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On the Limiting Weak-type Behaviors for
Maximal Operators Associated with Power
Weighted Measure

Xianming Hou andHuoxiong Wu

Abstract. Let β ≥ 0, let e1 = (1, 0, . . . , 0) be a unit vector on Rn , and let dµ(x) = ∣x∣βdx be a
power weightedmeasure on Rn . For 0 ≤ α < n, let Mα

µ be the centered Hardy-Littlewoodmaximal
function and fractional maximal functions associated with measure µ. _is paper shows that for
q = n/(n − α), f ∈ L1

(Rn , dµ),

lim
λ→0+

λqµ({x ∈ Rn
∶ Mα

µ f (x) > λ}) =
ωn−1

(n + β)µ(B(e1 , 1))
∥ f ∥qL1(Rn ,dµ) ,

lim
λ→0+

λqµ({ x ∈ Rn
∶ ∣Mα

µ f (x) −
∥ f ∥L1(Rn ,dµ)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0,

which is new and stronger than the previous result even if β = 0. Meanwhile, the corresponding
results for the un-centeredmaximal functions aswell as the fractional integral operatorswith respect
to measure µ are also obtained.

1 Introduction and Main Results

Suppose β ≥ 0. Let µ be a power weightedmeasure on Rn with dµ(x) = ∣x∣βdx. _e
goal of this paper is to analyze the limiting weak-type behaviors of maximal opera-
tors with respect to µ, which is closely related to the best constants of the weak-type
endpoint estimates for themaximal operators.
For 0 ≤ α < n, f ∈ Lloc(Rn , dµ), deûne the centeredmaximal operators

Mα
µ f (x) ∶= sup

r>0

1
µ(B(x , r))1−α/n ∫B(x ,r)

∣ f (y)∣dµ(y),

where B(x , r) is a ball centered at x with radius r. _e uncenteredmaximal operators
are deûned by

M̃α
µ f (x) ∶= sup

Bx∋x

1
µ(Bx)1−α/n

∫
B
∣ f (y)∣dµ(y),

where the supremum is taken over all balls Bx containing x. For α = 0, we denote
M0

µ by Mµ and M̃0
µ by M̃µ , which is the centered and uncentered Hardy-Littlewood

maximal function associated with µ, respectively.
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In particular, for β = 0, dµ(x) = dx is the classical Lebesgue measure, and Mα
µ

(resp., M̃α
µ ) is the classical centered (resp., uncentered) Hardy-Littlewood maximal

function M (resp., M̃) for α = 0 and fractional maximal functions Mα (resp., M̃α) for
0 < α < n. In 2005, Janakiraman [7] established, among other things, the following
limiting weak-type behaviors of M and M̃:

lim
λ→0+

λm({x ∈ Rn
∶ M f (x) > λ}) = ∥ f ∥1 , ∀ f ∈ L1

(Rn
),

lim
λ→0+

λm({x ∈ Rn
∶ M̃ f (x) > λ}) = 2n

∥ f ∥1 , ∀ f ∈ L1
(Rn
).

Recently, Ding and Lai [3] extended the above results to the Hardy-Littlewoodmax-
imal operator and fractional maximal operators with homogeneous kernels Ω satis-
fying the Lq

α-Dini conditions. Moreover, see [2, 7] for the corresponding results of
singular and fractional integrals with homogeneous kernels. In addition, Huang and
Hu [6], using the basic covering theorem [5,_eorem 1.6] and delicate analysis tech-
niques, proved the following result:

lim
λ→0+

λν({x ∈ X ∶ M f (x) > λ}) = 1
4
∥ f ∥1 , ∀ f ∈ L1

(X , dν),

where X = (0, ∞) with the Euclidean metric ∣ ⋅ ∣ and dν(x) = xdx, and M is the
corresponding Hardy-Littlewoodmaximal function in (X , ∣ ⋅ ∣, ν).

Note that dµ(x) = ∣x∣βdx is doubling, (Rn , ∣ ⋅ ∣, µ) is a space of homogenous type.
We know from [1,8] that Mα

µ and M̃α
µ are bounded from L1(Rn , dµ) to Lq ,∞(Rn , dµ)

for 0 ≤ α < n and q = n/(n − α). Inspired by the above works, it is natural to explore
the limiting weak-type behaviors of Mα

µ and M̃α
µ . To establish the corresponding re-

sult, we consider the following more general forms: for V being an absolutely contin-
uous measure on Rn with respect to measure dµ and V(Rn) <∞, deûne

Mα
µV(x) = sup

r>0

V(B(x , r))
µ(B(x , r))1−α/n

,

M̃α
µV(x) = sup

Bx∋x

V(Bx)

µ(Bx)1−α/n

for 0 ≤ α < n.
In order to state our results, we will recall and introduce some notation. Let e1 =

(1, 0, . . . , 0) be a unit vector on Rn , let Sn−1 be the unit sphere, and let ωn−1 be the
surface area of Sn−1. Let dσ(x′) denote the induced Lebesgue measure of Sn−1. In
addition, by rotational invariance, we know that µ(B(x/∣x∣, 1)) = µ(B(e1 , 1)), which
will be used in the proofs.

Now we can formulate our main results as follows.

_eorem 1.1 Let β ≥ 0, 0 ≤ α < n, and q = n/(n−α). Suppose thatV is an absolutely
continuous measure with respect to measure µ on Rn and V(Rn) <∞. _en

(i) limλ→0+ λqµ({x ∈ Rn ∶ Mα
µV(x) > λ}) = ωn−1V(Rn)q

(n + β)µ(B(e1 , 1))
;

(ii) limλ→0+ λqµ({x ∈ Rn ∶ ∣Mα
µV(x) −

V(Rn)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0;
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(iii) limλ→0+ λqµ({x ∈ Rn ∶ M̃α
µV(x) > λ}) = 2n+βωn−1V(Rn)q

(n + β)µ(B(e1 , 1))
;

(iv) limλ→0+ λqµ({x ∈ Rn ∶ ∣ M̃α
µV(x) −

2(n+β)/qV(Rn)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0;

(v) limλ→0+ λqµ({x ∈ Rn ∶ ∣M̃α
µV(x) − 2(n+β)/qMα

µV(x)∣ > λ}) = 0.

In particular, for f ∈ L1(Rn , dµ), taking dV(x) = ∣ f (x)∣dµ(x) in _eorem 1.1, we
have the following corollary.

Corollary 1.2 Let β ≥ 0, 0 ≤ α < n, and q = n/(n − α). _en for f ∈ L1(Rn , dµ),

(i) limλ→0+ λqµ({x ∈ Rn ∶ Mα
µ f (x) > λ}) = ωn−1

(n + β)µ(B(e1 , 1))
∥ f ∥qL1(Rn ,dµ);

(ii) limλ→0+ λqµ({x ∈ Rn ∶ ∣Mα
µ f (x) −

∥ f ∥L1(Rn ,dµ)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0;

(iii) limλ→0+ λqµ({x ∈ Rn ∶ M̃α
µ f (x) > λ}) =

2n+βωn−1∥ f ∥qL1(Rn ,dµ)

(n + β)µ(B(e1 , 1))
;

(iv) limλ→0+ λqµ({x ∈ Rn ∶ ∣ M̃α
µ f (x) −

2(n+β)/q∥ f ∥L1(Rn ,dµ)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0;

(v) limλ→0+ λqµ({x ∈ Rn ∶ ∣M̃α
µ f (x) − 2(n+β)/qMα

µ f (x)∣ > λ}) = 0.

Remark 1.3 Note that for β = 0, µ(B(e1 , 1)) = 1
n ωn−1, our conclusions (i) and (iii)

in _eorem 1.1 or Corollary 1.2 recover the corresponding results in [7]. Moreover,
we remark that conclusion (ii) or (iv) is stronger than conclusion (i) or (iii) in our
theorem and corollary (see Remark 2.2). _erefore, even if β = 0, our results (ii) and
(iv) are new and interesting.

Also, we consider the generalization of fractional integrals deûned by

Iαµ f (x) = ∫Rn

f (y)dµ(y)
µ(B(x , ∣x − y∣))1−α/n

, 0 < α < n,

(see [4]) and themore general form:

IαµV(x) = ∫Rn

dV(y)
µ(B(x , ∣x − y∣))1−α/n

whereV is an absolutely continuous ûnitemeasure onRn with respect to µ. It follows
from [8, _eorem 1] that Iαµ is bounded from L1(Rn , dµ) to Ln/(n−α),∞(Rn , dµ) as
well as from Lp(Rn , dµ) to Lq(Rn , dµ) for 1 < p < n/(n − α) with 1/q = 1/p − α/n.

Motivated by the results above, we will establish the following limiting weak-type
behaviors of Iαµ .

_eorem 1.4 Let β ≥ 0, 0 < α < n, and q = n/(n−α). Suppose thatV is an absolutely
continuous measure with respect to measure µ on Rn and V(Rn) <∞. _en
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(i) limλ→0+ λqµ({x ∈ Rn ∶ IαµV(x) > λ}) = ωn−1V(Rn)q

(n + β)µ(B(e1 , 1))
;

(ii) limλ→0+ λqµ({x ∈ Rn ∶ ∣ IαµV(x) −
V(Rn)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0.

By taking dV(x) = f (x)dµ(x) for f ∈ L1(Rn , dµ) and f ≥ 0 in _eorem 1.4, we
have the following results.

Corollary 1.5 Let 0 < α < n, β ≥ 0 and q = n/(n − α). _en for any f ∈ L1(Rn , dµ)
and f ≥ 0,

(i) limλ→0+ λqµ({x ∈ Rn ∶ Iαµ f (x) > λ}) = ωn−1

(n + β)µ(B(e1 , 1))
∥ f ∥qL1(Rn ,dµ);

(ii) limλ→0+ λqµ({x ∈ Rn ∶ ∣ Iαµ f (x) −
∥ f ∥L1(Rn ,dµ)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0.

_e paper is organized as follows. In Section 2, a�er giving an auxiliary lemma,we
prove_eorem 1.1. _e proof of_eorem 1.4 will be given in Section 3.

_roughout this paper, the letter C, sometimes with additional parameters, will
stand for positive constants, not necessarily the same one at each occurrence, but
independent of the essential variables.

2 Proof of Theorem 1.1

_is section is concerned with the proof of_eorem 1.1. At ûrst, we present an auxil-
iary lemma, which will be used in the later arguments.

Lemma 2.1 Let 0 ≤ α < n, q = n/(n − α), and let e1 = (1, 0, . . . , 0) be a unit vector
on Sn−1. For a ûxed λ > 0, we have

µ({x ∈ Rn
∶

1
µ(B(x , ∣x∣))1/q

> λ}) = ωn−1

λq(n + β)µ(B(e1 , 1))
.

Proof It is easy to check that

µ({x ∈ Rn
∶

1
µ(B(x , ∣x∣))1/q

> λ}) =µ({x ∈ Rn
∶ ∣x∣n+β < 1

λqµ(B(e1 , 1))
})

=∫
Sn−1 ∫

( 1
λq µ(B(e1 ,1)) )

1/(n+β)

0
rn+β−1drdσ(x′)

=
ωn−1

λq(n + β)µ(B(e1 , 1))
.

_is completes the proof of Lemma 2.1.

Now we are in a position to prove_eorem 1.1.

Proof of_eorem 1.1 Without loss of generality, we can assume that V(Rn) = 1.
_en for any 0 < ε≪ 1, there exists rε > 0 such that

V({x ∈ Rn
∶ ∣x∣ < rε}) > 1 − ε.

316

https://doi.org/10.4153/CMB-2018-017-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2018-017-2


Limiting Weak-type Behaviors

Set dV1(x) ∶= χB(0,rε)(x)dV(x) and dV2(x) ∶= χB(0,rε)c(x)dV(x). We get

V1(Rn
) > 1 − ε and V2(Rn

) < ε.

For λ > 0, we denote that

Eλ = {x ∈ Rn
∶ Mα

µV(x) > λ} ,

E1
λ = {x ∈ R

n
∶ Mα

µV1(x) > λ} ,

E2
λ = {x ∈ R

n
∶ Mα

µV2(x) > λ} .

Note that 0 <
√
ε ≪ 1, and then Eλ ⊆ E1

(1−
√
ε)λ ⋃ E

2√
ελ and E

1
(1+
√
ε)λ ⊆ Eλ ⋃ E2√

ελ .
We have

µ(E1
(1+
√
ε)λ) − µ(E2√

ελ) ≤ µ(Eλ) ≤ µ(E1
(1−
√
ε)λ) + µ(E2√

ελ).

Recalling that operator Mα
µ is bounded from L1(Rn , dµ) to Lq ,∞(Rn , dµ), we obtain

that

µ(E2√
ελ) ≤(

CV2(Rn)
√
ελ

)
q
≤
Cεq/2

λq .

Consequently,

(2.1) µ(E1
(1+
√
ε)λ) −

Cεq/2

λq ≤ µ(Eλ) ≤ µ(E1
(1−
√
ε)λ) +

Cεq/2

λq .

Nowwe give the upper estimate of µ(E1
(1−
√
ε)λ). Let Rε ∶= (1+ 1/ε)rε . _enwe can

write E1
(1−
√
ε)λ = E

1,1
(1−
√
ε)λ ∪ E

1,2
(1−
√
ε)λ , where

E1,1
(1−
√
ε)λ ∶= {∣x∣ > Rε ∶ Mα

µV1(x) > (1 −
√
ε)λ},

E1,2
(1−
√
ε)λ ∶= {∣x∣ ≤ Rε ∶ Mα

µV1(x) > (1 −
√
ε)λ}.

For ∣x∣ > Rε , it is easy to see that

(2.2)

1 − ε
µ(B(x , ∣x∣ + rε))1/q

≤ Mα
µV1(x) = sup

r>0

V1(B(x , r))
µ(B(x , r))1/q

≤
1

µ(B(x , ∣x∣ − rε))1/q
.

For µ(E1,1
(1−
√
ε)λ), since ∣x∣ − rε > ∣x∣/(1 + ε), it follows from Lemma 2.1 that

µ(E1,1
(1−
√
ε)λ) ≤ µ({ ∣x∣ > Rε ∶

1
µ(B(x , ∣x∣ − rε))1/q

> (1 −
√
ε)λ})

≤ µ({ ∣x∣ > Rε ∶
1

µ(B(x , ∣x∣/(1 + ε)))1/q
> (1 −

√
ε)λ})

≤ µ({x ∈ Rn
∶

(1 + ε)n+β

µ(B((ε + 1)e1 , 1))∣x∣n+β
> (1 −

√
ε)qλq

})
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≤ µ({x ∈ Rn
∶ ∣x∣n+β < (ε + 1)n+β

(1 −
√
ε)qλqµ(B(e1 , 1))

})

=
ωn−1(ε + 1)n+β

(1 −
√
ε)qλq(n + β)µ(B(e1 , 1))

.

Invoking (2.1), we deduce

µ(Eλ) ≤µ(E1,1
(1−
√
ε)λ) +

Cεq/2

λq +
ωn−1Rn+β

ε

n + β

≤
ωn−1(ε + 1)n+β

(1 −
√
ε)qλq(n + β)µ(B(e1 , 1))

+
Cεq/2

λq +
ωn−1Rn+β

ε

n + β
.

_en by letting λ → 0+ and the arbitrariness of ε, we get

lim
λ→0+

λqµ(Eλ) ≤
ωn−1

(n + β)µ(B(e1 , 1))
.(2.3)

Next we turn to the lower estimate of µ(Eλ). Note that

µ(E1
(1+
√
ε)λ) ≥ µ({∣x∣ > Rε ∶ Mα

µV1(x) > (1 +
√
ε)λ}) .

In view of (2.2) and ∣x∣ + rε ≤ (2ε + 1)∣x∣/(ε + 1), we have

µ(E1
(1+
√
ε)λ) ≥ µ({ ∣x∣ > Rε ∶

1 − ε
µ(B(x , ∣x∣ + rε))1/q

> (1 +
√
ε)λ})

≥ µ({ ∣x∣ > Rε ∶
1 − ε

µ(B(x , (2ε + 1)∣x∣/(ε + 1)))1/q
> (1 +

√
ε)λ})

≥ µ({ ∣x∣ > Rε ∶
µ(B( ε+1

2ε+1 e1 , 1)(2ε + 1)n+β ∣x∣n+β

(1 + ε)n+β
<
(1 − ε)q

(1 +
√
ε)qλq

})

≥ µ({x ∈ Rn
∶ ∣x∣n+β < (1 − ε)

q(1 + ε)n+β(2ε + 1)−n−β

λq(1 +
√
ε)qµ(B(e1 , 1))

}) −
ωn−1Rn+β

ε

n + β

=
ωn−1(1 − ε)q(1 + ε)n+β

λq(n + β)(1 +
√
ε)q(2ε + 1)n+βµ(B(e1 , 1))

−
ωn−1Rn+β

ε

n + β
.

Hence,

µ(Eλ) ≥µ(E1
(1+
√
ε)λ) −

Cεq/2

λq

≥
ωn−1(1 − ε)q(1 + ε)n+β

λq(n + β)(1 +
√
ε)(2ε + 1)n+βµ(B(e1 , 1))

−
ωn−1Rn+β

ε

n + β
−
Cεq/2

λq .

By letting λ → 0+ and the arbitrariness of ε again, we get

lim
λ→0+

λqµ(Eλ) ≥
ωn−1

(n + β)µ(B(e1 , 1))
.

_is combined with (2.3) implies that

lim
λ→0+

λqµ(Eλ) =
ωn−1

(n + β)µ(B(e1 , 1))
and completes the proof of conclusion (i).
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We now prove the conclusion (ii). For λ > 0, set

Gλ ∶= {x ∈ Rn
∶ ∣Mα

µV(x) −
1

µ(B(x , ∣x∣))1/q
∣ > λ} ,(2.4)

G1
λ ∶= { ∣x∣ > Rε ∶ ∣Mα

µV1(x) −
1

µ(B(x , ∣x∣))1/q
∣ > λ} .

It is not diõcult to verify that

µ(Gλ) ≤ µ(G1
(1−ε1/(2q))λ) + µ({x ∈ Rn

∶ Mα
µV2(x) > ε1/(2q)λ}) +

ωn−1Rn+β
ε

n + β

≤ µ(G1
(1−ε1/(2q))λ) +

Cεq−1/2

λq +
ωn−1Rn+β

ε

n + β
.

_erefore, it remains to estimate µ(G1
(1−ε1/(2q))λ). Set

K1(x) ∶=
1

µ(B(x , ∣x∣ − rε))1/q
−

1 − ε
µ(B(x , ∣x∣ + rε))1/q

,

K2(x) ∶=
1

µ(B(x , ∣x∣ − rε))1/q
−

1
µ(B(x , ∣x∣))1/q

.

Using (2.2), we have

µ(G1
(1−ε1/(2q))λ)

≤ µ({ ∣x∣ > Rε ∶ ∣Mα
µV1(x) −

1
µ(B(x , ∣x∣ − rε))1/q

∣ > (1 − 2ε1/(2q))λ})

+ µ({ ∣x∣ > Rε ∶ ∣
1

µ(B(x , ∣x∣ − rε))1/q
−

1
µ(B(x , ∣x∣))1/q

∣ > ε1/(2q)λ})

= µ({ ∣x∣ > Rε ∶ ∣K1(x)∣ > (1 − 2ε1/(2q))λ})

+ µ({ ∣x∣ > Rε ∶ ∣K2(x)∣ > ε1/(2q)λ}) .

It follows from ∣x∣ > Rε = (ε + 1)rε/ε by deûnition that

∣x∣ − rε > ∣x∣/(ε + 1) and ∣x∣ + rε < ∣x∣(2ε + 1)/(ε + 1).

Hence,

∣K1(x)∣ ≤
∣µ(B(x , ∣x∣ + rε))1/q − µ(B(x , ∣x∣ − rε))1/q ∣ + εµ(B(x , ∣x∣ − rε))1/q

µ(B(x , ∣x∣ + rε))1/qµ(B(x , ∣x∣ − rε))1/q

≤
∣µ(B(x , ∣x∣ + rε))1/q − µ(B(x , ∣x∣ − rε))1/q ∣
µ(B(x , ∣x∣ + rε))1/qµ(B(x , ∣x∣ − rε))1/q

+
ε

µ(B(x , ∣x∣ + rε))1/q

=∶ K 1
1(x) +

ε
µ(B(x , ∣x∣ + rε))1/q

.
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By the fact that ∣aγ − bγ ∣ ≤ ∣a − b∣γ for any a, b ≥ 0, 0 < γ < 1, we get

∣K 1
1(x)∣ ≤

∣ ∫B(x ,(2ε+1)∣x ∣/(ε+1)) ∣y∣
βdy − ∫B(x ,∣x ∣/(ε+1)) ∣y∣

βdy∣ 1/q

µ(B(x , ∣x∣))1/qµ(B(x , ∣x∣/(ε + 1)))1/q

≤
∣ (2ε + 1)n+β ∫B((ε+1)e1/(2ε+1),1) ∣y∣

βdy − ∫B((ε+1)e1 ,1) ∣y∣
βdy∣ 1/q

( ∫B(e1 ,1) ∣y∣
βdy ∫B((ε+1)e1 ,1) ∣y∣

βdy∣x∣n+β) 1/q

≤
((2ε + 1)n+β − 1)1/q

∣x∣(n+β)/qµ(B(e1 , 1))1/q
.

_en

∣K1(x)∣ ≤
((2ε + 1)n+β − 1)1/q

∣x∣(n+β)/qµ(B(e1 , 1))1/q
+

ε
µ(B(x , ∣x∣))1/q

.

Similarly, we have

∣K2(x)∣ ≤ ∣
1

µ(B(x , ∣x∣ − rε))
−

1
µ(B(x , ∣x∣))

∣
1/q

≤ ∣
∫B(x ,∣x ∣) ∣y∣

βdy − ∫B(x ,∣x ∣/(ε+1)) ∣y∣
βdy

∫B(x ,∣x ∣) ∣y∣βdy ∫B(x ,∣x ∣/(ε+1)) ∣y∣βdy
∣
1/q

≤ ∣
(ε + 1)n+β − 1
∣x∣n+βµ(B(e1 , 1))

∣
1/q

.

_erefore,

µ(G1
(1−ε1/(2q))λ) ≤ µ({x ∈ Rn

∶
((2ε + 1)n+β − 1)1/q

∣x∣(n+β)/qµ(B(e1 , 1))1/q
> (1 − 3ε1/(2q))λ})

+ µ({x ∈ Rn
∶

ε
µ(B(x , ∣x∣))1/q

> ε1/(2q)λ})

+ µ({x ∈ Rn
∶ ∣
(ε + 1)n+β − 1
∣x∣n+βµ(B(e1 , 1))

∣
1/q

> ε1/(2q)λ})

≤
ωn−1((2ε + 1)n+β − 1)

λq(1 − 3ε1/(2q))qµ(B(e1 , 1))
+

ωn−1εq−1/2

λqµ(B(e1 , 1))

+
ωn−1((ε + 1)n+β − 1)
√
ελqµ(B(e1 , 1))

.

Combining with the above estimates, we obtain

(2.5)

µ(Gλ) ≤ µ(G1
(1−ε1/(2q))λ) +

Cεq−1/2

λq +
ωn−1Rn+β

ε

n + β

≤
ωn−1((2ε + 1)n+β − 1)

λq(1 − 3ε1/(2q))qµ(B(e1 , 1))
+

ωn−1εq−1/2

λqµ(B(e1 , 1))

+
ωn−1((ε + 1)n+β − 1)
√
ελqµ(B(e1 , 1))

+
Cεq−1/2

λq +
ωn−1Rn+β

ε

n + β
.

Now letting λ → 0+ and noting that ε is arbitrary, we obtain
lim
λ→0+

λqµ(Gλ) = 0

and complete the proof of conclusion (ii).
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Next, we verify conclusion (iii), using similar arguments with some appropriate
modiûcations. For ∣x∣ > Rε , x′ = x/∣x∣, it is easy to check that

1 − ε
µ(B((x − rεx′)/2, (∣x∣ + rε)/2))1/q

≤ M̃α
µV1(x) = sup

Bx∋x

V1(Bx)

µ(Bx)1/q

≤
1

µ(B((x + rεx′)/2, (∣x∣ − rε)/2))1/q
.

From this, by similar arguments as in the proof of the conclusion (i), we can get
similar upper and lower estimates with M̃α

µ substituted for Mα
µ . Moreover, note that

µ(B(x , ∣x∣))1/q = 2(n+β)/qµ(B(x/2, ∣x∣/2))1/q , and we can get conclusion (iii).
Furthermore, the proof of conclusion (iv) is quite similar to that of conclusion (ii).

We omit the details here.
Finally, conclusion (v) follows directly from conclusions (ii) and (iv). _eorem 1.1

is proved.

Remark 2.2 We remark that _eorem 1.1(ii) is stronger than conclusion (i).

Indeed, for λ > 0, let Gλ be as in (2.4) in the proof of _eorem 1.1. _en for 0 <

ε≪ η < 1, by Lemma 2.1, we have

µ({x ∈ Rn
∶ Mα

µV(x) > λ}) ≤ µ(Gηλ) + µ({x ∈ Rn
∶

1
µ(B(x , ∣x∣))1/q

> (1 − η)λ})

= µ(Gηλ) +
ωn−1

(1 − η)qλq(n + β)µ(B(e1 , 1))
.

By (2.5) and letting λ → 0+, ε → 0 and η → 0, we know that

lim
λ→0+

λqµ({x ∈ Rn
∶ Mα

µV(x) > λ}) ≤ ωn−1

(n + β)µ(B(e1 , 1))
.(2.6)

On the other hand,

µ({x ∈ Rn
∶ Mα

µV(x) > λ}) ≥ µ({x ∈ Rn
∶

1
µ(B(x , ∣x∣))1/q

> (1 + η)λ}) − µ(Gηλ)

=
ωn−1

(1 + η)qλq(n + β)µ(B(e1 , 1))
− µ(Gηλ).

Now invoking (2.5) and letting λ → 0+, ε → 0, and η → 0, we get

lim
λ→0+

λqµ({x ∈ Rn
∶ Mα

µV(x) > λ}) ≥ ωn−1

(n + β)µ(B(e1 , 1))
.(2.7)

Combining with (2.6) and (2.7), we obtain conclusion (i).

3 Proof of Theorem 1.4

_is section is devoted to proving _eorem 1.4. Without loss of generality, we can
assume that V(Rn) = 1. _en for any 0 < ε≪ 1, there exists rε > 0 such that

V({x ∈ Rn
∶ ∣x∣ < rε}) > 1 − ε.
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Denote dV1(x) = χ{x∈Rn ∶∣x ∣<rε}(x)dV(x) and dV2(x) = χ{x∈Rn ∶∣x ∣≥rε}(x)dV(x). We
know that V1(Rn) > 1 − ε and V2(Rn) < ε. Set

Fλ = {x ∈ Rn
∶ ∣IαµV(x)∣ > λ},

F 1
λ = {x ∈ R

n
∶ ∣IαµV1(x)∣ > λ},

F2
λ = {x ∈ R

n
∶ ∣IαµV2(x)∣ > λ}.

Note that 0 < ε < ε1/(2q) ≪ 1, and we have

Fλ ⊆ F 1
(1−ε1/(2q))λ ⋃ F

2
ε1/(2q)λ , and F 1

(1+ε1/2q)λ ⊆ Fλ ⋃ F2
ε1/(2q)λ .

_en

µ(F 1
(1+ε1/(2q))λ) − µ(F2

ε1/(2q)λ) ≤ µ(Fλ) ≤ µ(F 1
(1−ε1/(2q))λ) + µ(F2

ε1/(2q)λ).

By the (L1(Rn , dµ), Lq ,∞(Rn , dµ))-boundedness of Iαµ , we get

µ(F2
ε1/(2q)λ) ≤

C
√
ελq

V2(Rn
)
q
≤
Cεq
√
ελq

≤
Cεq−1/2

λq ,(3.1)

which leads to

(3.2) µ(F 1
(1+ε1/(2q))λ) −

Cεq−1/2

λq ≤ µ(Fλ) ≤ µ(F 1
(1−ε1/(2q))λ) +

Cεq−1/2

λq .

Next,wewill estimate µ(F 1
(1−ε1/(2q))λ) and µ(F 1

(1+ε1/(2q))λ), respectively. Employing
thenotationRε = (1+1/ε)rε as in theproof of_eorem1.1,we canwrite F 1

λ = F
1,1
λ ∪F 1,2

λ ,
where

F 1,1
λ ∶= {∣x∣ > Rε ∶ ∣IαµV1(x)∣ > λ} and F 1,2

λ ∶= {∣x∣ ≤ Rε ∶ ∣IαµV1(x)∣ > λ}.

We ûrst estimate µ(F 1,1
(1−ε1/(2q))λ). Set

L(x , y) ∶= 1
µ(B(x , ∣x − y∣))1/q

−
1

µ(B(x , ∣x∣))1/q
.

_en

µ(F 1,1
(1−ε1/(2q))λ) ≤ µ({ ∣x∣ > Rε ∶ ∫

Rn
∣L(x , y)∣dV1(y) > ε1/(2q)λ})

+ µ({ ∣x∣ > Rε ∶
1

µ(B(x , ∣x∣))1/q
> (1 − 2ε1/(2q))λ})

=∶ J1 + J2 .

By Lemma 2.1, we conclude that

J2 ≤ µ({x ∈ Rn
∶

1
µ(B(x , ∣x∣))1/q

> (1 − 2ε1/(2q))λ})

=
ωn−1

(n + β)(λ(1 − 2ε1/(2q)))qµ(B(e1 , 1))
.

Now we estimate J1.
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(i) When ∣x∣ ≥ ∣x − y∣, since ∣x∣ > Rε , ∣y∣ < rε , we have

∣x∣/(ε + 1) < ∣x − y∣ < (2ε + 1)∣x∣/(ε + 1).

Recall that ∣aγ−bγ ∣ ≤ ∣a−b∣γ for any a, b ≥ 0, 0 < γ < 1. _en themean value theorem
tells us that

∣L(x , y)∣ ≤
∣ ∫B(x ,∣x ∣) ∣z∣

βdz − ∫B(x ,∣x−y∣) ∣z∣
βdz∣ 1/q

( ∫B(x ,∣x ∣) ∣z∣βdz ∫B(x ,∣x−y∣) ∣z∣βdz)
1/q

≤ (
∣x∣n+β − ∣x − y∣n+β

µ(B(e1 , 1))∣x∣2n+2β(ε + 1)−(n+β)
)

1/q
≤ (

C∣y∣
∣x∣n+β+1µ(B(e1 , 1))

)
1/q

.

(ii) When ∣x∣ < ∣x − y∣, we can similarly deduce that

∣L(x , y)∣ ≤ ( ∣x − y∣n+β − ∣x∣n+β

µ(B(e1 , 1))∣x − y∣2n+2β(ε + 1)−(n+β)
)

1/q
≤ (

C∣y∣
∣x∣n+β+1µ(B(e1 , 1))

)
1/q

.

Hence,

(3.3)

J1 ≤
1
√
ελq ∫∣x ∣>Rε

( ∫
Rn
∣L(x , y)∣dV1(y))

q
dµ(x)

≤
Crε
√
ελq ∫∣x ∣>Rε

1
∣x∣n+β+1µ(B(e1 , 1))

dµ(x)

≤
Crε

√
ελqµ(B(e1 , 1)) ∫∣x ∣>Rε

1
∣x∣n+1 dx ≤

Crε
√
ελqµ(B(e1 , 1))Rε

.

Combining the above estimates for J1 and J2, we obtain

µ(F 1,1
(1−ε1/(2q))λ) ≤

Crε
√
ελqµ(B(e1 , 1))Rε

+
ωn−1

(n + β)(λ(1 − 2ε1/(2q)))qµ(B(e1 , 1))
,

which together with(3.2) implies that

µ(Fλ) ≤ µ(F 1,1
(1−ε1/(2q))λ) +

Cεq−1/2

λq +
ωn−1Rn+β

ε

n + β

≤
Crε

√
ελqµ(B(e1 , 1))Rε

+
ωn−1

(n + β)(λ(1 − 2ε1/(2q)))qµ(B(e1 , 1))

+
Cεq−1/2

λq +
ωn−1Rn+β

ε

n + β
.

Note that rε/Rε = ε/(1 + ε). By letting λ → 0+ and the arbitrariness of ε, we get

lim
λ→0+

λqµ(Fλ) ≤
ωn−1

(n + β)µ(B(e1 , 1))
.(3.4)

On the other hand, we have

µ(F 1
(1+ε1/(2q)λ) ≥ µ({∣x∣ > Rε ∶ ∣IαµV1(x)∣ > (1 + ε1/(2q))λ})

= µ({ ∣x∣ > Rε ∶ ∫
Rn

1
µ(B(x , ∣x − y∣))1/q

dV1(y) > (1 + ε1/(2q))λ}) .
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Since

∣ ∫
Rn

1
µ(B(x , ∣x∣))1/q

dV1(y)∣ ≤ ∫
Rn
∣

1
µ(B(x , ∣x − y∣))1/q

−
1

µ(B(x , ∣x∣))1/q
∣dV1(y)

+ ∣ ∫
Rn

1
µ(B(x , ∣x − y∣))1/q

dV1(y)∣

= ∫
Rn
∣L(x , y)∣dV1(y) + ∫

Rn

dV1(y)
µ(B(x , ∣x − y∣))1/q

,

we have

µ({ ∣x∣ > Rε ∶ ∣ ∫
Rn

1
µ(B(x , ∣x∣))1/q

dV1(y)∣ > (1 + 2ε1/(2q))λ})

≤ µ({ ∣x∣ > Rε ∶ ∣ ∫
Rn

1
µ(B(x , ∣x − y∣))1/q

dV1(y)∣ > (1 + ε1/(2q))λ})

+ µ({ ∣x∣ > Rε ∶ ∫
Rn
∣L(x , y)∣dV1(y) > ε1/(2q)λ}) .

_is together with Lemma 2.1 and (3.3) leads to

µ(F 1
(1+ε1/(2q))λ) ≥ µ({ ∣x∣ > Rε ∶ ∣ ∫

Rn

1
µ(B(x , ∣x∣))1/q

dV1(y)∣ > (1 + 2ε1/(2q))λ})

− µ({ ∣x∣ > Rε ∶ ∫
Rn
∣L(x , y)∣dV1(y) > ε1/(2q)λ})

= µ({x ∈ Rn
∶ ∣ ∫

Rn

1
µ(B(x , ∣x∣))1/q

dV1(y)∣ > (1 + 2ε1/(2q))λ})

− µ({ ∣x∣ ≤ Rε ∶ ∣ ∫
Rn

1
µ(B(x , ∣x∣))1/q

dV1(y)∣ > (1 + 2ε1/(2q))λ})

− µ({ ∣x∣ > Rε ∶ ∫
Rn
∣L(x , y)∣dV1(y) > ε1/(2q)λ})

≥
ωn−1(1 − ε)q

(n + β)(λ(2ε1/2q + 1))qµ(B(e1 , 1))
−

ωn−1Rn+β
ε

n + β

−
Crε

√
ελqµ(B(e1 , 1))Rε

.

By letting λ → 0+ and the arbitrariness of ε again, we get

lim
λ→0+

λqµ(Fλ) ≥
ωn−1

(n + β)µ(B(e1 , 1))
.(3.5)

Combining (3.4) with (3.5) yields that

lim
λ→0

λqµ({x ∈ Rn
∶ ∣IαµV(x)∣ > λ}) = ωn−1

(n + β)µ(B(e1 , 1))
,

which completes the proof of conclusion (i).
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Next, we turn to proving conclusion (ii). Note that

∣ IαµV(x) −
V(Rn)

µ(B(x , ∣x∣))1/q
∣

≤ ∣ IαµV(x) −
V1(Rn)

µ(B(x , ∣x∣))1/q
∣ +

V2(Rn)

µ(B(x , ∣x∣))1/q

≤ ∣ IαµV1(x) −
V1(Rn)

µ(B(x , ∣x∣))1/q
∣ + ∣IαµV2(x)∣ +

ε
µ(B(x , ∣x∣))1/q

≤ ∫
Rn
∣L(x , y)∣dV1(y) + ∣IαµV2(x)∣ +

ε
µ(B(x , ∣x∣))1/q

,

where L(x , y) is as before. Recalling (3.1), Lemma 2.1, and (3.3), we have

µ({x ∈ Rn
∶ ∣ IαµV(x) −

V(Rn)

µ(B(x , ∣x∣))1/q
∣ > λ})

≤ µ({ ∣x∣ > Rε ∶ ∣ IαµV(x) −
V(Rn)

µ(B(x , ∣x∣))1/q
∣ > λ}) + ωn−1Rn+β

ε

n + β

≤ µ({ ∣x∣ > Rε ∶ ∫
Rn
∣L(x , y)∣dV1(y) > ε1/(2q)λ})

+ µ({ ∣x∣ > Rε ∶ ∣IαµV2(x)∣ > ε1/(2q)λ})

+ µ({ ∣x∣ > Rε ∶
ε

µ(B(x , ∣x∣))1/q
> (1 − 2ε1/(2q))λ}) + ωn−1Rn+β

ε

n + β

≤
Crε

√
ελqµ(B(e1 , 1))Rε

+
Cεq−1/2

λq

+
ωn−1εq

(n + β)(λ(1 − 2ε1/2q))qµ(B(e1 , 1))
+

ωn−1Rn+β
ε

n + β
.

Recall that rε/Rε = ε/(1+ε); by letting λ → 0+ and noting that ε is arbitrary,we obtain

lim
λ→0+

λqµ({x ∈ Rn
∶ ∣ IαµV(x) −

V(Rn)

µ(B(x , ∣x∣))1−α/n
∣ > λ}) = 0.

_is completes the proof of_eorem 1.4.
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