INTEGRALS INVOLVING PRODUCTS OF BESSEL FUNCTIONS
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§ 1. Introductory. The first formula to be proved is
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where R(z)>0.

The proof is given in § 2, and a second formula is established in § 3.
§ 2. Proof of the formula. In (1), formula (1), replace k by ¥ —m and z by 4/x% and take
2=0,¢=1, p,=2m +1; then, if z is real and positive and R(k +n)> -1,
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Now P2 Qun(z) =37 2 ¥mJ_,.(2) cosec (2Mmm). ciiviiiiiiininiiiinnn, (3)
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Hence, if 0<amp z <7, Rk +n)> -1,
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But the last line is equal to —sin (2mar)¢=2¥-27; hence, on replacing z by iz and applying the
formula
M Gon(t2) =Kam(2),  covevviiiiii (4)
formula (1) is obtained.
§ 3. A second Bessel Function Integral. The formula to be proved is

f P XN (2] JA) Ta(A) dA
0

1‘(1 -"";‘“")1"(14,2'";)

2k-3m—1p<k"’"‘+"‘> . )
2 me( 11 —m+n’1_ —7;—71

3 yd+m, 1 +m; —4-5x4>

2k-8m—41"(k—m+n_l>
— k 2 xim+2
r<3-$‘)r (2 +2m)
xF( 3, 3—k42-m—'n’ 3_—-k42-m+n, i, % +m —4-5.7:4)

2-%=Sn(m -k -n) o
Y Thrmrn+ DI +0)°

k-m+n 1+k-m+n k+m+n 1+k+m+n
xF{ ; 14-—;—, —

2k+2n

2 ’ 2_”1+ 2 ’ 2

N G.M.A.

, 1L+n; —4‘52:4), (5)

https://doi.org/10.1017/5204061850003330X Published online by Cambridge University Press


https://doi.org/10.1017/S204061850003330X

182 F. M. RAGAB
where z is real and positive and R(m -k)> -, R(k+n)> - 1.
Now the L.H.S. of (2) can be written
o [ XA (U yN R0 .
0

Here let amp 2 decrease by }=, so that x* becomes 2?/i ; then, since
‘Kﬂ(z) =inGn(":z),
the L.H.S. becomes
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where z is real and positive and R(k +n)> -3, R(m -k)> - $.
Similarly, if amp z increases by 4=, the L. H.S. of (2) becomes
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where z is real and positive and B(k +n)> -3, Rim -k)> - 3.
Hence, on applying the formula

S o (A) = Go(A) = T237G(E77A), crrrrenreiiir e (6)
formula (5) is obtained.
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