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INVARIANT POLYNOMIALS OF WEYL GROUPS AND
APPLICATIONS TO THE CENTRES OF UNIVERSAL
ENVELOPING ALGEBRAS

C.Y.LEE

Introduction. An element in the centre of the universal enveloping algebra
of a semisimple Lie algebra was first constructed by Casimir by means of the
Killing form. By Schur’s lemma, in an irreducible finite-dimensional represen-
tation elements in the centre are represented by diagonal matrices of all whose
eigenvalues are equal. In section 2 of this paper, we show the existence of a
complete set of generators whose eigenvalues in an irreducible representation
are closely related to polynomial invariants of the Weyl group W of the Lie
algebra (Theorem 1). Such a set of generators and their eigenvalues have
found many applications in physics [5, p. 1314]. In section 3, we obtain the
polynomial invariants of the Weyl groups of the classical Lie algebras as well
as those of the five exceptional ones. These invariant polynomials can be used
directly to compute eigenvalues of a complete set of generators of 3. In the
last section, we point out a possible way of the explicit constructions of these
generators.

1. Preliminaries. All the basic results we need can be found in [2, part I11].
We use the same notations from that part of [2] and will not define them. The
dimension of } is assumed to be # instead of / as in [2].

2. A set of generators of 3 and their eigenvalues in ,. In this section,
we will study the eigenvalues of a set of generators of 3.

We will first consider some results in [2]. The function x, [2, p. 71] was
extended to B [2, p. 72]. It was also shown [2, p. 72] that if 8 is the isomorphism
from $ to the algebra of polynomials in %y, ..., x, defined by B8(H;) = «x;,
then every Z € 3 has a unique decomposition

21) Z=P+H, PcP,HCY;
furthermore,
(2.2) H =p"1x:(2))

and B is an isomorphism of 3 into the algebra C[x] of polynomialsin x4, . . ., %,.
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Now if w4 is the irreducible representation with highest weight A and v, is
a vector of weight A, then for any Z € 3, we have, by (2.1),

(2.3) wa(Z)va = ma(P)va + ma(H)vs = ma(H)va.
But ma(H)va = A(H)vs, 1 £ 4 < nand H = 8~ (x.(Z)), thus (2.3) become
(24) 72 Z)va = 7a(H)va = (xe(Z)|simnco) )V
and the eigenvalue of Z is x;(Z)|si=acme)-

Example. We apply the above ideas to the Casimir operator. Let H', ..., H"
be dual basis of H;, . .., H, with respect to the Killing form and X be the set

of all roots of h. If for any « € 2, E, and E_, satisfy (E,, E_,) = 1 and
[Es, E_,] = H./, then the Casimir operator Z, is defined by

Z,= Yy, HH'+ Y E_.E..
=1 acZ
Using [E., E_,] = H,/, we obtain a decomposition of Z, (2.1) as
Z, = (2 > E_aEa) + ( S HH + Y H)
a>0 i=1 a>0
Thus in 7, we have

FA(ZC)UA = WA( 21 H,-Hi + Z Ha')v,\.

a>0

Now X "A(H)A(H?) = (A, A) and D> .>oH. = 2p, where p = (3 asoH's)
[1, p. 246-7]. Thus the eigenvalue of Z,is (A, A + 2p).

If so; € W is a fundamental reflection, then s,,~! = s,; and from definition
[2, p. 69], we have

Ao H) = sa,MNH) = ()\ _20ney) )H,

Con )
thus,
(2.5) soH = H — a,(H)H,.
From (2.5) it follows that
(2.6)  saix; = x(sa; ;) = x; — ai(Hj)xy,
where
@) wt) =Tt
Definition. A polynomial function f (x4, . . ., x,) is said to be invariant under

W if it is invariant under the transformation (2.6). We also write sf(x) = f(x),
for all s € W.
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It is known that each Weyl group W has »n basic homogeneous invariant
polynomials [3].

TuEOREM 1. If fi(x), ..., fu(x) is a basic set of homogeneous invariant poly-

nomials of W, then there exists Zy, . .., Z, of B such that
(1) x2(Z4) = fix"), 1 =7 = m;
(ii) Z1, . .., Z, is a complete set of generators of 3.

Proof. Let o be the unique automorphism of C[x] which mapsx; — x; + p(H)
i=1,...,n). Let I be the W invariant polynomials of C[x]. By [2, Lemma
36 p. 72], the function x, is an injective homomorphism from 3 into C[x]. It is
clear from definition that ¢—'x, maps 3 into I. According to [2, Lemma 38 and
Corollary to Lemma 39], 0= 'x, maps 3 onto [; thus 3 >~ I (under o1x,).

If f1(x), ..., f.(x) is a basic set of homogeneous polynomials in I, then the
elements Z; = x, 'o(fi(x))(z =1, ..., n) clearly satisfies (i) and (ii).

3. Invariant polynomials. In this section, we study polynomials that are
invariant under W. Basic sets of homogeneous invariant polynomials will be
constructed for the classical Lie algebras as well as the five exceptional ones.
A list of the degrees of such a basic set for these algebras can be found in [4,

p- 780].
If (ay;) denotes the Cartan matrix [1, p. 121] of ¥ relative to h, then it follows
from (2.6) and (2.7) that the transformation s,; on (xi, ..., x,) corresponds

to the 7th column of (a;;), i.e.,
(8.1)  Sasx; = x; — a,%,

(1) A,: The Cartan matrix is

2 —1
—1 2 -1
—1 2
.-
i —1 2]
Let so; (1 £1 = n) be the transformation on (xi, ..., x,) corresponding to

the 7th column. Then

S
TP ,xn)ii (=21, 21 + %2, %3, « « ., %)

s
(X1, Xy « « + s %) = (%1 + %9, — X2, X3 + Ko, Xay .+ . ., Xp)
s:-"n—l
(xly X2y o v oy xn) — (xly ceey Xp—2 + Xn—1y —¥Xn—1y Xn + xn—l)
s,
(X1, X2y v v oy Xn) —3 (X1, + o oy X2y Xp1 T Xy — %)
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If

yi=mnx1+ (n—Dxo 4+ (n —2)x5 4+ ... + %,
yo=—x1+ (m — Dxa+ (n — 2)x3 + ... + %,
Vi = _x1_2x2+(n_2)x3+---+xm

Y= —x1 — 2% — 3x3+ (. — 3)xs + ... + x,,

Vo= —X1 — 2%y — 3x3 — ... — (n— D)x,1 + %,
Yot1 = —V1 = oo T Yny

then s,; becomes the transposition (y;y;;1) and W becomes the permutation
group on yi, ..., Yp+1. Lo show that yq, ..., ¥, are independent, we notice
that the coefficients of x, in all ¥';s (1 = ¢ < »n) are 1. Thus by multiplying
the last column of the Jacobian d(yy, ..., ¥.)/8(x1, ..., x,) by 7 and adding
it to the 7th column, the Jacobian becomes an upper diagonal matrix whose
determinant is (# + 1)*. Thus, as basic invariant polynomials, we may

choose the symmetric functions (in y1, ..., ¥,41)
Yr= 2 Yy V2= 2, YDk --vr ¥a=Vi...Yurl
3 <<k
(ii) B, (n = 2): The Cartan matrix is
- 5 1 -
-1 2 -1
-1
. —1
-1 2 -1
—2 2.

Let
y1=2x1+2x2+~--+2xn—1+xm
y2=2x2+2x3+--~+29€n+xm

Yn—-1 = 2%n—1 + %p,
Yn = Xp.

Then it can be verified that the transformations s,;(1 <7 < n — 1) corres-
ponding to the first # — 1 columns are (yyy.1) and that s, changes the sign
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of y,. The Jacobian d(y1, ..., y.)/0(x1, ..., x,) is easily seen to be 21,
Thus as basic invariant polynomials, we may choose
2

¢1=Zy12! ‘P2=;yi2y]'21 ] ‘/’n=y12---3’n-
1 T

(iii) C,(» = 3): The Cartan matrix is

2 -1
-1 2 -1
-1
. —1
-1 2 =2
-1 2.

Put
Y1 =%X1+ ...+ %,
Yo =%+ ...+ x,

Yn = Xp-

Then it can be proved that we have a similar case as in B,. As basic invariants,
we may choose

Y1 = Zt v, Y2 = ; VOV e Ya = Y
(iv) D,(n = 4): The Cartan matrix is
2 -1 ]
-1 2 -1
—1 2
.o —1
—1 2 -1 -1
—1 2 0
i -1 0 2l

Let
Y1 = 2x1 + P + an_z + Xp—1 + Xny
Y2 = 2%, + ... + zxn—Z + Xn—1 + Xny

Va1 = Xp1 + X,
Yn —Xn—1 + Xn-

https://doi.org/10.4153/CJM-1974-055-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1974-055-x

588 C. Y. LEE

It can be verified that the first # — 1 columns correspond to (y;y;y1) and the
last column transposes ¥,—; and ¥, and changes their signs. Also, the Jacobian
A1y -+ -y Yn)/0(x1, . .., x,) is not zero. Thus as basic invariant polynomials,
we may choose

b X sie 5 vl
i i<j

Yno1 = _<Z<i Vil Vinrs ¥ = Y1+ Vo
1< < in—1

(v) Go: The Cartan matrix is
2 -1
-3 2 .

Y1 = 3%1 + X2, Yo = X2, Y3 = —Y1 — Y2

Let

Then the transformation corresponding to the first and second columns are
(1, Y2, ¥3) = (¥2, Y1, ¥3)
0 Y2 ¥3) = (=3, =2, —y1)

respectively. Thus a basic set of invariants may be chosen as
=2 v b= Qo)

The independence of ¥; and ¥: can be shown by computing the Jacobian

3 (Y1, ¥2) /0 (y1, ¥2).

(vi) Fy: A fundamental root system of Fy can be chosen as
{%(61 — €2 — €3 — 64), €4y €3 — €4, €2 — 33}'
The Dynkin diagram is

1 1 2 2
o—ac_—o0o—o0,
a; oy Az Oy

and the Cartan matrix is

2 -1
-1 2 =2
—1 2 -1

-1 2.

If w=3%(r1 —ra — rs — ry), then in R* an arbitrary vector (ry, rs, 73, 74) is
transformed DY Say, Sas, Sagy Saq tO (11 — 2,79 + w, 75 4 u, 74 + u), (r1, 79,73, —74),
(r1, 79, 74, 73), (71, 73, 73, 74) respectively. Thus the 24 linear forms =7; 47,
(1 # j) are permuted under W.
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Now let

Y1 = 2x1 + 3x2 + 4x3 + 24,
Vo = X2 + 23 + 2x4,
Y3 = 23 + 2x3,
Vi = Xo.
Then 3(yi — y» — ¥3 — y4) = x1. It can be verified that under the trans-

formations generated by the four columns of the Cartan matrix, the images of

(1, Y2, ¥3, ¥4) are (y1 — &1, Y2 + %1, ¥5 + 1, yaF x1), (1, Yo Vs, —Y4),
(¥1, ¥2, ¥4, ¥3) and (y1, ¥3, Vs, ¥4). For a basic set of invariant polynomials, we
may choose the functions

o= 2 Qe+ 3)" + (= )", m=2,6,8,12
J
To show the independence of ¥2, ¥s, ¥s, Y12, we may either expand the Jacobian
and show that it is not identically zero or show that it is not zero for particular
values of y;, 92, vz and vy, (e.g., y1 = 1/v2, yo = /2, y3 = —1//2, v, =

—1/4/2).
(vii): E¢: The Cartan matrix is
2 -1
—1 2 —1
—1 2 —1 —1
—1 2 —1

-1 2
—1 2.

This case was studied in [4, p. 776-9]. Let
y1 = dxy + 4xs + 3xs 4+ 2x4 + x5
Yo = —x1 + 4x2 + 3x5 + 2x4 + x5
Y = —x1 — 2% + 3x; + 2x4 + x5
Y = —x1 — 2x5 — 3x3 + 2%4 + x5

Y5 = —Xx; — 2%5 — 3x3 — 4%4 + X5

Ye = —Y1 — ...~ s
and

y = —3(x; + 202 + 3x3 + 2xs + x5 + 2x).
Then the first five columns are the transpositions (y1¥2), ..., (¥5¥s) and the
last one is

(yly---yyﬁ;y)_)
(V1 — w, 92 — w0, Y5 — 4, Yo+ 4, Y5 + 0, Y6 + 1,y — 1)
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where 4 = 3(y1 + y2 + 3 + ¥). Let
a;=y,+yb;=y,—y (=12,...,6),
cy=—yi—y; @@<j).

As a basic set of invariant polynomials, we may choose

Ym= 2, a"+ 250"+ 2 ¢, m=25,6,809,12
i i <j

By the method used in (i), it is quite easy to show that y;, ..., ys are inde-
pendent. It is then clear that yy, . . ., ¥5, ¥ are independent. The independence
of ¢,’s then follows from [4].

(viii) E7: In the seven dimensional space { (r1, ..., rs)|r1 + ... + rs = 0},

a fundamental root system can be chosen as
{al =€ — €, = €2 —€3,...,0 = €g — E7,7 =

1
7(3(8) — €1 — €y — €3 — 84}.

Where ¢® = z§=le,., Reflections defined by a1, as, . . ., as are transpositions
(rir2), . .., (rer7) and the one defined by a7 is
1
(ri,...,r8) = (r1,...,78) — 5 (=71 —ry —7r3 —74)

X (-1,-1,-1,—-1,1,1,1, 1).

The 56 linear forms 7; 4 r; and —r; — r;(z #% j) are permuted under W.
The Cartan matrix is

2 -1
-1 2 -1
—1 2 -1
-1 2 -1 —1
—1 2 -1

i ~1 2

Let

Y1 = 3%1 + 2% + x5 — X7
Yo = —x1 + 2x3 + X3 — X7

Y3 = —x1 — 202 + X3 — X7

Vi = —x1; — 2xs — 3xX3 — X7

Y5 = —Xx1; — 2x9 — 3x3 — 4%y — X7

Yo = —Xx1 — 202 — 3x3 — 4xs — 4x5 — X7

Y71 = —Xx1 — 2%y — 3x3 — 4xq — 4x5 — dxg — X7
Vg = —Y1 — Y2 — ... — Y1
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Then (y1 4+ y2 + ¥3 + y4)/2 = —2x7. It can be verified that s; acts as
(Yiyir1), 1 £ 4 = 6) and

s 1
1oy Ys) = T 9 (=y1 —y2 —y3 — 1)

X (-1, -1, —1, —1,1,1, 1, 1).

Let ay; = v; + y;; then as invariants we may choose

Ym = 2 ai", m=2,6,8,10,12, 14, 18.

i<j

To show the independence of these functions, we have computed the value of
their Jacobian at particular values of the y;'s. For the cases of E; and Eg,

we have computed the values of the invariants at particular values on an
IBM-370 and found them to be non-zero.
(ix) Es: In R8, a fundamental root system of this algebra can be chosen as

{011 = €1 — €2,y = €3 — €3,Q3 = €3 — €4, Q4 = €4 — €5,Q5 = €5 — €,

— — 1 _
ag = €5+ er, 07 = eg — 36, a9 = €5 — 87}-

Then sa, = (r172), Say = (rar3), Sag = (r574), Say = (ras), Sus = (576), Sas =
(rer1), Sag = — (7er7) and
Saz 1
(71,...,7’3)—>(n,...,rs)—Z(—h—... —r1+ 7s)
X (—1,...,—1,1).

The 240 linear forms
ritrpri—r,—ri—r; (@#j)
8 8
E €4, (e, = =41, H € = —1) permute.
=1 i=1

The Cartan matrix is

2 —1 ]
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1 -1
-1 2 -1
-1 2
i ~1 2.
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Y1 = 2x1 + 2x2 + 2x3 + 224 + 225 + X6 + X
Vo = 2% + 2x3 + 2x4 + 2x5 + %6 + X3

V3 = 2x3 + 2x4 + 2x5 + x6 + X3
Vs = 2x4 + 2x5 + X6 + X3
Y5 = 2x5 4+ %6 + X3
Ve = X6 + X3
Y7 = X6 + X3

Vg = 2961 + 4362 + 636'3 + 83(?4 + 10.7C5 + 7xe “I‘ 4307 + 5968.
Then it can be verified that s; = (y1y2), S2 = (y2y3), 3 = (¥s¥4), 1 = (¥a¥5),

s5 = (¥5¥6), 5s = (Ye¥1), s6 = — (¥ey7), and
s 1
oo ey ¥8) =5 (1, - v o, Vs) — i mm =y )

X (—1,...,—1,1).
Thus we may choose as invariants the functions
bn=2 2 0t )" + Oem )+ 2 (D)
i<j Tej=—1,€6;=

m = 2,8, 12, 14, 18, 20, 24, 30.

Independence of these functions can be shown as in the case of £;.

4. Conclusion. For the explicit construction of complete set of generators
of €, we mention a process of lifting invariant polynomials of W to invariants
of the adjoint group as outlined in [6, p. 63-5]. It follows from a result in [7]
that invariant polynomials of the adjoint group are closely related to %. In
a future paper, we plan to follow these ideas and investigate the constructions
of generators arising from invariant polynomials of T for all algebras discussed
in this paper.
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