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Examples of Calabi-Yau 3-Folds of
P7 with p = 1

Marie-Amélie Bertin

Abstract. 'We give some examples of Calabi—Yau 3-folds with p = 1 and p = 2, defined over Q and
constructed as 4-codimensional subvarieties of P7 via commutative algebra methods. We explain how
to deduce their Hodge diamond and top Chern classes from computer based computations over some
finite field F,. Three of our examples (of degree 17 and 20) are new. The two others (degree 15 and
18) are known, and we recover their well-known invariants with our method. These examples are built
out of Gulliksen—Negard and Kustin—-Miller complexes of locally free sheaves.

Finally, we give two new examples of Calabi-Yau 3-folds of IP® of degree 14 and 15 (defined over
Q). We show that they are not deformation equivalent to Tonoli’s examples of the same degree, despite
the fact that they have the same invariants (H 3¢6-Hyc)andp = 1.

1 Introduction

A projective Calabi—Yau 3-fold X is a smooth complex projective 3-dimensional va-
riety with trivial canonical sheaf (wx ~ Oy) such that H'(X, Ox) = 0. The current
interest in finding examples of projective Calabi—Yau 3-folds comes from mathemat-
ical physics. Among Calabi—Yau 3-folds, those with Picard number p = 1, that is,
for which the Picard lattice is generated by a single element, bear special interest. It
is indeed believed that they should form only finitely many families. In particular,
since Hodge numbers are deformation invariants, there should be a finite number
of possible Hodge invariants for these varieties. It is worth pointing out an inter-
esting approach by N.-H. Lee [7, 8] to settling this conjecture, consisting in building
families of Calabi—Yau 3-folds with p = 1 as double covers. A recent up-to-date list
of examples of Calabi—Yau 3-folds with p = 1 can be found in van Straten and van
Eckenvordt [14]. Some members of this list were constructed by F. Tonoli [13] as
embedded projective Calabi—Yau 3-folds in IP®, using commutative algebra methods.

The original aim of this work was to follow Tonoli’s lead and build projective
Calabi-Yau 3-folds X (defined over Q) in P7 with p = 1, using commutative algebra
complexes. With this method we also obtained degenerate examples, i.e., Calabi—Yau
3-folds contained in a hyperplane. Some of these degenerate examples (degree 14
and 15), which can also be realized as Pfaffians in P°, nevertheless turn out to be
interesting, since they give the first examples of nondeformation equivalent Calabi—
Yau 3-folds of Picard number one with the same invariants (H>, c; - H, c3).

For these constructions in codimension 4, we use two complexes of locally free
sheaves: the Gulliksen—Negard complex and the Kustin—Miller complex. This last
complex had no global version yet, so we first construct a global version of this com-
plex in Section 2.
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Passing from codimension 3 to codimension 4, some new problems arise, such as
the determination of the Hodge invariants of the Calabi—Yau 3-folds X we build; their
Hodge numbers can, indeed, no longer be computed from the Hilbert polynomial of
X. We explain in Section 3 how to deduce these numbers from a single smoothness
check computation over IF,. In the last section we present the examples we have
found by this method and give their invariants and graded Betti table.

From now on, k will always denote a perfect field, e.g., Q, C, or IF,. We will also
denote by O the structure sheaf of the ambient projective space PY.

2 The Commutative Algebra Complexes in Use

Let G be a complex of locally free sheaves over P’ of length ¢, such that G, is locally
free. We will say that G, is quasi self dual if the dual complex satisfies G} ~ Ge @ G’
If a quasi self dual complex is exact and resolves a codimension ¢ subscheme Z of
PN, Z is locally Gorenstein and subcanonical with wy; = Gy ® Oz(—N — 1). Such
complexes are thus very useful for constructing subcanonical varieties X in PV, i.e.,
varieties for which wx = Ox(a) for some integer a € Z. For instance, the Pfaffian
complex is quasi self dual of length 3 and can be used to construct subcanonical
varieties of codimension 3 [10]. Let us recall its construction in case the ambient
space is P}

2.1 Pfaffian Complex over PV

Given a locally free sheaf € of odd rank 2s + 1 > 3 on ]P’fj , a locally free sheaf of
rank one £, a non zero section Y € H* (PN, A2€ @ L) defines a skew symmetric map

VoY L Weset M = det(€) ® L®5. The Pfaffian complex associated with the
data (€, L,Y) is then the quasi self dual complex

\ % —_AYW®
0—>(MV)®2®L*L8V®LV®MVLE®MVW—AY>O7

where Y is the s-th divided power of Y

The cokernel of d; defines a Pfaffian subscheme X of PY by Ox = coker(d; ).
Let us recall the following property of Pfaffian subschemes that we shall use later
on.

Theorem 2.1 (Buchbaum-Eisenbud) Let X be a Pfaffian subscheme of PY, with
N > 4. Then for each point x € X we have codim,(X) < 3. Moreover, if X is not
empty and has codimension 4 in PY, then the associated Pfaffian complex is a resolution
of X. In this case, the subscheme X is thus equidimensional, locally Gorenstein, and
subcanonical with wx = 0(2¢;(M) + (L) — N — 1). Moreover, if N > 5 and X is
smooth, then X is irreducible.
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The proof follows easily from Buchbaum-Eisenbud results in [1].

To construct Calabi-Yau 3-folds in 7, we will need quasi self dual complexes of
locally free sheaves of length 4. Historically, the first known complex of this type is
the Gulliksen—Negard complex [2].

2.2 Gulliksen-Negard Complex over PN

This complex is locally the resolving complex of the locus of submaximal minors of a
square matrix. Let us recall in this section the properties of global Gulliksen—Negard
complex that we shall use later on. Let & and JF be two locally free sheaves on P} of
the same rank e > 3. Choose ¢ € Hom(E, F) a morphism of O-modules. Let £
denote the locally free sheaf of rank one A€ ® A°F™. Let s; denote the composition

ATLEQATIF* ~ ATIEQRFR0O(—c (F)) AT, ANIFRFRO(— (F) —2= 0.

The Gulliksen—Negérd subscheme X(¢) of IP’Q’ is defined by Ox(4) = coker(sy). In
case X(¢) has codimension 4, the global Gulliksen—-Negard complex IF,,

0L 5 8RF QL = AN 1T BATF @ A&
N /\e—lg ®/\e—19:* Si) 07

provides a locally free resolution of X(¢) [6,12]. The Gulliksen—Negérd complex
is quasi self dual and satisfies the following properties, which easily follow from [2,
théoréme 4].

Theorem 2.2 (Gulliksen—Negard) Let X(¢) be a Gulliksen—Negdrd subscheme of
PY, with N > 5. Let X(¢) denote the associated Gulliksen—Negérd subscheme; for each
point x € X(¢), we have codim,(X(¢)) < 4. Suppose that X(¢) is not empty and has
codimension 4 in ]P’lk\’. Then Fo is a resolution of X(¢). Thus, the subscheme X(¢) is
equidimensional, locally Gorenstein, and subcanonical with

wx(g) = 0(=2(c1(€) — a1 (F)) =N —1).

Moreover, if N > 6 and X(¢) is smooth, X(¢) is irreducible.

We will also construct Calabi—Yau 3-folds using the (global) Kustin—Miller com-
plex.

2.3 Kustin-Miller Complex (Local Version)

In order to give a coordinate-free construction of the Kustin—Miller complex, we need
to recall how Kustin and Miller constructed their famous complex [4]. In this section,
R denotes a commutative ring with unity such that 2 is not a zero divisor. Let 7 denote
an odd number. Let Y denote a 7 x 7 alternating matrix (i.e., such that y; ; = —y;;
foralli,j € {1,...,7}) with coefficients in R. Let us recall the definition and first
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properties of the Pfaffian in the local situation. If F is a free module of rank 7, the
choice of a basis {ey, ..., e, } for F gives an isomorphism F ~ R”. With any (7 X )
alternating matrix Z we can associate in a unique way the following 7-form:

by = Z Z; je; A ej € Hom(R, A’F).

1<i<j<r

If 7 is even, we set 7 = 2s and let I denote the set of partitions a of {1,...,2s} in
ordered pairs (iy, j1), - - - , (is, js) for which i, < j, forallt € {1,...,s}. The Pfaffian
of the matrix Z is defined to be

Zi o Zi o ifni :
Pf(Z) = {Zaensg(a) L .j. ifniseven

0 if nis odd,
where sg(a) denote the sign of the permutation (i1, ji,. .., i, js) of {1,...2s}.
Given any multi-index (i) = (i1, ...,i,) € {1,...,7}" of length r, the submatrix
of Y obtained by removing from Y the rows and columns of index iy, . . ., i, is again

an alternating matrix; we denote by Pf(;)(Y) the Pfaffian of this matrix. Following
Kustin—Miller’s sign convention, we can assign to (i) its signed Pfaffian Y;) as follows.
Let us define o (i) to be 0 if (i) has a repeated index and to be the sign of the permu-
. . . .. . . . r .
tation rearranging iy, . . ., i, in ascending order otherwise. We set |i| = > ., ix.

Definition 2.3 (Kustin and Miller) The signed Pfaffian Y ;) of Y associated with (i)
is

(D) P (Y) ifr <,
21 Yy = ¢ (=DIa (i) ifr =,
0 ifr > 7.

The Pfaffian row of Y is defined to bey := [Y1,...,Y,]; theideal (Yy,...,Y,) is the
Pfaffian ideal of Y.

The (local) Pfaffian complex of Y is then

bl Y y

0 R R" R” R 0.

It resolves the Pfaffian ideal of Y exactly when this ideal is 3-codimensional [1].
The data necessary to build the Kustin—Miller complex are the following:

* 7 =25+ 1> 3, an odd number,

* Y,ar7 x 7 alternating matrix on R,
* A,aT X 3matrixonR,

* b,al x 3rowmatrixonR,

* wuand v, two non-zero scalars of R.
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Kustin and Miller also set X = ({). From this data they define six other matrices
w,z,Z,S, B, and T. The scalar w is defined by

w= Z d;ikYi ik,

1<i<j<r

where d; j;. is the determinant of the 3 X 3 submatrices of X obtained by selecting the
rows i, j, k in this order. The row matrix z is defined to be z = ub — yA; it is the row
Pfaffian of a 3 x 3 alternating matrix Z. The (3 X 7) matrix S is defined to be the
matrix with entries

Xi Xi
Sk = (_1)l+1 Z Ykij i,m in

1<i<j<r

)

Xjm  Xjn

where m < nand {I,m,n} = {1,2,3}. The row matrix b is the row Pfaffian of some
3 X 3 matrix B; the 3 x 7 matrix T is then defined by T = —BA". Kustin and Miller
define the differential maps of their length 4 complex by

d=(z vy—bS w—uy),

zZz S vz T
b=0 u, A Y],
0y b 0

_ 0 IT+3 vV
d3 - <I7— 0 ) dZ ’
dy =dY.

Theorem 2.4 (Kustin and Miller [4]) With the previous notation, the maps d; are
the differentials of a self-dual complex of length 4:

d

R‘r+4 R 0.

da

(G.: 0 ——= R i> RZ(T+3)
Moreover, this complex is generically exact.

2.4 Global Kustin—-Miller Complex on PY

We present in this section a global version of a Kustin—Miller complex; we will give
a geometric interpretation of this construction in terms of the Kustin—Miller un-
projection in the next section. The construction given here works over any smooth
projective variety P. For simplicity, we will assume that P = PY.

The data required to define a global Kustin—Miller complex are the following:

* anoddnumber7 =2s+1 > 3,
* arank 3 vector bundle F on PY,
* avector bundle & of rank 7 on P},

https://doi.org/10.4153/CJM-2009-050-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-050-2

Examples of Calabi—Yau 3-Folds of P” with p = 1 1055

* two line bundles £; and £, on IP”;’ ,

* aglobal sectionY € HO(PY, A?€ @ Ly),

* amorphism A in Hom(F, &),

* amorphism b in Hom(F, £,),

* anon-zero morphism u in Hom(£L,, A*"1€ @ L),

* anon-zero morphism v in H(PY, L, @ LY ® A*(FY)),

For convenience we set M = A" E ® L?S, so that u € Hom(L,, M). We define the
(global) morphism w by the composition

_ (s—1)
AT A3A Ade AY ALt ® L?s—l =M® LY.
We easily define z to be Kustin—Miller in the local situation by

z=uob—yoA € Hom(F®LP 5 A*1E).

In order to construct the morphism S, we first define the morphism Sy by the com-
position

S¢ A2A —AYeh _
NF NE NKE @ L

FV @ N3F

where Sg is the base change matrix between ¥ ® A’F and A*F with their usual

bases, i.e.,
0o 0 1
Sg=10 -1 0
1 0 0

The morphism S is then defined by the composition
3 ®S 2 s—1 T/ v
EQRFVRONTF —= EQANPEQL]T —— ML),

Remark 1 Any triple (G, L, ), where G is a rank 3 vector bundle, L is a line bundle
on PY, and y is a morphism from § to A*G ® L, gives rise to a Pfaffian complex via
the isomorphisms

H'(PY, A’ G @ L) ~ H(PY,5Y @ A’S® L) ~ Hom(G, A’ G ® L).

Therefore, we can define the matrix Z (respectively B) to be the skew-symmetric
morphism associated with z (respectively b). We set T = —B o AV. Let us define the
following vector bundles:

Gi=F M) (EQRL, LY @NTFAMY) @ (L, @ NPFaMY)
G =(EYRL)INFOMY) & (FRL LY NTFMY) @
ERLIINTFRM)®) @ (FV o ANF o (MY)®?)

https://doi.org/10.4153/CJM-2009-050-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-050-2

M.-A. Bertin

Notice that we have GY ® (L1 ® L, @ (M)®? @ (A*F)®?) ~ Gy; since we wish
our complex to be quasi self dual, this forces us to take

Gu=L1 0L, @ M2 NFH®? and G; =G @ Gq.
Let us now define the differentials of our complex of vector bundles:

d=(z —boS+voy w—vou)e Hom(Gi, Opy),

T v § Z

=Y A y 0] € Hom((Gz,(Gq),
0 b y 0

dy = dY © Gy,

ds = d) ® Gy.

Theorem 2.5 With the previous notation, the morphisms d; define a complex of vector
bundles

d d d d
Ge: 0 Gy —= G3 —= G, —> G — Opy 0

that is quasi self dual and whose restriction to any trivializing affine open set U of the
data is a complex isomorphic to the one constructed by Kustin and Miller. Let X denote
the Kustin—Miller subscheme of P}’ defined by Ox = coker(d,). Then for each x € X,
we have codim,(X) < 4. If this subscheme X is non-empty and 4-codimensional, then
G resolves Ox and X is equidimensional, locally Gorenstein, and subcanonical, with

wx = (wpy © M2 @ (N(FV)P? @ Ly © L)),

Moreover, if N > 6 and X is smooth, then the scheme X is irreducible.

Proof To show that the differential maps and modules we have just introduced de-
fine a complex whose restriction to any trivializing open set is isomorphic to the
Kustin—Miller complex, it is enough to show that in the local setting they give a co-
ordinate free description of the Kustin—Miller complex. So we can assume that we
are working with free R-modules, so that we can replace € by R**!, F by R*, and the
line bundles £, and £, by R. Let us denote by {ey,...,e;} the canonical basis of
E:= R*''and by { f1, f2, f3} the canonical basis of F := R®. We can now replace the
homomorphisms Y, A, b by their matrices (1 and v become scalars). We only have to
check that our coordinate free constructions of S and w match the Kustin and Miller
ones. Let us first work on the construction of S. The morphism A?A can be described
as

Aim  Qin

Fu N far= Y

i<j

e \ej.
Ajm  Ajn
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Let us denote by { fi*, f5°, '} the dual basis of { f1, f2, f3}; the matrix Sg maps F" to
A2Fvia fi* + (=1)"Vf,, A f, with m < nand {I, m,n} = {1,2,3}. Thus, in order
to show that our coordinate free construction of S coincides with

o
(fifse) — (=DM Z Y | Fom B

1<i<j<r

a
a

)

jm  Gjn

we only have to check that the morphism idg AY¢S™D: A2 E® E — A®TIE ~ R
coincides with

(2.2) (ei Nejsex) — Yiijer A+ A easir-
Indeed, by skew-symmetry of A we have

Aim a; | Am,i am,j

An.i an,j

Ajm  Gjn

In order to prove (2.2), let us first remark that the morphism —AY¢~D: R — A% 72E
corresponds to

1
1— 7(5_ D1 (Z Yi, jei A ejl) ARERWN ( Z Yi 1.6, /\ejH) .

i1<ji T <js—1

This can be rewritten as

IHZ Z Y.eq,

t#i (!EH,“};,
where IT; j; is the set of partitions of {1,...,2s+ 1} \ {i, j, ¢} by pairs
(ilv jl)a ceey (1.571, jS*l)

for which i, < j,forallr € {1,...s—1},Y, stands for the product Y; j, ---Yi_, j_,,
and e, for the wedge product e;, Aej, A--- Aei_, Aej_,. Remark now that

> Yaea= Y gle)Yowiji = Pfij(Y)wijs,

a€ll;j, a€llyj;
where w; ;; is the wedge product of the e, for r # i, j, t written in increasing order
of indices. Relation (2.2) can then be deduced from the following observation (using

the Kustin—Miller sign convention (2.1)): if t > j > i, we have

Pf,‘_,j_,,(Y)e, NeiNej = (—1)‘(i’j’t)‘+lyn‘j0(t, i,7)es Aei A ej Nwejj

=Yijer A A easir.
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Similarly, we can show that our coordinate free construction of w coincides with the
Kustin—Miller one. This shows the first part of the theorem.

Let us assume that our global complex resolves a subscheme X of P}, so that Ox =
coker(d;). Then localizing at any point x € X, we have codim,(X) > 4. Applying
[4, Corollary 2.6], we deduce that codim,(X) = 4 and that G, is a resolution of
Oxx. The subscheme X is thus equidimensional of codimension 4 in ]P’f:’ . Since G,
resolves X, we deduce that X is locally Gorenstein. Since G, is quasi self dual, X is
subcanonical with wy = (wpy ® M3 @ (A(FV)2? @ Ly @ LY)|x. ]

Remark 2 (Shifts of the data) Let N be a line bundle on PY. If we replace € by
=N, Liby L] =L@ (NV)®2, FbyF' =F@N,and L, by L] = L, @ N,
keeping the data morphisms Y, A, b, u, v, these new data define the same Kustin—
Miller complex.

Remark 3 (Global Kustin—Miller complex and unprojection) Assume that the
two Pfaffian subschemes of PN, X, and X|, associated with (F, M ® det(FV), Z)
and (&, \2€ ® L1, Y) respectively, are 3-codimensional. Assume also that the section
X; N (u) is of codimension 4. Localizing the data at some fixed point z € PV, we can
use Kustin and Miller’s observation in [5, Example 2.2]. The localized complex G, ,
resolves the section by (v,) of the unprojection of spec(Ox, ;)N (1) in spec(Ox, ;) (see
[11] for further details on Kustin—Miller unprojection). The global Kustin—Miller
scheme X is 4-codimensional, provided that v is generic in Hom(PY, L, @ LY ®
A3(FV)) # 0. Notice that in this case wy = wy, (deg(u) + 2deg(v)). Let us also
point out that the existence of a global version of the Kustin—Miller complex shows
that in this very special case, there is a global version of unprojection with complexes,
even though, in general, such a process cannot be carried out globally because of the
non-vanishing of certain Ext' (x, *) groups.

In order to build Calabi—Yau 3-folds of Kustin—Miller type in P7, we will therefore
look for vector bundles € and L, such that the Pfaffian complex associated with
(&,N*€ ® L1,Y) is exact for Y generic and such that wy, = Ox, (a), with a € Z such
that a = 2 deg(M) — 8 + deg(L1) < —2. Indeed,

w—uov € Hom(O(— deg(u) — deg(v)), O)

is one of the defining equations of X, so that we need deg(u) + deg(v) > 2, unless X
is contained in a hyperplane.

3 Smoothness Check and Computation of Invariants
3.1 Smoothness Check

The Jacobian criterion cannot be used in practice and the Grobner basis computation
exceeds the CPU capacity of most computers. The top Chern class ¢; of a Calabi—Yau
3-fold in P7 is not a function of the coefficients of its Hilbert polynomial, unlike
Calabi-Yau 3-folds in IP°. Therefore, we cannot adapt Tonoli’s smoothness criterion
[13] to our situation. This type of extremely efficient smoothness test originates
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in the famous article [3] on computer-based construction of surfaces in projective
space. We use instead the following coarse smoothness test, which is, nonetheless,
faster than the Jacobian criterion and has the advantage of giving for free the top
Chern class of the Calabi—Yau in case the test is positive.

LetI = (g1,...,4) denote a generating ideal for X} in ]P’]Z; let S = k[xo,...,x7]
denote the polynomial ring of ]P’]Z. If hy, hy, hs are polynomials of I, let Iy(hy, hy, h3)
denote the ideal generated by the 4 x 4 minors of the matrices

O Oh  Ohy O
Oxg  Oxg  Oxg  Oxg

x| x| Ix) x|

oh O Ok Oh

0x; 0x; Ox;  Ox7
where h varies in {g1,...,4}. We denote by Jac;(hy, hy, h3) the ideal of 3 x 3 mi-
nors of the Jacobian matrix of ideal (hy, h,, h3). We can now state our very coarse
smoothness criterion.

Theorem 3.1 (Coarse smoothness test) Let X be a 3-dimensional subscheme of IP’Z

where (k is a perfect field). Let I denote a defining ideal of Xy in PY. Suppose that

there exist two triples of polynomials of the same degree e in the ideal I, (f1, f2, f3) and

(¢1,%,8), such that

(1)  the vanishing loci V(I4(f1, f2, f3) + I) and V (Jacs(f1, f2, f3) + I) are both one
dimensional and have the same Hilbert polynomial;

(ii) the vanishing loci V(Iy(g1,%,83) + I) and V (Jacs(g1,4,83) + I) are both one
dimensional and have the same Hilbert polynomiall.

(a) Ifdim(V (Jacs(f1, fo, f3)+ Jacs(g1, £, g3)+1) = 0 and Xy is equidimensional,
then Xy has only isolated hypersurface singularities.
(b) IfV(Jacs(fi, fa, f3) + Jacs(g1, 8, 85) + 1) = O, then X is smooth.

The proof of this theorem is obvious; it is only worthwhile to state, because it
dramatically improves in practice the efficiency of the Jacobian criterion.

3.2 Determination of c;

If the coarse smoothness test is positive for the reduction modulo p of a Calabi-Yau
3-fold X defined over Z, we can deduce the value of the top Chern class c; of X¢ from
the results of the computations made over [, thanks to the following formula.

Theorem 3.2 (Computation of c;) Let X be a subscheme of P” of Kustin—Miller or
Gulliksen—Negdrd type over Z, such that Xr,, is a Calabi-Yau 3-fold, for some prime
number p. Let I be a defining ideal of Xp, in P} . Suppose, moreover, that for a triple
of polynomials of I of same degree e we have dlm(V(]ac3(f1, fr, f3) +1)) = 1. Let p,
denote the arithmetical genus of C = V (Jacs( fi, f2, f3) +I). Then the third Chern class
of X is given by

C
53 = d(—14¢° + 84¢® — 180e + 140) + 3ec, - H — 8¢, - H+ 1 — p,,,
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where PHx,  := 3d,x3 — @8y is the Hilbert polynomial of Xy, (or Xc).

Proof Fori = 1,2, 3, the polynomial f; induces a section o; of NE(/\F,,' Since X, is
smooth by assumption, the curve C coincides with the degeneracy locus Ds of the
section o1 A 03 A 03.

Let us first notice that, using Hirzebruch—Riemann—Roch, for any integer h, we
find the following.

Lemma 3.3 Let h be an integer. Then

2H - C2

XONY. () = 2 +al(is AR+ 4h— %) + (2h— 1),

where NY_is the conormal bundle of Xc, ¢, and c3 are the second and third Chern classes
of Xc, and H denotes the class of a hyperplane section of Xc.

Proof From the exact sequence 0 — Ny — — Qf  — 0 we deduce the

P |Xc
following expressions:

CI(N}(/L) = Cl(Qi”UX(_) = _8H7
a(Ny,) = CZ(Qi)’UX(_) — ¢ =28H’ — o,
a(NY) = 63(92%)’;_\&) +o—aNY) - =c—56d+8H:c,.
From these relations, we deduce
a(Ny, ® O(h)) = (=8 +4h)H,
a(NY. ® O(h)) = (28 + 6h* — 24h)H* — o,
cs(NY, ® O(h)) = d(4h® — 24K + 56h — 56) + c3 - H(8 — 2h) + 3.

These last relations allow us to compute an expansion of the Chern character
Gh(N}{C ® O(h)) up to terms of order > 3:

3

2h 4
4 (8—4h)H+(4H2—8hH2+cQ+2h2H2)+d( 4 5) +C2—3+hcz He---

Thus, using Td(X) =1+ 2

155 Hirzebruch—Riemann—Roch gives

2 ) + 262 Hon-1. =

XY, ® O(h)) = —+d(— — 4l +4h— 3

For h = —3e-+8, we may now find a second expression ofx(N}(/C ®O(h)), in terms
of the Hilbert polynomials of X¢, and C = V(Jacs(f1, f2, f3) + D).

Lemma 3.4 Under the assumption of the theorem, we have, for any integer h,

X(Nx,, @ O(h) = x(Nx, ® 0(h)) = x(Nx, @ O(h)).
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Proof Let us first show
X(Nx, ® O(h) = x(Ny, ® O(h).
As we have already seen, there exist an open affine subset U of spec(Z), and a

U-scheme X % U, such that for all p € U, the fiber X, is a smooth Calabi—Yau
3-fold of Gulliksen—Negard or Kustin—Miller type (Xo = Xq and X, = Xg,). The

coherent sheaf Ny} := Iy /I% is flat over U, since Ny is locally a locally free sheaf of
rank 4. The function p — X(N}(/P) is thus (locally) constant on U (see for instance
[9, §5]). Therefore, x(N}(/Q) = x(N}grP). The remaining equality follows easily by
field extension. n

Similarly, the Hilbert polynomial of Xp, coincides with the Hilbert polynomial of
Xq, hence also with the Hilbert polynomial of X¢. Since Xr , 18 smooth,

V(Jaci’)(flu f27 f3) + IX\PP)

coincides with the dependency locus on X, of the sections o1, 0, and o3 of N;f/wrp’

that is to say, the maximal degeneracy locus D3 (¢ Xr,) := {x € Xy, | rg(¢) < 2} of

the morphism
¢=(01 02 03

023 (—e) LNy,

Such a degeneracy locus is resolved by the Eagon—Northcott complex in case C =
D;3(¢s5 Xg,) has expected codimension 2 in Xg, (X, is regular at every point, since IF,
is a perfect field and Xy , 1s smooth):

0 — 0% (—4e) © A*Ny,, 2, N}}p ® ANy, ® Ox(—3¢) = Ox — Oc — 0.
We remark that
ANY,) = (NQ )7 o N (Q) ~ Ox, © OF, (=8).
Thus, since x(Ox) = 0, from the previous exact sequence we get
X(NY, © Ox(=3¢+8)) = 3PHy, (—4e+8) + 1 — p.

Using the other expression for X(NXTP ®0Ox(—3e+8)), obtained using the previous
lemmas, we find the expression of ¢3 /2 announced in the theorem. |

3.3 Determination of p and of the Hodge Diamond
3.3.1 Invariants of Calabi-Yau 3-folds

Let us recall that the Hodge numbers hiJ of a complex projective variety X are de-
fined by h"/ := W'(X, N/Qlx)) and satisfy Hodge duality: h*/ = h/*. So, the Hodge
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diamond of a Calabi—Yau 3-fold X has the following shape:

1
0 0
0 B! 0
1 h1,2 h1,2 1
0 /R 0
0 0
1

A Calabi-Yau 3-fold thus has only two Hodge invariants: #!! and h'*. Using Hirze-
bruch—Riemann—Roch, we find that

Q) = =5 = h2 =,

By Serre duality, we have h'? = h'(fx), where 0x = (Qx)* = A*Qx is the tan-
gent bundle of X; the number h'? is thus the dimension of the space of first order
infinitesimal complex deformations of X. Using the long exact sequence of coho-
mology associated with the exponential sequence 0 — 7Z — Ox — Oy — 0 and
the vanishing h'(X, Ox) = h*(X,0x) = 0, we get an abelian group isomorphism
between Pic(X) = H'(X, 0%) and H*(X,Z). Since the rank of H*(X,Z) is b,, the
second Betti number of X, we get b, = h''! = rank(Pic(X)) =: p. Thus the second
Hodge invariant of a Calabi—Yau 3-fold is nothing but the Picard number p of X.
Therefore, if X is projective, we have h'"! = p > 1, since the Picard lattice contains
the rank 1 sublattice generated by H the class of a hyperplane. Finally, the invari-
ants of a Calabi—Yau 3-fold of degree d in P’ satisfy the following further properties.
Using Hirzebruch—Riemann—Roch, we find the following expression for the Hilbert
polynomial of X
o-H

12
Moreover, if X is linearly normal, we have ¢, - H = 96 — 2d. Let us also recall how to
relate p = h'! and h'? to the cohomology of the normal bundle Ny.

Proposition 3.5 Let X be a Calabi—Yau 3-fold of degree d in P”. We have

d
PHx(t) = §t3 + t.

W= HA(X, 0x) = B (X, Nx) = (G Nx) + 1,
B2 — hO(X, Ny) — ShO(X, Ox(1)) +1.

Proof By Kodaira vanishing, we have h'(X, Ox(1)) = 0 for i > 0. Applying this
vanishing to the long exact sequence of cohomology of the short exact sequence

0— Ox — Oj‘?s(l) — 9X|;p>7 — 0,

we get h'(X, Oxpr) = 0 fori > 3ori = 1and h*(X, Oxpr) = B*(X,0x) = 1. We
also get h°(X, Oxp7) = 8h°(X, Ox(1)) — 1. By Serre duality, we get h'"! = h*(X, Ox).
Applying Hom(—, Ox) to the following exact sequence

0—>N;—>Q]p7®OX_>QX—>O,
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we get
0 — H(X, Oxp7) — H(X,Nx) — H'(X,0x) — H' (X, Oxp7) — -
The formula follows from the previously established vanishing results. ]

Thus, if we know the value of c3, to get the two Hodge invariants, it is enough to
know h''! = p or h°(Nx) to get the third invariant. We give in the next section an
algebraic criterion that guarantees p = 1.

3.3.2 Determination of p

One can compute p directly by computer; but on many examples the computation
exceeds the machine capacity. We explain here how to show that p = 1 on several
examples by computing h°(X, N); it is often a much faster computation provided
that we can use the following observation.

Theorem 3.6 Let k be a perfect field. Let X be a smooth 3-dimensional variety in P}.
Let I be the saturated ideal of Xy in P}. We denote by S the polynomial ring k[xo, . . ., x/]
and by R the quotient ring S/I. Let P 2 Lbea presentation matrix of I ®s R as
R-module. We set N = Homg (I ® R, R), so that N = Nx. Assume the following:

(i)  The projective dimension of R as S-module is at most r.
(i) dimg(P§) = h°(X, P*) and dim(Ly) = h°(X,L*) — € where ¢ > 0.
(iii) Ife > 1, assume, moreover, that

dimg(No) — 8h(X, Ox(1)) + 1 + %3 <l-e

Then we have h°(X, Nx) = dimg(Ny) + €.

Proof By assumption, since N is alocally free R-module, N is the kernel of the trans-
pose of ¢, so that we have the following sequences of k-vector spaces:

0 — H(X,Ny) — HY(X,[*) % HO(X, P¥),
0 — Np — L*o 25 P,
By assumption on the projective dimension of R as S-module, we have
Ext;™(L, S(—r — 1)) = 0,
so the exact sequence of comparison with local duality simplifies to
0 — L} — H°(X,L*) — Ext}(L, S(—r — 1)) — 0.

In particular, the k-vector space L} is a sub-vector space of H(X, L*). Similarly, P
is a sub-vector space of H’(X, 13?). By assumption, we get H°(X, I’?) =P;. Ife=0,
then clearly h°(X, Nx) = dimy(Ny). If € > 1, then v is of the form (¢* | ¢; - - - ¢) for
some column matrices cy, ..., ¢. Thus, by the dimension formula dimy ker(y)) <
dimy ker(¢*)+e. Assume that ker(¢)) = ker(¢*)@k*, for A < e—1; using assumption
(iii) we would get p < 0. This gives a contradiction, so that the theorem holds. H
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4 Examples Found Using Macaulay2
4.1 Examples of Calabi-Yau 3-Folds in P’

We have gathered here the examples of Calabi-Yau 3-folds of P7 that we have found
and the invariants computed over IF, by the method explained in Section 2. For all of
these examples p = 1. In this table, KM means of Kustin—Miller type and GN means
of Gulliken-Negard type.

H| ¢ | -H|KX,H) |type|p | comments

15| —150 | 66 8 KM [ 1 | (G(2,5NnP)N(3)

17 | =112 | 62 GN | 272 | seems to be new

17 | —108 | 62 KM |1 seems to be new

18 | =162 | 72 KM | 2f | projection of o(P? x P?) N (3)
20| —64 | 56 GN | 2 | seems to be new

o \O o oo

TOur computation shows that h! (X, Qx) = 2 over the finite field used for the construction. By
semi-continuity, we can only deduce that 1 < p < 2. G. Kapustka has informed us that he can show
that for our examples of degree 18 and 20 the correct Picard number is 2.

4.1.1 Degree 15 of Kustin-Miller Type

Let us choose & = 07, F = 03, L, = O(1), and £, = O. Then, choosing ran-
dom morphisms A, Y, u, v, we get a 4-codimensional subscheme of ]P’]7le. Those mor-
phisms are clearly reduction modulo p of morphisms A, Y, u, v defined over Z. The
theory explained in Section 3 applies, and we show that the Kustin—Miller subscheme
Xr,,, is a smooth Calabi—Yau 3-fold, reduction modulo p of a smooth Calabi—Yau
3-fold defined over Q) (hence over €). The minimal graded free resolution of this
Calabi-Yau X, has the following Betti table

oj1 - - - -
1{—-— 5 5 — -
21 -1 — 1 -
3/]— — 5 5 -
4| - — - = 1

The complex Calabi—Yau 3-fold thus obtained has the following Hilbert polyno-
mial

5 11
PHx(t) = >+ —t
X() P 27

thus ¢, - H = 66 as expected. Using duality, the numbers k' (X, Nx) (resp. h*(X, Nx))
can be easily computed with Macaulay?2 using the command

hilbertFunction({0},Ext~5(I/I"2,5°{-8}))

Both vanish, so that p = 1. The coarse smoothness test (Theorems 3.1 and 3.2) over
[Fi01 gives c3 = —150, thanks to a Macaulay2 computation.

Remark 4 The simplest idea for constructing a Calabi—Yau 3-fold is to use the
adjunction formula. So, for instance, we can build a Calabi-Yau 3-fold by taking a
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generic enough degree 3 section of a Fano 4-fold Y in P’ such that Ky = —3Hy.
Recall the section Y by two generic hyperplane sections of the Pliicker embedding in
IP° of the Grassmanian of lines in P4, G(1, 4). Taking a generic enough hypersurface
section of degree 3 of Y, we thus get a Calabi-Yau 3-fold X of degree 15 in P7 with
the same invariants p = 1, ¢; - H = 66 ¢; = —150. (see [14]). This construction
leads to a Calabi—Yau 3-fold with the same syzygies as our example of degree 15.

4.1.2 Degree 17 of Gulliksen-Negard Type

Let us choose &€ = O% and F = O? @ O(2). Then, taking a random morphism ¢ in
Hom(€&, JF) over 191, we find a morphism reduction modulo p of some morphism
¢ in Hom(&, ¥F) defined over Z. The theory explained in Section 2 thus applies and
we show that the Gulliksen—Negérd subscheme Xp,,, is a smooth Calabi-Yau 3-fold,
reduction modulo p of a smooth Calabi—Yau 3-fold defined over Q (hence over C).
The minimal graded free resolution of this Calabi—Yau X, has the following Betti

table:
0ol1 - — — —
1{- 3 2 - -
21— 6 12 6 -—
3]— — 2 3 —
4

- - - -1

The complex Calabi—Yau 3-fold thus obtained has the Hilbert polynomial

17 31
PHyx(t) = zﬁ 5t

thus ¢, - H = 62 as expected. Using duality, the numbers h' (X, Nx) (resp. h*(X, Nx))
can be easily computed with Macaulay?2 using the command

hilbertFunction({0},Ext~"5(I/I"2,5°{-8}))

We find that k' (X, Nx) = 1 and F*(X, Nx) = 0 over Fyqy, so that B (X, Qy, ) = 2.
Thus, by semicontinuity we can only deduce that p < 2 over the complex field. Georg
Kaputska has informed us he can prove that p = 2.

The coarse smoothness test (Theorems 3.1 and 3.2) over [Fjo; gives ¢3 = —112,
thanks to a Macaulay2 computation.

4.1.3 Degree 17 of Kustin-Miller Type

Letus choose & = 0%, F = O(—=1)® 0% L; = O(1),and L, = O(1). Then, choosing
random morphisms A, Y, u, v, we get a 4-codimensional subscheme of ]P)27F101' Those
morphisms are clearly reduction modulo p of morphisms A, Y, u, v defined over Z.
The theory explained in Section 2 applies, and we show that the Kustin—Miller sub-
scheme X, is a smooth Calabi—Yau 3-fold, reduction modulo p of a smooth Calabi—
Yau 3-fold defined over Q) (hence over C). The minimal graded free resolution of this
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Calabi-Yau Xp,,, has the following Betti table:

- 3 —
4 12

41— — - _

[SSIN (SR )
|

W |
|

—

The complex Calabi—Yau 3-fold thus obtained has the Hilbert polynomial

17 31
PHx(t) = —t> + =t
X( ) 6 2 }
thus c; - H = 62 as expected. Using duality, the numbers k' (X, Ny) (resp. h*(X, Nx))

can be easily computed with Macaulay2 using the command
hilbertFunction({0},Ext~5(I/I"2,5°{-8}))

We find that both numbers vanish over Fyg;, so that p = 1. The coarse smooth-
ness test (Theorems 3.1 and 3.2) over [Fjg; gives ¢ = —108, thanks to Macaulay2
computation.

4.1.4 Degree 18 of Kustin—Miller Type

Let us choose & = Qp7(1), T = O(=1)%, L, = O(1), and L, = O(—1). Then,
choosing random morphisms A, Y, u, v, we get a 4-codimensional subscheme of ]P’;7F107.
Those morphisms are clearly reduction modulo p of morphisms A,Y, u, v defined
over /. The theory explained in Section 2 applies, and we show that the Kustin—Miller
subscheme Xp,,, is a smooth Calabi—Yau 3-fold, reduction modulo p of a smooth
Calabi—Yau 3-fold defined over Q. (hence over C). The minimal graded free resolu-
tion of this Calabi—Yau Xp,,, has the following Betti table:

1 - - - - - - _

21 55 71 56 28 8 1
-1 8 8 8 1 — -

- - - - 1 = - -

B W N = O
|

The complex Calabi—Yau 3-fold obtained this way has the Hilbert polynomial
PHx(t) = 3t> + 6t, thus ¢, - H = 72. Therefore, X is not linearly normal; it is the pro-
jection of some Calabi—Yau 3-fold of P. The coarse smoothness test (Theorems 3.1
and 3.2) over IF1o7 gives c3 = —162, thanks to a Macaulay2 computation.

Remark 5 Consider the Segre embedding o of P x IP? into IP®. Its image o (IP* x IP?)
is a well-known Fano 4-fold of degree 9 such that Ky = —3Hy. Taking a section of
this by a generic enough degree 3 hypersurface in P®, we get a Calabi-Yau 3-fold of
degree 18 such that p = 1, ¢; - H = 72, and ¢3 = —162. A generic projection to p7
of such a Calabi—Yau 3-fold has the same syzygies as our example of degree 18. The
fastest way to estimate p with Macaulay?2 is to directly compute p for the 3-fold Y in
IP# via the command
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HH"1(cotangentSheaf (Y))

We find that h! (X, Qth ) = 2, so again we can only deduce that p < 2.

4.1.5 Degree 20 of Gulliksen-Negard Type

Let us choose &€ = 0* and § = O(1)*. Then, taking a random morphism ¢ in
Hom(E&, F) over Fjg;, we find a morphism reduction modulo p of some morphism
¢ in Hom(€&, F) defined over 7. The theory explained in Section 2 thus applies, and
we show that the Gulliksen—Negéard subscheme X, is a smooth Calabi—Yau 3-fold,
reduction modulo p of a smooth Calabi—Yau 3-fold defined over Q (hence over C).
The minimal graded free resolution of this Calabi—Yau X, has the following Betti

table:
1 - - - —

16 30 16 -

41— — — — 1

[SSHN SR )
I

The complex Calabi—Yau 3-fold thus obtained has the Hilbert polynomial

10 16
PHx(t) = —t> + —t

X( ) 3 3 )
thus ¢; - H = 56 as expected. Using the locally free resolution found over Fi¢;, the
required vanishing in Theorem 3.6 is easy to establish. Thus, we find p = 1. The
coarse smoothness test (Theorems 3.1 and 3.2) over [Fy¢; gives c; = —64, thanks to a
Macaulay2 computation.

Remark 6 Thus, we have h!* = 33; it is the dimension of the first order complex
infinitesimal deformation of X. It is worth pointing out that this number is not the
number of first order infinitesimal deformations of X, over Fio;. This last number
is 34, as shown by an easy Macaulay2 calculation.

4.2 Examples of Non Deformation Equivalent Calabi-Yau 3-Folds Sharing the
Same Invariants

Our search for good vector bundles € of (odd) low rank defined over Z, such that
the Pfaffian subscheme X; associated with the data (€, A2E(1), Y) had expected codi-
mension 3, gave us two vector bundles for which deg(u) +deg(v) = 1 (see Remark 3).
Thus, constructing a Kustin—-Miller subscheme out of any of these bundles gives a
3-dimensional subvariety X contained in some hyperplane. It is thus presumably a
Calabi-Yau 3-fold of IP®, hence a Pfaffian subscheme of P°. The two such examples
of Calabi—Yau 3-folds of P® are new examples of degree 14 and 15. Both examples are
not arithmetically Cohen—Macaulay and linearly normal. Since ¢ only depends on d
for linearly normal Calabi-Yau 3-folds of P°, these examples have the same invariants
as the examples of degree 14 and 15 that were already known (cf. [13]), provided that
we can show that p = 1. Notice that h'? = h%(X, Nx) — 48 for every linearly normal
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Calabi—Yau 3-fold of IP®. It is thus enough to show that both examples of degree 14
(respectively 15) Nx have the same number of global sections. We use the method ex-
plained in Theorem 3.6. We shall show here that our new examples in degree 14 and
15 do have Picard number one and are not deformation equivalent to the previously
known examples.

4.2.1 Syzygies and Deformations of Calabi-Yau 3-Folds in P¢
Let us recall the meaning of deformation equivalence.

Definition 4.1 Two smooth algebraic varieties over C are said to be deformation
equivalent if there exists a smooth morphism X — T, of smooth complex algebraic
varieties X with T connected such that the following condition holds: there exist
s,t € T such that the fiber X coincides with X, and the fiber X; coincides with X;.

In case of deformation equivalent embedded projective Calabi—Yau 3-folds, we
can even assume that ¢ is an embedded deformation.

Proposition 4.2 Let X, and X, be two deformation equivalent Calabi—Yau 3-folds of
IPS. Any deformation ¢ giving the equivalence is induced by an embedded deformation
in IP°. That is to say, we have the following diagram

S

X C T
Nk
T Pe

Proof We have the global Zariski—Jacobi sequence that relates deformations and em-
bedded deformations

0 — T} — Tpe(0x) — Typpe — Ty — Tpe(Ox) — Txpps -+

where T;(IIP"" is the space of embedded deformations of X in IP® and T the space of

complex deformations of X. We have Ty (Ox) = H'(X, fxps), thus using the fact
that X is a Calabi—Yau and the long exact sequence of cohomology associated with

0— Ox — 0%(1) — Oxpr — 0,

we get h'(X,0xp7) = 0. Therefore, Ty(Ox) = 0 for i = 1. This shows that
?F)lqpﬁ —» T} is surjective. Therefore, any deformation of X is induced by an embedded

deformation of X in IP®. ]

Thus, if two Calabi—Yau 3-folds X; and X, are deformation equivalent by ¢, their
Betti tables cannot be arbitrary. Let us denote by Jx the ideal sheaf of X in T x P°.
Take some graded free presentation of Jx,

S =D 07 e(—j—2) = S = D O e(—j — 1) = Tx — 0.
j=0 j=0
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Due to the flatness assumption, we have the following very elementary property used
in the examples below.

Proposition 4.3 Lets =min{j | (1 # 0}. Forallt € T, we have h°(P°,Jx.(s)) #
0 and h°(IP®,Jx,(j)) = O for all j < s. That is to say, the minimal degree of generators
of the saturated ideal defining X, does not depend on t and is exactly s + 1.

Proof Since by flatness assumption, the graded free presentation of Jx specializes to
a presentation of Jx,, we have h°(P°, Iy, (j)) = 0 for all j < s. To show the remaining
assertion we only must show that h°((IP®, Jx (s)) # 0 forallt € T. Since Jx,(s) =
(Ix); for all t € T, the function t — h°((IP°,Jy,(s)) # 0 is upper semicontinuous
on T. It is thus enough to show that h°((P®, Jx (1)) # 0 for ¢ generic in T. We
can assume for simplicity that T is an affine variety over C, T = spec(R). Then,
by assumption 3, # 0, there exists a non-zero polynomial F of degree s + 1 in
Ix C Rlxo,...,xs]. We have F = > fymy, where f7 is some polynomial in R and
(my) is a basis of (C[xo, . . ., Xs])s. Assume that h°((IP°, Iy, (s)) = O for ¢ generic in T.
For t generic in T, we then have fi(t) = 0 foralli = 0,...,6, so that the vanishing
locus of (fo, ..., fs) in T is exactly T. Thus the ideal (fy, ..., fg) = (0) and F = 0.
This is clearly a contradiction. ]

Remark 7 A similar result holds replacing T by spec(Z), assuming one has a flat
family of schemes X over some Zariski open subspace of spec(Z). Hence, the number
s =min{j | 51 ;(X,) # 0} does not depend on p in U.

4.2.2 Degree 14

Take € = Qp7 @ O(1) and L; = O(1). Choose a random morphism
Y € Hom(P®, \*€ @ L1)
over Fio1. Then Y is the restriction modulo 101 of a morphism Y in
Hom(P®, A2 @ L;)

over /. The associated Pfaffian subscheme Xy, is a smooth Calabi—Yau 3-fold of
degree 14 in P®(applying Tonoli’s smoothness test) and is the restriction modulo 101
of a Calabi—Yau 3-fold defined over 7Z. The Hilbert polynomial of this Calabi—Yau
3-fold is 2¢* + 21, so that ¢; - H = 56, c; = —98 and h'* = 50 (p = 1). The minimal
graded free resolution of X, has the following Betti table:

01 - — — — — -

- 1 - - - - _

1
2
3/ — 14 35 35 21 7 1
4

T

Let us compute p. Using the Pfaffian resolution of X, we get H (X, Ox(m)) = 0
forall i > 0 and m > 2. Let R denote the quotient ring

k[an s 7x6]
Ix ’
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where Ix is the saturated ideal defining X. The Betti table shows that X is 5-regular, so
that h°(X, Ox(t)) = dimg(R;) fort > 5. Moreover, a simple Macaulay2 computation
gives h°(X, Ox(2)) = dimi(R,) + 1 and K°(X, Ox(t)) = dimg(R;) for 5 > t > 3.
Using Macaulay2, we find that

0 — N — R'(2) & R4 5 @R¥(5).

We thus find € = 1. Using Macaulay2 again, we find dimy(Ny) = 97. Then Theo-
rem 3.6 gives h°(X, Nx) = 98, so that we find that h'? = 50 and p = 1.

The known example of degree 14 can be obtained taking & = O7 and £; = O(1)
[13]. It has the same invariants as our example. Its Betti table is the following:

B W N~ o
I
~
~
I

Clearly for the first example of degree 14 we have min{j | £, ;(Xc) # 0} = 1,
whereas min{j | £1,j(Xc) # 0} = 2 in the second example. Thus, these two exam-
ples cannot be deformation equivalent, even though they have the same invariants
(H?,c;-H,¢3,p) = (14,56, —98, 1).

4.2.3 Degree 15

Let &7 ; denote the first syzygy module, the kernel of the morphism O Y 02(1)
defined by the matrix

Xo X1 X2 X3 X4 X5 Xg 0 0 0
0 0 0 Xo X1 X2 X3 X4 X5 Xg ’

This type of syzygy bundle can be thought of as a generalization of €2(1). Take £ =
€5 ® 0(1) and L, = O(1). Choose a random morphism Y € Hom(P®, A*€ ® L,)
over IFig;. Then Y is the restriction modulo 101 of a morphism Y in Hom(IP®, A2 ®
L) over Z. The associated Pfaffian subscheme X, is a smooth Calabi—Yau 3-fold of
degree 15 in IP® (applying Tonoli’s smoothness test) and is the restriction modulo 101
of a Calabi—Yau 3-fold defined over Z. The Hilbert polynomial of this Calabi—Yau
3-fold is 2> + 3,50 c; - H = 54, c; = —78 and h'> = 40 (p = 1). The minimal
graded free resolution of Xr,,, has the following Betti table:

- 1 - - - - _

B W N = o

[
|
|
[
(.
[

|
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Let us compute p. Using the Pfaffian resolution of X, we get Hi(X Ox(m)) = 0
foralli > 0and m > 2. Let R denote the quotient ring ’x"], where Ix
is the saturated ideal defining X. The Betti table shows that X is 5- -regular, so
that h(X, Ox(¢)) = dimg(R,) for t > 5. Moreover, a simple Macaulay2 com-
putation gives h°(X, 0x(2)) = dimg(Ry) + 2, h°(X, Ox(3)) = dimg(R,) + 4, and
ho(X, Ox(t)) = dimg(R,) for 5 > t > 4. Using Macaulay2, we find that

0 — N — RY(2) @ R5 & R*(4) 2= @R*(6) & R*(5).

We thus find € = 2. Using again Macaulay2, we find dim(Ny) = 86. Then Theo-
rem 3.6 gives h°(X, Nx) = 88, so that we find that #!> = 40 and p = 1.

The known example of degree 15 can be obtained taking & = Q(1) @ O° and
L, = 0(1) [13]. It has, of course, the same invariants as our example. Its Betti table
is the following:

1 - - - - - _

3 - - -
- 11 34 35 21 7 1

- - - 1 = - -

BN = O
I

Clearly for the first example of degree 15 we have min{j | £ ;(Xc) # 0} = 1,
whereas min{j | 1 ;(Xc) # 0} = 2 in the second example. Thus, these two ex-
amples cannot be deformation equivalent, even though they have the same Hodge
invariants

Remark 8 Use the famlly of vector bundles & ; with t > 1 defined to be the kernel
of the morphism O3 Y, 91(1) defined by the matrix

Xo X1 X2 X3 X4 X5 Xg 0 0 0 0 0 0
0 0 0 Xxo X1 X2 X3 X4 X5 X¢ 0O 0 O
0 0 0 .. Xp X1 X2 X3 X4 Xs X6 0 0 0
0 0 0 . 0 0 0 Xo X1 X2 X3 X4 X5 X

The generic Pfaffian subscheme associated with (8613 @ 0(1), O(1)) always seems to
be 3-codimensional; it gives a locally Gorenstein subscheme X; of degree 13 + ¢ for
which wx, = Oy,. Unfortunately, Tonoli’s smoothness test over IFyq; fails for X, for
t > 3.

The libraries of Macaulay2 programs that I have built to construct those Calabi—
Yau 3-folds and compute their invariants are available upon request.
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