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ON THE CLOSURE OF THE CONVEX HULL 
OF A SET 

BY 

C.-S. LIN 

Let F be a linear space over the complex plane C, and let F be a mapping on the 
complex linear space Y@C into subsets of C with the following properties: for 
y e 7, X and ft e C, F(y+/j) is a nonempty and bounded subset of C, F(Xy+jbt)= 
XF(y)+ju and F({J,) = {JU,}. We shall write/(j+/i)=sup{|A+^| :X G i^j)}, the radius 
of F(y+ju), y e Y and JUG C. The convex hull (resp. the closure) of a subset M 
of C is denoted by conv M (resp. M). 

THEOREM. 

(1) l im/O + O-f = sup Re F(y); 
t~*oo 

(2) [conv F(y)]~ = n{fi:/j,eC and |/*-A| <f(y-X)}; 
XeC 

(3) [conv F(y)]~ = [conv F ( / ) ] " i # / ( y - / 0 = / ( / - 7 O , V/« e C. 

Proof. (1) For F(y+t)=F(y)+t,f(y+t)>RQ([t+t)=Refi+t, peF(y). Hence 
/ (y+O—f>supReF(y) . Since |z+/|—Re(z+/)->0 as f-*+oo, uniformly for z 
in bounded sets. Then if e>0. 

Sup Re F(y) < f(y+t)-t < sup Re F(y)+s 

for f sufficiently large, from which it follows that the required limit exists and has 
the right value. 

(2) If jLt e [conv F(y)]~ and XeC, then /u-Xe [conv F(y)]~-X= [conv F(y—X)]~ 
and hence \fi—X\<f(y—X). Thus fi is in the right-hand side. If/* <£ [convjF(y)]"~, 
by a preliminary translation and rotation, we may assume without loss of generality 
that [conv F(y)]~~ lies in the left half-plane Re z<0 , and that ^ > 0 . For large t>0, 
f{y+t)—t<[JL by (1), i.e., \p+t\>f(ji+i) and hence ft is not in the right-hand side. 

(3) If [conv F(y)]~= [conv F(/)]-, then [conv F(y-//)]"= [conv F(/- /*)]"" 
for all /a e C and the necessity follows. The sufficiency follows easily from (2). 

As for applications, consider the complex linear space B(X) of bounded linear 
operators on a Hilbert space X. Let a{T), ae(T), W(T) and We(T) denote respec
tively the spectrum, the essential spectrum (here, suppose dim X= 00 in order that 
oe(T)j£<f> [2]), the numerical range and the essential numerical range [3] of Te 
B(X). Also let r(T), r6(T), w(T) and we(T) denote respectively the corresponding 
radii. Now, applying the theorem above and using some elementary facts in the 
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theory of numerical ranges, we have the following: 

lim r(T+t)—t = sup Re cr(T); lim re(T+i)—t 
t-*co t-*<x> 

^ ' = sup Re ae(T); lim w ( T + 0 - f = sup Re W(T) 
t-+QO 

(this one should be compared with a remarkable result of Lumer [3, Lemma 2]: 
l i m ^ | | r+* | | -*=sup Re JF(r», and l i m ^ we(T+t)-t=mip Re J^6(T). 

(2) conv a(T) = n {^: /̂  e C and |/*-A| < r(T-A)} ; 

and 

conv cre(T) = n {/JL: /JL G C and |/*-A| < r e(T-A)}; 

[ l f ( T ) ] - = n { ^ : ^ C and | / i -A| < w(T-A)} [1, 3], 

and 

^ ( T ) = n {//: ^ G C and \fi-X\ < we(T-À)}. 

(3) For example, conv a(r)=[PF(r)]~, i.e., T is convexoid, iff r(T—[/)= 
w(T-p) for all ^ e C [1]. 

We can find more applications. For example, similar results apply to the numeri
cal range in an arbitrary Banach algebra with identity in the sense of [3]. 
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