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Abstract

Some inequalities of Jensen type for Q-class functions are proved. More precisely, a refinement of
the inequality f((1/P) X7, pix;)) < P X1, (f(x;)/p;) is given in which pi, ..., p, are positive numbers,
P=Y7", piand fis a Q-class function. The notion of the jointly Q-class function is introduced and some
Jensen type inequalities for these functions are proved. Some Ostrowski and Hermite—-Hadamard type
inequalities related to Q-class functions are presented as well.
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1. Introduction and preliminaries

Assume that py, ..., p, are positive numbers and P = ;" | p;. If f: J — Ris a convex
functionand x; € J (i =1, . . ., n), then the following so-called Jensen inequality holds:

(3 Zplx,) Zplf(x, (L)

A real-valued function f on an interval J is said to be of Q-class or to be a Q-class

function if
fAx+ A=Ay )<—f;) +_1f(y)

for all x,y€ J and all A € (0, 1). This notion was first introduced by Godunova and
Levin [12]. It is easy to see that this class of functions contains all nonnegative
monotone increasing functions and nonnegative convex functions. Also, all such
functions are nonnegative [11]. Many other properties of such functions can be found
in [8, 9, 17, 18]. Mitrinovi¢ and Pecari¢ [15] proved the following inequality similar
to (1.1) for Q-class functions:

7 ZM)“’Z = (2
i=1
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[2] Jensen type inequalities for Q-class functions 129

Dragomir and Pearce [8] obtained some Jensen type inequalities for Q-class functions.
Some new properties of Q-class functions are proved in [17, 18].
Recall that a function f : [a, b] X [c, d] — R is said to be jointly convex if

JAGx y) + (1 =D, YD) S Af(xy) + (1= Df,Y)

for all x,x" €[a, bl,y,y €lc,d] and A€]0,1]. Klari¢i¢ Bakula and Pecari¢ [14]
proved some inequalities related to jointly convex functions.

If f:1C[0,0)— R is differentiable on /°, the interior of I,a,bel,a<b, f is
integrable on [a, b] and |f’(x)| < M, then

2 2
(e )

f(x)——f f(Odt| <

This is known as the Ostrowski inequality.
If f:1C[0, 00) — Ris aconvex function and a, b € I, a < b, then the following so-
called Hermite—Hadamard inequality holds:

157)=5-

f(a) + f(b)
< DR

Dragomir et al. [9] obtained a Hermite-Hadamard type inequality for Q-class
functions. Recently some authors have established some results concerned with the
Ostrowski inequality and the Hermite-Hadamard inequality. In [3], some Ostrowski
type inequalities for functions, whose derivatives are s-convex in the second sense, are
proved. Dragomir and Agarwal [7] proved some Hermite—Hadamard type inequalities
for differentiable convex functions. A series of other results can be found in [1, 2, 4—
6, 10, 13].

In Section 2 we give a refinement of (1.2) and state some of its applications. In
Section 3 we introduce the notion of a jointly Q-class function and investigate some
of its properties. We also present some inequalities related to the Jensen inequality for
such functions. In the last section, we prove some Ostrowski and Hermite-Hadamard
type inequalities for functions whose first or second derivatives are Q-class.

2. Refinement of the Jensen inequality

In this section we aim to establish some Jensen type inequalities. If p; >0 and
pi<0(i= .,n) are such that P = )" | p; >0, then

( Z p,xl) >P f;)fl)

i=1

To see this, set p; =P, x; = (1/P)), pix;and p;=—p; (i=2,...,n)in (1.2). Now
let X be a real vector space and f: X — R be a Q-class function. Let pi,..., p,
be positive numbers such that ", p;=1. Let J be a nonempty proper subset
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of {1,...,n}. Assume that J={1,...,n} = J,P; =Y, pjand P; = P;=1— P,. For
xi€X@=1,...,n)weputx=(xp,...,x,). Set

Qf. 1P = 5 A5 NG %) + -—Jf(l% > ).
ieJ

We obtain the following refinement of (1.2).

Tueorem 2.1. With the notation as above:

Q) (Z p,x,) <Q(f, ], P,x) < Z f(x’ @.1)
) S f(x) o) 1]
(ii) 20, - f(z szz) 2, - ITJf(P_, ; Pixi) > 0. (2.2)
In particular,
fx) C fO)  fxe) 1 PiXi + PeX
Z‘ - (Z‘ p ”xi) = ér/lf?’én{ p: " p; T v ( kpi + pZ Z)} 2.3)
>0.

Proor. (i) It follows from (1.2) that
1 1 1 1
Q(f, J, P, =—(— ii)+—_(—_ ii)
(f. 4. P.2) PJijpr PfPJ;px

Nl Ny

ieJ

which is the second inequality of (2.1). To get the first inequality of (2.1), note that
P;+ Pj=1. We have

0.1 P0) = 5t 3 o)+ 5 A5 3 o)

I/\

J ieJ
> f(P](PiJ ; p,-xi) (PJ ; plx,)) (since f is Q-class)
= f( - pixi + ; szz)
= f(zn: Pixi).
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(i1) By (1.2), the second inequality of (2.2) holds. Also

DD WL

ieJ

Z f(xl ( Z p,xl)

ieJ

since ) ;7 pi + Py =1 and f is Q-class. Therefore

I I B I Y )

ie ieJ
f(xl 1
= - —f(— Pixi) 20
Putting J = {k, £} for some k, £ € {1, . . ., n} we obtain (2.3). O

Let f,X and P be as above. If J={k} for some ke{l,...,n} we obtain the
following consequence.

CoroLLARY 2.2. Let f be a Q-class function on a real vector space X and suppose that
Xi, ..., X €X. If p1, ..., pn are positive numbers such that 3}, p; = 1, then

f(zn: pixi) < min{f(xk) .\ f(%)

— I<k<n\ py Dixk Di
Zizk DiXi
< {f(xk) f( Zt#k Di )
< ma +
Isksn py 2izk Di
L\ )
Di

Now we give two illustrations describing our work.

ExampLe 2.3. Let pi, ..., p, be positive numbers and };! , p;=1. Consider the
function f(¢#) =log ¢ on [1, o). Then f is Q-class. Hence

Zizk DiXi n
log(z pus) < 280, Z(ipp ) 3 losw)

i=1

Therefore
Y Dizk Pixi\ /1770 T Un
log( Pixi) < log(xkl/pk(—) )S log( Xi /P’)’
; izk Pi 1;[
whence
n n 1- n
([T57) = () o) = (o (Z2) ) < (). o
i =1 Zz#k pi i=1
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Note that the first inequality of (2.4) is the arithmetic—geometric means inequality.
Applying (2.3), we get

n n
log(x; log(x, log(x, 1 Xi + pex
Z g( )—log(ZPixi)Z gl logxe) _ o (Pk k+ Pe 5)20'
= D pr Dk pe Pk + pe Pr + Pt
Hence
H?—l x}/ﬁi xllc/ka;/Pe N
Zie1 Dixi (kak+[7[x1)1/(p"+p’) a
Pktpe
ExampLE 2.4. Let py, ..., p, be positive numbers and )", p; = 1. For f(1) = vt on
[0, o),
Zl#k Pxxr)
and

n
Z pixi < N Eur) g VA (2.5)
Z#k pi = i
1 | PiXi + DeXe >0
P :1 pe Pk + pe Pk + pe

Note that if n=3, p; =3 and xi=@G+r—-172(@G=1,2,3) for some reR*, then all
inequalities above are strlct. For example, with k = 1 we have from (2.5) that

rel<yrP+2r+3<3(r + 1 3r4d 3) <90 + 1.

CoroLLARY 2.5. Let f,X and x; (i=1,...,n) be as above. Let p;=(1/n)
(i=1,...,n)and J={1,...,m} for some m <n. Then

f(il %) = %f(% 2 xi) T fmf(n —1 m _21 xi) = Z flx-

CoroLLARY 2.0. Let X, f, pi and J be as in Theorem 2.1. Let y;e€ X and x; =y; —
2 pyii=1,...,n). Then

ZZ:J if(yi - ,Z:‘ Pjyj')
il Zob-Som) ol S-S o)

ieJ

= /(2 pl me) Z (o me)) £(0).

ieJ
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The next result is a Levinson type inequality [16] for monotone increasing

functions.
Tueorem 2.7. Let pi, . .., p, be positive numbers, P =}, p; and f be a nonnegative
monotone increasing function on [a,b). Let x;,y;€la,b] (i=1,...,n) such that

X; +y; = m for some fixed real number m and max<;<, y; < min<j<, X;. Then

; fo (l Z;‘piyi)spizn:‘ % _f(%zpixi)-

Proor. We have to show that

f(%gpixi)_f(l )szf(xl _sz(vll

or equivalently

f(%gpixi)— (m——Zplx,)<P; S(x) Piz:;f(mp?xz')

To this end, we apply (1.2) to the Q-class function g(x) = f(x) — f(m — x). O

3. Jointly Q-class functions
In this section, we define a jointly Q-class function, analogous to joint convexity.
DerniTioN 3.1. A function f: [a, b] X [¢, d] — R is said to be jointly Q-class if

fEy) | f0y)

S y) + (1 =D, ) < 5 )

for all x, x" € [a, b],y, Y €[c,d] and all 2 € (0, 1).

Let f: [0, c0) — R be a Q-class function. Let x = (xq,...,x,) and y =1, ..., Yn)
be n-tuples of positive numbers. Set

As(x, y) = Z %f(f?)

i=1
We have the following theorem.

THeorREM 3.2. Let f:[0,00) — [0,00) be a function and x=(xi,...,x,) and
y=1,...,Yn) be n-tuples of positive numbers. Then:

() if fis O-class, then Ag(x,y) is jointly Q-class in x and y;

() 0<(/X)f(XL, yil Xy xi) <Ap(x,y), for every x,ye€(0,c0), where X =
i1 Xie
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Proor. (i) Let A€ (0, 1)andletx = (x1,...,x,), x" =(x],...,x,),y=(1,...,ys) and
=}, ...,y,) be n-tuples of positive numbers. Then

< 1 Ayi + (1 = A)y;
Ap(Ax + (1 =)', Ay + (1 = )y') = ; ( l,)
; Axi + (1 = Dx;" \Ax; + (1 — Dx]

Ay 1=y
X X xix)
1, 12

Xi

._.

1

B ; Ax;+ (1 —A)x;f(

X

=Zlmf( s - )

where

2
X Ax;
M= = -
%’JF% Ax; + (1 = Dx]
Since f is Q-class,
n ’
1 Vi Y
— Adisa- _,)
; Ax; + (1 = Dx] f('uxi (1 =w) x;

<2 mra=arl B )

T L+ (1 A\
I e L el

/lle (yl) 1_/12 (—)=—Af(xy)+;Af(x ).

(i1) Note that every Q-class function is nonnegative [11], so the first inequality is valid

For the second inequality,

er_lzlyl) f(Z:l 1 xlx, )_Z Zizi ka(x,) XAp(x,y).

sy Xi v /TS x

i
This concludes the proof. m|

CoroLLary 3.3. Let f be a Q-class function. Let x;j, y;j, pj (1<i<m, 1< j<n) be
positive numbers such that Z;f:] pj=1. Then

Z (2;21 PjYij)
2oy PiXij” \Eley PjXij
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<P, i 1 (Zjejijij)+PJ - 1 (Zjefpjyij)
i Y jer PiXij” \ X jes PjXij Y jel PiXij~ \ X jeJ PjXij
n m 1 y X
<> f(i).
o NP i
Proor. This follows from Theorems 2.1 and 3.2. O
The next theorem gives a lower bound for the function Ay.
TueorEM 3.4. Let f be a Q-class function. Let x = (xy,...,X,) and p=(p1,..., Pn)

be n-tuples of positive numbers such that Y)}_, p;=1. Let J be a nonempty proper
subset of {1,...,n}and J={1,...,n} = J. Put X; = Y,c; x; and Py = ¥;c; pi. Then

n 1 Z . j x1
0/ )—()—(— ) <850, 0.
f;x A5 )+ =5/ 555, ) s o
Proor. The left inequality follows from Theorem 2.1. The proof of the right inequality

is similar to that of Theorem 3.2 and we omit it. m|

ExawmprE 3.5. Let f(f) =logt, and xy, . .., x, and py, . . ., p, be positive numbers such
that x; > p; and )7, p;=1. Let J ={k} for some ke{l,...,n}. It follows from
Theorem 3.4 that

" Xk 1 Z,-ikx,' " 1 Xi
0<1 ( )s—l ( )+ I ( ) 4 (—)
ng pko 1 = pi Ogl_Pk Zpi ngi

i=1 i=1

IA

Therefore, it follows from the monotonicity of the function ¢’ that

ISZMS ne| X 1 Zl#kxl
p ' 1—Pk

The next theorem gives a Jensen type inequality for jointly Q-class functions.

THeEOREM 3.6. Let f: 1 X J — R be a jointly Q-class function. Let x, . .., x, €I and
Vis...syn€J. Letpi,qi>0(@i=1,...,n), P=3",piand Q=3 qi Put

1l 1 v
X=I—,;Pixi and y=§;%‘yln

Then

fEn<s(P Zﬂx”y) o) 5 cpoy 5 0D

j=1 qj
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Proor. Since f is jointly Q-class, it is clearly Q-class in each of its variables, from
which we get

o) T Goy o, (3.2)
=4

f(x,yj)spzw G=1,...,n). (3.3)
i=1 !

Multiplying both sides of (3.2) and (3.3) by 1/p; and 1/q;, respectively, and summing
over i and j, we obtain

o () fx y]

Z p ¢ Z ]Z:; pid; G
f(-x )’1) <P f(xisyj . 35)

le ; ; Piq; (

Multiplying (3.4) and (3.5), respectively, by P and Q and adding both inequalities, we
get the second inequality in (3.1). To get the first one, note that

- 1< . o f(x, )
= -5 iV < P - >
f&x.9) f(P;px y) Z; o
- 1 X o f(Ey)
Q4 P
These inequalities immediately yield the first inequality of (3.1). O

Let f, P, O, pi, q}, Xi, yj, X, y be as in Theorem 3.6. Define a function I'f : [0, 1] X
[0,1] > R by

L/t 5) = PO Z Z fxi+ (A -dx,sy; +(1 - s))'))'
i=1 j=1 Pidj

Tueorem 3.7. With notation as above:

(1) Tyisjointly Q-class;
(i) 0 f(x,y) <Tf(,s)foreacht,se|0,1]

Proor. (i) Let A € (0, 1) and 14, 15, 51, 52 € [0, 1]. Then
LAty + (1 = Dy, Asy + (1 = D)sy)
= PQ Z Z —f((/ln + (1= D)% + (1= (A + (1= D)%,

i=1 j=1 piqj
(s + (1 = Ds2)yj + (1 = (As1 + (1 = Ds2))y)

n n 1
=PQ Y >, oo F A+ (L= 1% 51354 (1= 50))

i=1 j=1
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+ (1 = D(2xi + (1 = )X, 52y + (1 = 52)y))
PO Z Z J((tix; + (1 = 1)X, s1y; + (1 = 51))))

A i=1 j=1 Pidj
Y Z Z J((@2xi + (1 = 02)%, s29; + (1 = 52)3))
-4 =1 pPidj

1 1
= —T¢(ty, + ——I (2, 52).
g (1, 51) T3 1(t2, $2)

(i1) Using the Jensen inequality for the Q-class function f, we get

D, =pe ) Y LB U000+ (2 9

=1 j=1 Pigj
5 QO Sxi+ (1= D%, sy + (1= 9)7)
—pryY =2
;Pi; 4qj
Sl
> P —_f(tx,-+(1—t)x Zq](syj+(1 99)

n

2f(%2p,~x,~+(1—t)x quy]+(1—5)y)

i=1
This concludes the proof. O

4. Ostrowski and Hermite-Hadamard type inequalities

We now turn our attention to the Ostrowski and Hermite—Hadamard inequalities.
First, we state some Hermite-Hadamard inequalities related to Q-class functions. We
need the following lemma for our next result.

Lemma 4.1 [2]. Let f:1CR — R be a twice differential mapping on I°, a, b € I with
a <band f" integrable on |a, b]. Then

b N2
LD 101 [* e 20

1
f t(1 =0 f"(ta+ (1 — 1)b) dt.
2 0

THeOREM 4.2. Let f be a function as in Lemma 4.1. If |f”| is Q-class, then

4

’f(a) + f(b) _b-a?
- <02 a
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Proor. It follows from Lemma 4.1 that

2
f(a)+f(b) ff()d —a)

f (1 = D\f"(ta + (1 = b)) dt
0

(b—a)2 ! @ b
<= fot(l—t)( t +1_t)dt

b— 2 1 1
_{ ” La—nwnmm+£ﬂﬂwmﬂ
w—)2

(f" @1+ 11" ®)D.

This concludes the proof. |

TueorEM 4.3. Let f be a function as in Lemma 4.1. If |f"'|1 is Q-class for some g > 1,
then

UCESIL j\ﬂ@dx

1+(1/q) 1-(1/
<waWﬂ %ﬂ @l + 11 B,

Proor. It follows from Lemma 4.1 that

fl+fw)y 1 P
‘ 5 —b_afuf(x)dx

G ay’
-2

1
f (1 =D|f"(ta+ (1 —0)b)| dt
0

o 1=/, (1 Y
Pyt (f (1 1) di) q(f (1= Dlf"ta+ (1 = b))
0 0

2

(b—aP (W fl . f 1/g
< - 1-1d b)| d
<=5 (g) (@ [fa-nasier | i)

1

1

1+ 1\ 1-(/a)
4””ﬂﬁ Q) Uf @ + 1" DI,

This concludes the proof. o

To prove the next two theorems, which give some Ostrowski type inequalities, we
need the following lemma.
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Lemma 4.4 [1]. Let f: I SR — R be a differential mapping on I°,a,b € I with a <b
and f’ integrable on [a, b]. Then

1 b
fo) = — f f(w) du
—

= (b- a)(fom tf (ta+ (1 = D)b) dt+f

where m = (b — x)/(b — a).

1

(1 = 0)f (ta+ (1 - D)b) dt),

THEOREM 4.5. Let f be a function as in Lemma 4.4. If | f'| is Q-class, then

1 b
’f )= f J(u) du

b+a-2x
b—

+2x—a—b))
b-a ’

)+ 1f @10 b-

X —

b —
< (b - a7 @ logl,—| +

Proor. By Lemma 4.4 we have

1 b
‘f(x) — f Sfu)du
-aJ,

m 1
s(b—a)(fo t|f’(ta+(1—t)b)|dt+f(1—t)|f’(ta+(1—t)b)|dt)

S(b_a)( fo’" t(lf’(a)l . If’(b)l) g fl(l _t)(lf’(a)l . If’(b)l) dt)

t 1—-1¢ t 1—1¢
= -7l f di + 11 (b)| f L
0 0 -

1 1= 1
+|f’(a)|f Ttdt+|f’(b)|f dt)

b -2
= (- a1 @)1og s

b—a ’b—a+2x—a—b))
b - X - b-a '

)+ 1 @(1og

This concludes the proof. O

CorOLLARY 4.6. Let f and f’ be as in Theorem 4.5.

f5) 55 )

Proor. Put x = (a + b)/2 in Theorem 4.5. O

<(b-a)log 2(f" (@I + 1/ ®)D).
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TueorREM 4.7. Let f be a function as in Lemma 4.4. If |f’|? is Q-class for some g > 1,

then
]f(x)—— f £ du
B R T =TI e
= I
(1= s (g 224 - 22 4)

Proor. It follows from Lemma 4.4 that

1 b
f(x)—mf f(uw) du
m 1
<b- a)(j(; 1f' (ta + (1 —0)b)| dt +f (1 =dIf (ta + (1 — 1)b)] dl‘)

<(b- a)((fm tdt)l_(l/q)(fm df/(ta+ (1 - Db dt)l/q
0 0

+(fm1(1 p dz)l_(l/q)(fml(l —BIf (ta+ (1 - Db) dt)l/q),

by the power mean inequality. Since |f”|7 is Q-class,

fm 1f'(ta + (1 = Db dt < fm t(lf'(a)l" N If’(b)l")dt
0 0

t 1-1¢
=1/ @l f dr+1f'(b)l* f —ar
S o 1-t
ogb =X b-al b-x
=|f(a)|qb_a+|f(b)|q(1°gx_ _b—a)

and

1 1 / /
f(1—t)|f’(ta+(1—t)b)|"dt£f(1—t)(|f (t")lq+|fl(f’)th)dt

, M-t , !
- 1F @ f a1 my f dt

, x—a , b—a|l x-a
=1 ON=2 + 17 @l {log[;—2 | - 7=2).
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Hence

1 b
'f(x) i f Sf(u) du
-aJ,

1(b— x\¥1-0/) b-x b-a| b-x\\4
so-oz(za) ez erere=g-7=3)) )
( a)2b—a |f(d)|b_a+|f()| 2 ol e
2x—a-b 1(b—x\}\'"W/D
b= (5=a))
B T ) P
x—a b—a|l x-a\\'e
‘B ‘ q(l - )) .
x (1 @152 + 17 @p(log ;=2 - 7=
This concludes the proof. O
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