cons t ruc t ions used in this pape r m a d e e s s e n t i a l 
u s e of r e g u l a r t e s s e l a t i o n s of the p l ane . What can be said about the 
poss ib i l i t y of o ther c a s e s (r , r ), for example if both r and r 

a r e r a t i o n a l ? What can be said about p a r t i t i o n s into four or m o r e 
s e t s ? 
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Figure 2. Case (1/6, 0) if de A . 

Figure 3. Case (1/6, 0) if d e A 
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Added in proof: N.K. Krier has pointed out that Figure 1 can be 
simplified by omitting the points with subscripts 5, 6, 7, and 8, 
labelling the point (2, 0) as 3 , and decreasing subscripts higher 

5 
than 8 by 3. 
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