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Abstract

In this paper, we consider the asymptotic behavior of stationary probability vectors of
Markov chains of GI/G/1 type. The generating function of the stationary probability
vector is explicitly expressed by the R-measure. This expression of the generating
function is more convenient for the asymptotic analysis than those in the literature.
The RG-factorization of both the repeating row and the Wiener–Hopf equations for the
boundary row are used to provide necessary spectral properties. The stationary probability
vector of a Markov chain of GI/G/1 type is shown to be light tailed if the blocks of the
repeating row and the blocks of the boundary row are light tailed. We derive two classes of
explicit expression for the asymptotic behavior, the geometric tail, and the semigeometric
tail, based on the repeating row, the boundary row, or the minimal positive solution of a
crucial equation involved in the generating function, and discuss the singularity classes
of the stationary probability vector.
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1. Introduction

Consider a Markov chain whose transition probability matrix is given by

P =

⎛
⎜⎜⎜⎜⎜⎝

D0 D1 D2 D3 · · ·
D−1 A0 A1 A2 · · ·
D−2 A−1 A0 A1 · · ·
D−3 A−2 A−1 A0 · · ·

...
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎠ , (1)

where the matrices Ai, −∞ < i < ∞, D0, and Dj and D−j , j ≥ 1, are of sizes m × m,
m0×m0, m0×m, and m×m0, respectively. This Markov chain is referred to as being of GI/G/1
type. Throughout the paper, the Markov chain of GI/G/1 type is assumed to be irreducible and
positive recurrent, and its stationary probability vector π is partitioned accordingly into vectors
(π0, π1, π2, . . . ).
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Markov chains of GI/G/1 type have been extensively investigated by several researchers,
among whom are Asmussen [6], Grassmann and Heyman [14], Højgaard and Møller [17],
Asmussen and Møller [7], and Zhao et al. [31]–[33]. Readers may also refer to two overviews,
and references therein: [15] and [30]. Two important examples of Markov chains of GI/G/1
type are Markov chains of GI/M/1 type and M/G/1 type, details about which may be found
in [23], [25], and [19].

Our main focus in this paper is on the light-tailed asymptotic behavior of {πk}. A sequence
{ck} of nonnegative scalars is called light tailed if

∞∑
k=1

ck exp{εk} < ∞ for some ε > 0.

In analogy, a light-tailed sequence of nonnegative matrices is defined as follows.

Definition 1. A sequence {Ck} of nonnegative matrices of size m × n is called light tailed if,
for all i = 1, 2, . . . , m and j = 1, 2, . . . , n, the sequences {Ck(i, j)} of nonnegative scalars
are light-tailed, where Ck(i, j) is the (i, j)th entry of Ck .

The investigations of the light-tailed asymptotic behavior of stationary probability vectors
of block-structured Markov chains have been inspired by [28] and [26]. Neuts [23] provided
an excellent overview of the asymptotic behavior of Markov chains of GI/M/1 type. To
establish useful relations between the light-tailed asymptotics and the parameters of queueing
models, Neuts [24] discussed the caudal characteristic curves of some queues by means of
matrix-geometric solutions, and Bean et al. [9] analyzed the caudal characteristics of quasi-
birth–death processes and Markov chains of GI/M/1 type. Fujimoto et al. [13] obtained an
important result on the asymptotics of quasi-birth–death processes with both infinitely many
levels and infinitely many phases. Bean and Nielsen [8] considered the decay rate of discrete
phase-type distributions when there are a countably infinite number of phases.

However, in contrast to Markov chains of GI/M/1 type, it is more difficult to analyze the
asymptotics of stationary probability vectors of Markov chains of M/G/1 type. This difficulty
is due to two basic facts: (i) the non-matrix-geometric iterative solution of stationary probability
vectors of Markov chains of M/G/1 type makes the analysis more difficult, and (ii) the stationary
probability vectors of Markov chains of M/G/1 type can be either light tailed or heavy tailed.
The light-tailed asymptotics of stationary probability vectors of Markov chains of M/G/1 type
was studied in [11], [3], [22], [10], [18], and [27], for example. The study of heavy-tailed
asymptotics of stationary probability vectors of Markov chains of M/G/1 type is limited so far
to [7] and [20].

The main contributions of this paper are twofold. The first is to present a novel approach
to evaluating the light-tailed asymptotics of stationary probability vectors of Markov chains
of GI/G/1 type. The key idea in this approach is the RG-factorization of both the repeating
blocks and the Wiener–Hopf equations for the boundary blocks of the transition probability
matrix. As will be shown in this paper, and was seen in [20], the RG-factorization plays
a role in analyzing stationary probability vectors (including queue lengths) that is of similar
importance to that played by the Wiener–Hopf factorization in analyzing waiting times. Using
the RG-factorization and the Wiener–Hopf equations, we first express {πk} in terms of the
R-measure, and then express the R-measure in terms of the blocks in the transition probability
matrix of GI/G/1 type. This expression, together with necessary spectral properties of the
matrices involved and the important relations φR = φA+ and φR0 = φD (see Theorem 1 and
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Lemma 3) between certain radii of convergence, can be used to show that {πk} is light tailed if
min{φA+, φD} > 1.

The second contribution of the paper is to explicitly present the tail asymptotics of {πk}.
By means of the RG-factorization, we first establish existence conditions for the equation
det(I − R∗(z)) = 0 to have the minimal solution η in the range z > 1. We then show
that the light-tailed asymptotics of {πk} is explicitly determined by the relations between the
three scalar parameters φA+, φD , and η. Though explicit expressions for the stationary tail
asymptotics of Markov chains of GI/G/1 type can be given in some cases, it could be very
challenging or impossible in other cases, for example for some Markov chains of GI/G/1
type with 1 < min{φA+, φD} ≤ η. In this situation, we define three classes of sequences of
nonnegative matrices (including vectors). Elements of the first two classes exhibit light-tailed
asymptotics while those of the third exhibit heavy-tailed asymptotics. The classification of
{πk} is discussed in terms of the classification of the repeating row and the boundary row. This
method of classification was first introduced by Abate et al. [4] and Abate and Whitt [1], [2] to
analyze the tail asymptotics of waiting times.

Our results are an improvement over existing ones for the asymptotic analysis of stationary
probability vectors of block-structured Markov chains.

(i) How the boundary behavior of a Markov chain of GI/G/1 type can influence the tail asymp-
totics of {πk} is analyzed in this paper in more detail and more generally. This phenomenon
was illustrated by Falkenberg [11] using examples of M/G/1 type.

(ii) The method employed in this paper avoids the imposition of a condition usually assumed in
other analyses; see, for example, Condition (A.2) of [22], Theorem 3.5 of [11], or Theorem 5
of [3]. We also demonstrate that the condition is not necessary.

(iii) The analysis in this paper is based on an expression for the generating function of {πk} in
terms of the R-measure, which is a more convenient form than those used by other researchers.
This allows us to analyze a more general type of Markov chain, i.e. GI/G/1 type, and provide
sharper results than those in the current literature.

The remainder of the paper is organized as follows. In Section 2, the stationary probability
vector {πk} is expressed in terms of the R-measure and a condition on light-tailed asymptotics
is given. In Section 3, existence conditions on the minimal solution η, η > 1, to the equation
det(I −R∗(z)) = 0 are discussed. In Section 4, asymptotic expressions for {πk} are derived for
1 < η < max{φA+, φD}. In Section 5, conditions on the repeating row and on the boundary
row under which {πk} can be classified into three singularity classes are studied. In this section,
we also comment on some special cases for which explicit expressions for tail asymptotics can
be derived when the boundary matrices determine the tail asymptotics. Finally, an example,
involving a batch Markov arrival process (BMAP), and concluding remarks are provided in
Section 6. Throughout the paper, matrix inequalities are evaluated entrywise.

2. A condition on light-tailed asymptotics

In this section, we provide a condition under which {πk} is light tailed. As we expect, the
condition is in terms of the tails of both the repeating blocks and the boundary blocks.

Consider an arbitrary discrete-time Markov chain {Xn, n = 1, 2, . . . } whose state space
S is partitioned as S = ⋃∞

i=0 Li , where Li = {(i, j), j = 1, 2, . . . , mi}. In a state (i, j), i

is referred to as the level and j the phase. We also write L≤i = ⋃i
k=0 Lk and L≥i for the
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complement of L≤(i−1). We partition the transition probability matrix of the Markov chain
according to level as P = (Pi,j ), where Pi,j is a matrix of size mi × mj .

We now define the R- and G-measures. For 0 ≤ i < j , Ri,j is defined as a matrix of size
mi ×mj whose (r, s)th entry is the expected number of visits of the Markov chain to state (j, s)

before it hits any state in L≤(j−1), given that the process starts in state (i, r). For i > j ≥ 0,
Gi,j is defined as a matrix of size mi × mj whose (r, s)th entry is the probability of hitting
state (j, s) when the process enters L≤(i−1) for the first time, given that the process starts in
state (i, r). The sets of the matrices {Ri,j } and {Gi,j } are referred to as the R-measure and the
G-measure, respectively.

For the transition probability matrix of GI/G/1 type, Ri,j and Gi,j depend only on the
difference between i and j , except for R0,j , j = 1, 2, . . . , and Gi,0, i = 1, 2, . . . . Thus,
we can define Rk = Ri,j , k = j − i, j > i > 0, and Gk = Gi,j , k = i − j , i > j > 0.
References on the R- and G-measures, which are closely related to this study, include [14],
[16], [31], [32], [33], [30], and [20].

Remark 1. For a Markov chain of GI/G/1 type, the R- and G-measures can be given by an
algebraic method. Let

P =
( L≤n L≥(n+1)

L≤n Q0 U

L≥(n+1) V Q1

)
for n ≥ 1,

and let P [n] = Q0 + UQ̂1V , where Q̂1 = ∑∞
k=0 Qk

1. We denote by P
[n]
i,j the (i, j)th block

of P [n], partitioned according to level. It was shown in [14] that P
[n]
n,n, P

[n]
n−i,n, and P

[n]
n,n−j are

independent of n ≥ 1. Let

�0 = P [n]
n,n, �i = P

[n]
n−i,n, and �−j = P

[n]
n,n−j ,

for n ≥ 1 and 1 ≤ i, j ≤ n − 1. Then

Ri = �i(I − �0)
−1, Gi = (I − �0)

−1�−i , i ≥ 1. (2)

Note that �0 is a matrix of size m × m whose (r, s)th entry is the probability of hitting state
(i, s) when the process enters L≤i for the first time, given that the process starts in state (i, r).

Define the generating functions of the sequences {Ak}, {Rk}, and {Gk} by

A∗(z) =
∞∑

k=−∞
zkAk, R∗(z) =

∞∑
k=1

zkRk, and G∗(z) =
∞∑

k=1

z−kGk,

respectively. Note that A∗(z) is a Laurent series, which is not usually the case in the standard
matrix-analytic treatment; see, for example, [23], [25], or [19]. A more detailed discussion is
provided in Section 6.

The following RG-factorization will be used in our study; see [30] or [33] for details:

I − A∗(z) = [I − R∗(z)](I − �0)[I − G∗(z)]. (3)

By φR , φG, φA+, and φA− we denote the radii of convergence of R∗(z), G∗(z),
∑∞

k=1 zkAk ,
and

∑∞
k=1 z−kA−k , respectively. The following theorem provides important relations between

the radii of convergence.
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Theorem 1. The radii of convergence satisfy φR = φA+ and φG = φA− .

Proof. Since
∑∞

k=1 A−k and
∑∞

k=1 Ak are substochastic, we have 0 ≤ φA− ≤ 1 ≤ φA+
≤ ∞. In addition, that R = ∑∞

k=1 Rk and G = ∑∞
k=1 Gk are finite (see Theorem 4 of [31])

shows that 0 ≤ φG ≤ 1 ≤ φR ≤ ∞. Note that R∗(z) is a power series, G∗(z) is a Laurent
series with only negative powers of z, R∗(z) is analytic for |z| < φR , and G∗(z) is analytic for
|z| > φG. Thus, it is easy to see from (3) that φR = φA+ and φG = φA− , using the facts that
0 ≤ φA− ≤ 1 ≤ φA+ ≤ ∞ and 0 ≤ φG ≤ 1 ≤ φR ≤ ∞.

Lemma 1. If φA+ > 1 then {Rk} is light tailed.

The proof is obvious from Theorem 1. The following spectral properties of the matrices
G∗(z) and R∗(z), which were given in Corollary 30 of [33], are important for us.

Lemma 2. If the Markov chain of GI/G/1 type is irreducible and positive recurrent, then all
the solutions, if any, to det(I − R∗(z)) = 0 lie in the region |z| > 1, and all the solutions, if
any, to det(I − G∗(z)) = 0 lie in the region |z| ≤ 1.

For the boundary blocks, we have the Wiener–Hopf equations as shown in [30], one of which
is given by

R0,k(I − �0) = Dk +
∞∑
i=1

R0,i+k(I − �0)Gi, k ≥ 1. (4)

Define the generating functions of the sequences {Dk} and {R0,k} by D∗(z) = ∑∞
k=1 zkDk and

R∗
0(z) = ∑∞

k=1 zkR0,k , respectively. It follows from (4) that

R∗
0(z)(I − �0) = D∗(z) +

∞∑
k=1

zk
∞∑
i=1

R0,i+k(I − �0)Gi. (5)

The second term on the right-hand side in the above equation is nonnegative for z > 0, since,
from (2), (I − �0)Gi can be interpreted as a transition probability block �−i in a censored
transition probability matrix P [n]. Under the assumption that P is irreducible, the inverse of
(I − �0) exists. Noting that (I − �0)

−1 = ∑∞
k=0(�0)

k ≥ 0, we have

R∗
0(z) ≥ D∗(z)(I − �0)

−1 for z > 0. (6)

However,

∞∑
k=1

zk
∞∑
i=1

R0,i+k(I − �0)Gi =
∞∑
i=1

z−i

( ∞∑
k=1

zi+kR0,i+k

)
(I − �0)Gi

≤ R∗
0(z)(I − �0)G

∗(z) for z > 0,

which leads to R∗
0(z)(I −�0)[I −G∗(z)] ≤ D∗(z). Under the assumption of the irreducibility

and positive recurrence of P , by Lemma 2 I − G∗(z) is invertible for any z > 1. Since G∗(z)
is nonincreasing for z ∈ (1, ∞), we can choose a δ > 0 small enough that G∗(z) ≤ G∗(1 + δ)

for z > 1 + δ. Then I − G∗(z) ≥ I − G∗(1 + δ) for z > 1 + δ. Since R∗
0(z)(I − �0) ≥ 0,

from (5), we obtain

R∗
0(z)(I − �0)[I − G∗(1 + δ)] ≤ R∗

0(z)(I − �0)[I − G∗(z)] ≤ D∗(z) for z > 1 + δ.
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Noting that [I − G∗(1 + δ)]−1 = ∑∞
k=0[G∗(1 + δ)]k ≥ 0, we find that

R∗
0(z) ≤ D∗(z)[I − G∗(1 + δ)]−1(I − �0)

−1 for z > 1 + δ,

which, together with (6), implies that

D∗(z)(I − �0)
−1 ≤ R∗

0(z) ≤ D∗(z)[I − G∗(1 + δ)]−1(I − �0)
−1 for z > 1 + δ. (7)

The following lemma follows from (7).

Lemma 3. Let φR0 and φD be the radii of convergence of R∗
0(z) and D∗(z), respectively. Then

φR0 = φD . Furthermore, {R0,k} is light tailed if and only if φD > 1.

According to Equation (28) of [14], the stationary probability vectors {πk} can be expressed
in terms of the R-measure:

πk = π0R0,k +
k−1∑
i=1

πiRk−i , k ≥ 1.

The generating function �∗(z), defined by �∗(z) = ∑∞
k=1 zkπk , is then

�∗(z) = π0R
∗
0(z)[I − R∗(z)]−1, (8)

given that both sides are defined.

Remark 2. If det(I − R∗(z)) = 0 has a solution z such that |z| > 1, then, by the continuity of
an implicit function, there exists a solution z0 such that

η = |z0| = min{|z| : det(I − R∗(z)) = 0} > 1,

since det(I − R∗(1)) �= 0, by Lemma 2. Furthermore, in the next section we shall show that
such a z0 can be positive.

The following theorem provides a condition sufficient (and in fact also necessary, as shown
in [20]) for {πk} to be light tailed.

Theorem 2. If the Markov chain of GI/G/1 type is irreducible and positive recurrent and both
{Dk} and {Ak} are light tailed, then {πk} is light tailed.

Proof. We denote by φ� the radius of convergence of �∗(z). If the Markov chain of GI/G/1
type is irreducible and positive recurrent, then it follows from (8) that

φ� = min{φR0 , φR, η}, (9)

where
η = |z0| = min{|z| : 1 < |z| ≤ φA+, det(I − R∗(z)) = 0}

if det(I − R∗(z)) = 0 has a solution, and η = ∞ otherwise.
If both {Dk} and {Ak} are light tailed, then min{φA+, φD} > 1. It follows from Theorem 1

that φR0 = φD > 1 and φR = φA+ > 1. Since Lemma 2 implies that either 1 < η < ∞ or
η = ∞, we obtain φ� = min{φR0 , φR, η} > 1 and, hence, {πk} is light tailed. This completes
the proof.
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3. Conditions on the existence of the minimal solution

As discussed in Section 2, the minimal positive solution to det(I − R(z)) = 0 plays an
important role in evaluating the tail asymptotic behavior of {πk}. In this section, we discuss
conditions on the existence of a minimal positive solution.

Theorem 3. Suppose that the Markov chain of GI/G/1 type is irreducible and positive recur-
rent, and that the matrix A = ∑∞

k=−∞ Ak is irreducible. If the set

� = {z : 1 < |z| < φA+, det(I − R∗(z)) = 0}
is not empty, then there must exist a solution η > 1 to det(I − R∗(z)) = 0 such that η ≤ |z0|
for any z0 ∈ �.

Proof. To prove this theorem, we construct a new Markov chain,

Pnew =

⎛
⎜⎜⎜⎜⎜⎝

D̃0 D̃1 D̃2 D̃3 · · ·
D−1 A0 A1 A2 · · ·
D−2 A−1 A0 A1 · · ·
D−3 A−2 A−1 A0 · · ·

...
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎠ . (10)

Here the matrices D−k, k ≥ 1, and Al, −∞ < l < ∞, are the same as that of P given in (1)
and the matrices D̃k, k ≥ 0, are given by

D̃0 = 1

m
e−τE, D̃k = τ k

mk!e−τE, k ≥ 1,

where E is the m × m matrix of 1s and τ is a positive scalar.
Since every entry of D̃k, k ≥ 0, is positive and the Markov chain P in (1) is irreducible, it

is obvious that Pnew is irreducible. Let D̃∗(z) = ∑∞
k=1 zkD̃k . It is easy to check that φD̃ = ∞.

Therefore,
∑∞

k=1 kD̃k is finite, which, since φA+ > 1 and the Markov chain P in (1) is positive
recurrent, implies that Pnew is positive recurrent.

Let {π̃k} be the stationary probability vector of Pnew, which can be explicitly expressed in
terms of the R-measure of Pnew. Let {R̃0,k} and {R̃k} comprise the R-measure of Pnew. It
is easy to see, from (10) and (1), that R̃k = Rk for all k ≥ 1. Let �̃∗(z) and R̃∗

0(z) be the
generating functions of {π̃k} and {R̃0,k}, respectively. It follows from (8) that

�̃∗(z) = π̃0R̃
∗
0(z)[I − R∗(z)]−1 = 1

det(I − R∗(z))
π̃0R̃

∗
0(z) adj(I − R∗(z)),

where adj(I −R∗(z)) denotes the adjoint of I −R∗(z). It follows from Lemma 3 and Theorem 1
that φR̃0

= φD̃ = ∞ > φA+ and φR = φA+. Let φπ̃ be the radius of convergence of the vector
generating function �̃∗(z) = ∑∞

k=1 zkπ̃k . Then, it follows from a standard result in complex
analysis (see Theorem 17.13 of [21, pp. 389–390]) that z = φπ̃ is a singular point of �̃∗(z).
Since � is not empty, there exists a solution z1, with 1 < |z1| < φA+, to det(I − R∗(z)) = 0.
This shows that z = z1 is a singular point of the complex vector function

1

det(I − R∗(z))
π̃0R̃

∗
0(z) adj(I − R∗(z)).

Therefore, we have 1 < φπ̃ ≤ |z1| < φA+, according to (9).
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If it were the case that det(I − R∗(φπ̃ )) �= 0, then

1

det(I − R∗(z))
π̃0R̃

∗
0(z) adj(I − R∗(z))

would be analytic at z = φπ̃ , since 1 < φπ̃ < min{φA+, φD̃}. Hence, �̃∗(z) also would be
analytic at z = φπ̃ . This contradicts z = φπ̃ being a singular point of �̃∗(z) and, so, cannot be
true. This completes the proof.

We now discuss the existence of a positive solution to det(I − R∗(z)) = 0, allowing for the
fact that φA+ itself can be such a solution.

Let r(z) be the maximal eigenvalue of R∗(z) for z ∈ [1, φA+). We can extend the domain
of r(z) to include z = φA+ by defining r(φA+) = limz↗φA+ r(z). Clearly, r(z) ≥ 0 for
1 ≤ z < φA+, since R∗(z) ≥ 0.

Theorem 4. Suppose that the Markov chain of GI/G/1 type is irreducible and positive recur-
rent. The equation det(I − R(z)) = 0 has

(i) a positive solution η, satisfying 1 < η < φA+, if r(φA+) > 1;

(ii) positive solution φA+ if r(φA+) = 1 and φA+ < ∞; and

(iii) no positive solution if r(φA+) < 1.

Proof. Let f (z) = 1 − r(z). It follows from Theorem 23 of [33] that r(1) < 1 and, hence,
f (1) = 1− r(1) > 0.

(i) If r(φA+) > 1 then there are two possible cases.
Case I: r(φA+) = ∞. In this case, there always exists a ξ, 1 < ξ < φA+, such that

1 < r(ξ) < ∞, since r(z) is continuous at z for 1 < z < φA+. Thus, we have f (ξ) = 1−
r(ξ) < 0. Since f (z) is continuous on [1, ξ ], f (1) > 0, and f (ξ) < 0, there must exist a point
η ∈ (1, ξ) such that f (η) = 0.

Case II: 1 < r(φA+) < ∞. In this case, an analysis similar to that in case I shows that there
always exists a point η ∈ (1, φA+) satisfying f (η) = 0.

(ii) If r(φA+) = 1 and φA+ < ∞, it is obvious that z = φA+ is a solution to f (z) = 0.

(iii) If r(φA+) < 1, since f (1) ≥ f (z) ≥ f (φA+) > 0 there exists no positive solution to
det(I − R(z)) = 0, for z > 1.

Remark 3. The only case missing from Theorem 4 is that in which (iv) r(φA+) = 1 and φA+ =
∞. In this case, it is possible that there does not exist any positive solution to det(I −R(z)) = 0,
for z > 1, for example if the Markov chain of GI/G/1 type satisfies the condition that r(z) is
strictly increasing for z ∈ (a, ∞), with a > 1.

4. The asymptotics based on the solution η

In this section, we assume that � is not empty. Then, according to Theorem 3, there exists
a positive solution η > 1 to det(I − R∗(z)) = 0 that is minimal in the sense that η ≤ |z| for
any z ∈ �. We further assume that η < φD , which, together with the fact that η ∈ �, implies
1 < η < min{φA+, φD}. In this case, it is clear that the tail asymptotics of {πk} is determined
by η only. We will derive explicit asymptotic expressions for {πk} based on η.
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4.1. A is irreducible

In this subsection, we assume that the matrix A is irreducible. If 1 < η < min{φA+, φD},
it follows from (8) that, for any z with 1 < |z| < η,

�∗(z) = 1

det(I − R∗(z))
π0R

∗
0(z) adj(I − R∗(z)). (11)

The analysis of the singularity of �∗(z) depends on that of the three functions [det(I −
R∗(z))]−1, R∗

0(z), and adj(I − R∗(z)). Since R∗
0(z) and adj(I − R∗(z)) are analytic for

|z| < min{φA+, φD}, they are analytic at z = η. Since z = η is a singular point of
[det(I − R∗(z))]−1, it is thus also a singular point of �∗(z). With the aid of several lemmas,
we will show that z = η is a pole of �∗(z) of order 1, and is the only singular point.

It follows from (3) that

{z : 0 < z < φA+, det(I − A∗(z)) = 0} = {z : 0 < z < φA+, det(I − R∗(z)) = 0}
∪ {z : 0 < z < φA+, det(I − G∗(z)) = 0}, (12)

since I − �0 is invertible. If the Markov chain of GI/G/1 type is irreducible and positive
recurrent, it follows from (12) and Lemma 2 that

{z : 1 < z < φA+, det(I − A∗(z)) = 0} = {z : 1 < z < φA+, det(I − R∗(z)) = 0} (13)

and

{z : 0 < z ≤ 1, det(I − A∗(z)) = 0} = {z : 0 < z ≤ 1, det(I − G∗(z)) = 0}.
For z > 0, we denote by χ(z), r(z), and g(z) the maximal eigenvalues of the matrices

A∗(z), R∗(z), and G∗(z), respectively. Let ri(z), 2 ≤ i ≤ m, denote all other eigenvalues of
R∗(z). We denote by u(z) and v(z) the left and right eigenvectors of R∗(z) corresponding to
the eigenvalue r(z), respectively. In a similar fashion, s(z) and t (z) are defined for A∗(z).

To characterize the function [det(I − R∗(z))]−1, we introduce the following lemma, which
relates the singularities of [det(I − R∗(z))]−1 to the roots of det(I − A∗(z)) = 0.

Lemma 4. Suppose that the Markov chain of GI/G/1 type is irreducible and positive recurrent.
Then,

(i) min{z : 1 < z < φA+, det(I − R∗(z)) = 0} = min{z : 1 < z < φA+, r(z) = 1}; (14)

(ii) min{z : 1 < z < φA+, det(I − A∗(z)) = 0} = min{z : 1 < z < φA+, χ(z) = 1};
(iii) min{z : 1 < z < φA+, r(z) = 1} = min{z : 1 < z < φA+, χ(z) = 1}.

Proof. (i) Let �0 = {z : 1 < z < φA+, r(z) = 1}. It is clear that �0 ⊂ �, since
det(I − R∗(z)) = [1 − r(z)] ∏m

i=2[1 − ri(z)] for z > 1.
There are two possible cases for the set �.
Case I: � is not empty. In this case, it follows from Theorem 3 that there exists an η such

that
η = min{z : 1 < z < φA+, det(I − R∗(z)) = 0} = min �.

Suppose that η /∈ �0, i.e. r(η) �= 1. Since det(I − R∗(η)) = 0, there must exist an ri0(η), 2 ≤
i0 ≤ m, such that ri0(η) = 1. Noting that r(η) is the maximal eigenvalue of R∗(η), we therefore
have r(η) ≥ ri0(η) = 1. By the assumption that r(η) �= 1, we should have r(η) > ri0(η) = 1.
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Let f (z) = 1 − r(z). Then f (z) is continuous for z ∈ [1, η], f (1) > 0, and f (η) < 0;
hence, there exists a point ξ ∈ (1, η) such that f (ξ) = 0, i.e. r(ξ) = 1. Clearly, ξ ∈ �. This
contradicts η being the minimum in �. Therefore, r(η) = 1 or η ∈ �0.

Since �0 ⊂ �, we have min � ≤ min �0. Clearly, η = min �0 follows from η = min �

and η ∈ �0. Therefore, η = min � = min �0 implies that (14) is true.
Case II: � is empty. In this case, �0 also is empty, since �0 ⊂ �. Hence, (14) is true in

the sense that both sides are infinite.

(ii) The proof is slightly different from that in (i). In this case, let f (z) = 1 − χ(z). Since
χ(1) = 1, in order to make the argument used in (i) we must find a z0 > 1 such that χ(z0) < 1.

Since the Markov chain of GI/G/1 type is assumed to be both irreducible and positive
recurrent and φA+ > 1, it follows from Proposition 3.1 of [6, p. 318] that

ω

∞∑
k=1

k(Ak − A−k)e < 0,

where ω is the stationary probability vector of the matrix A and e is a column vector of ones.
Let u(z) be the left Perron–Frobenius eigenvector of A∗(z). By differentiating s(z)A∗(z) =
χ(z)s(z), we immediately obtain

χ ′(1) = ω

∞∑
k=1

k(Ak − A−k)e < 0.

Hence, there exists a δ > 0 small enough that χ(1 + δ) < χ(1) = 1. Let z0 = 1 + δ; then
f (z0) > 0. The rest of the proof is similar to that in (i).

(iii) Noting that, from (13),

min{z : 1 < z < φA+, det(I − R∗(z)) = 0} = min{z : 1 < z < φA+, det(I − A∗(z)) = 0},
the proof follows from (i) and (ii).

This completes the proof.

The following lemma characterizes u(η) and v(η) using the left and right Perron–Frobenius
eigenvectors of A∗(η). The proof is obvious and is omitted here.

Lemma 5. If s(η) and t (η) are the left and right Perron–Frobenius eigenvectors of A∗(η),
respectively, then

(i) u(η) = as(η) and v(η) = b(I − �0)[I − G∗(η)]t (η), where a and b are two arbitrary
positive factors;

(ii) u(η) > 0 if and only if s(η) > 0; v(η) ≥ 0 but v(η) �= 0 if and only if t (η) > 0; and
u(z)e = u(z)v(z) = 1.

To describe �∗(z) in (11) in detail, we must express the adjoint matrix of I − R∗(η) more
explicitly.

Lemma 6. If the Markov chain of GI/G/1 type is irreducible and positive recurrent, then

adj(I − R∗(η)) =
m∏

i=2

[1 − ri(η)]v(η)u(η).
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Proof. Note that the adjoint matrix of any singular matrix has rank one whenever 0 has
algebraic multiplicity one, which holds for I − R∗(η). Some simple computations lead to the
desired result.

Using the above lemmas, we can easily show the following corollary.

Corollary 1. The only singular point of �∗(z) on |z| = η is z = η, and it is a pole of order 1.

Proof. Since A∗(η) is irreducible, 1−χ(η) = 0 is a simple eigenvalue of I −A∗(η) and, for
any other eigenvalue 1 − y(η) of I − A∗(η), we have |1− y(η)| > |1 − χ(η)| = 0. Therefore,
on |z| = η, z = η is the only root of det(I − R∗(η)) = 0.

Let
1 − r(z) = (η − z)h(z). (15)

To prove that z = η is a pole of order 1, it is sufficient to show that h(η) > 0. This can be done
by noting that h(η) = r ′(η), which follows from elementary calculations.

Remark 4. At this point, we have proved the Perron–Frobenius property for R∗(η): the
eigenvalue of R∗(η) with maximal real part is real and unique with corresponding left and
right eigenvectors u(η) > 0 and v(η) ≥ 0, but v(η) �= 0.

We now provide an expression for �∗(z) by means of Lemmas 5 and 6. According to
Lemma 6, we can write

adj(I − R∗(z)) =
m∏

i=2

[1 − ri(η)]v(η)u(η) + (η − z)H(z),

where H(z) is an analytic function for z, 1 < |z| < η. It follows from (11) and (15) that

�∗(z) = 1

η − z

1

h(z)
∏m

i=2[1 − ri(z)]π0R
∗
0(z)

[ m∏
i=2

[1− ri(η)]v(η)u(η)+ (η−z)H(z)

]
. (16)

Let

L(z) = π0R
∗
0(z)v(η)

∏m
i=2[1 − ri(η)]

h(z)
∏m

i=2[1 − ri(z)] .

Since h(z) is continuous at z = η and h(η) > 0, there exists a σ > 0 small enough that h(z) > 0
for all z ∈ (η − σ, η + σ). Noting that h(z),

∏m
i=2[1 − ri(z)], and R∗

0(z) are all analytic at
z = η, it is obvious that L(z) is analytic at z = η. Thus, a power expansion of L(z) at z = η is
given by

L(z) = π0R
∗
0(η)v(η)

h(η)
+

∞∑
k=1

L(k)(η)

k! (η − z)k, (17)

where L(k)(η) = (dk/dzk)L(z)|z=η. It follows from (16) and (17) that

�∗(z) = K

η − z
u(η) + g(z), (18)

where

K = π0R
∗
0(η)v(η)

h(η)
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is a constant and

g(z) = π0R
∗
0(z)

h(z)
∏m

i=2[1 − ri(z)]H(z) +
∞∑

k=1

L(k)(η)

k! (η − z)k−1u(η).

This vector is analytic at z = η, since

π0R
∗
0(z)

h(z)
∏m

i=2[1 − ri(z)] , H(z), and
∞∑

k=1

L(k)(η)

k! (η − z)k

are all analytic at z = η.
The following lemma introduces a useful property of the R-measure. The proof is based

on standard probabilistic arguments and the irreducibility of P ; see, for example, the proof of
Lemma 1.2.4 of [23].

Lemma 7. If the Markov chain is irreducible then each column vector of the matrix R∗
0(1) is

nonzero.

Theorem 5. Suppose that the Markov chain of GI/G/1 type is irreducible and positive recur-
rent. If 1 < η < min{φA+, φD} and the matrix A is irreducible, then the tail asymptotics of
{πk} is geometric, i.e.

πk = Kη−(k+1)u(η) + O((η + ε)−k)e, (19)

where ε is a small positive number.

Proof. Using (18), we first need to check that K > 0. Then (19) is obviously true, according
to a standard result on the asymptotics of complex functions (see, for example, Theorem 5.2.1
of [29]).

According to the assumptions made on the Markov chain, every πk is positive. It is clear
that π0R

∗
0(η) ≥ π0R

∗
0(1) > 0, because π0 > 0 and, according to Lemma 7, no column vector

of R∗
0(1) is identically zero. Noting that v(η) ≥ 0 and v(η) �= 0, we obtain π0R

∗
0(η)v(η) ≥

π0R
∗
0(1)v(η) > 0. That K > 0 now follows from h(η) > 0. This completes the proof.

4.2. A is reducible

In this subsection, we assume that the matrix A is reducible. In this case, it is possible that
the tail asymptotics of {πk} is not geometric when 1 < η < min{φA+, φD}.

After reordering the states, we assume that A∗(z) is written in the normal form

A∗(z) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1(z)

. . .

ap(z)

ap+1(z)

. . .

ap+q(z)

c1(z) · · · cp(z) cp+1(z) · · · cp+q(z) cp+q+1(z)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where p + q ≥ 1, the ai(z), 1 ≤ i ≤ p + q, are irreducible and stochastic, and the missing
entries are all 0. Assume that η > 1 is a solution to det(I − ai(z)) = 0, 1 ≤ i ≤ p, and
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that I − cp+q+1(η) and I − ap+j (η), 1 ≤ j ≤ q, are all invertible. It follows from (3) and
Lemma 2 that, for 1 < z < η,

I − R∗(z) = [I − A∗(z)][I − G∗(z)]−1(I − �0)
−1.

Thus, we obtain

det(I − R∗(z)) = (η − z)p
p∏

i=1

bi(z)

q∏
j=1

det(I − ap+j (z)) det(I − cp+q+1(z))

× [det(I − G∗(z))]−1[det(I − �0)]−1,

where det(I − ai(z)) = (η − z)bi(z), 1 ≤ i ≤ p. It follows from Lemma 5 that bi(η) �=
0, 1 ≤ i ≤ p. Thus, it follows from (11) and (15) that

�∗(z) = 1

(η − z)p
K(z),

where

K(z) =
{ p∏

i=1

bi(z)

q∏
j=1

det(I − ap+j (z)) det(I − cp+q+1(z))

}−1

× [det(I − G∗(z))][det(I − �0)]π0R
∗
0(z) adj(I − R∗(z))

is analytic at z = η. Let

K(z) =
∞∑

k=0

K(k)(η)

k! (η − z)k, where K(k)(η) = dk

dzk
K(z)

∣∣∣∣
z=η

.

Then

�∗(z) =
p∑

i=1

K(p−i)(η)

(η − z)i
+

∞∑
j=0

K(p+j)(η)(η − z)j .

By a standard result on the asymptotics of complex functions (see, for example, Theorem 5.2.1
of [29]), we obtain

πk =
p∑

l=1

(−1)lη−(k+l)

(
k + l − 1

l − 1

)
K(p−l)(η) + O((η + ε)−k)e. (20)

Remark 5. If 1 < η < min{φA+, φD} then (20) provides a more general result on the light
tail of {πk}. Let det(I − A∗(z)) = (η − z)pT (z), where T (η) �= 0. Then the tail of {πk} is
geometric if p = 1 and nongeometric if p ≥ 2.

5. Three classes of {πk}
In this section, we discuss Markov chains of GI/G/1 type under the condition that

min{φA+, φD} > 1, or {πk} is light tailed. Frequently, it is very difficult or impossible to
find an explicit asymptotic expression for the tail. In this case, we classify {πk} into three
classes according to the characteristics of its singularities. We are able to use the classes of
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singularity of {Dk} and/or {Ak} to characterize these classes. This method was first used by
Abate et al. [4] and Abate and Whitt [1], [2] to discuss the tail of the waiting time.

First, we define a collection of matrix sequences consisting of all nonnegative matrix
sequences (not necessarily of square matrices) whose sum is convergent. Let

R =
{
{Bk} : Bk ≥ 0,

∞∑
k=0

Bk < ∞
}
.

We classify the matrices in R into three classes that are closely related to the standard notions
of α-recurrence and α-transience; for example, see [5].

Definition 2. For {Bk} ∈ R, let φB be the radius of convergence of B∗(z) = ∑∞
k=0 zkBk .

Then,

(i) {Bk} is said to be of class I if φB > 1 and B∗(φB) is infinite,

(ii) {Bk} is said to be of class II if φB > 1 and B∗(φB) is finite, and

(iii) {Bk} is said to be of class III if φB = 1.

It is obvious that if {Bk} is class I or II then it is light tailed, while if it is class III then it is
heavy tailed. Therefore, both {Dk} and {Ak} are either class I or class II if min{φA+, φD} > 1.

Recall that η = ∞ if det(I − R∗(z)) �= 0 for all |z| ≤ φA. For the matrix sequence {Rk},
we define its convolution as R2∗

k = ∑k
j=1 RjRk−j . We further define

Rn∗
k =

k∑
j=1

R
∗(n−1)
j Rk−j

for n ≥ 3, with R1∗
k = Rk and R0∗

k = I .

Lemma 8. Suppose that the Markov chain of GI/G/1 type is irreducible and positive recur-
rent.

(i) If 1 < η < ∞ and η ≤ φA+ then {∑∞
n=0 Rn∗

k } is class I.

(ii) If η = ∞ then {∑∞
n=0 Rn∗

k } is class I if {Ak} is class I and class II if {Ak} is class II.

(iii) If φD > 1 then {R0,k} is class I if {Dk} is class I and class II if {Dk} is class II.

Proof. We will prove parts (i) and (ii); part (iii) can be proved similarly.
To prove part (i), assume that 1 < η < ∞ and η ≤ φA+. In this case, the radius of

convergence of
∞∑

k=1

zk
∞∑

n=0

Rn∗
k = 1

det(I − R∗(z))
adj(I − R∗(z))

is η. When z = η, det(I − R∗(η)) = 0 and adj(I − R∗(η)) �= 0 according to Lemma 6. Thus,
{∑∞

n=0 Rn∗
k } is class I.
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We now prove part (ii). Since φR = φA+ from Theorem 1, it follows from (3) that

∞∑
k=1

zk
∞∑

n=0

Rn∗
k = [I − R∗(z)]−1 = (I − �0)[I − G∗(z)][I − A∗(z)]−1

= (I − �0)[I − G∗(z)]
∞∑

n=0

[A∗(z)]n.

Thus, the radius of convergence of
∑∞

k=1 zk
∑∞

n=0 Rn∗
k is φA+. Clearly, if {Ak} is class I then

A∗(φA+) is infinite and, hence,
∑∞

n=0[A∗(φA+)]n is infinite. Since I − �0 and I − G∗(φA+)

are invertible,
∑∞

k=1 φk
A+

∑∞
n=0 Rn∗

k is infinite. Therefore, {∑∞
n=0 Rn∗

k } is class I.
If {Ak} is class II then φA+ < ∞ and A∗(φA+) < ∞. Since η = ∞, it follows from (3)

that I − A∗(φA+) is invertible. Thus,

∞∑
k=1

φk
A+

∞∑
n=0

Rn∗
k = (I − �0)[I − G∗(φA+)][I − A∗(φA+)]−1 < ∞.

Therefore, {∑∞
n=0 Rn∗

k } is class II.

Theorem 6. Suppose that the Markov chain of GI/G/1 type is irreducible and positive recur-
rent.

(i) If 1 < η < ∞ and η ≤ min{φA+, φD} then {πk} is class I.

(ii) If η = ∞ and 1 < φA+ < φD , then {πk} is class I if {Ak} is class I and class II if {Ak}
is class II.

(iii) If η = ∞ and φA+ = φD , then {πk} is class I if at least one of {Ak} and {Dk} is class I
and class II when both {Ak} and {Dk} are class II.

(iv) If 1 < η < ∞ and 1 < φD < η ≤ φA+ or η = ∞ and 1 < φD < φA+, then {πk} is
class I when {Dk} is class I and class II when {Dk} is class II.

Proof. We will prove part (i); parts (ii), (iii), and (iv) can be proved similarly.
Assume that 1 < η < ∞ and η ≤ min{φA+, φD}. Since the radius of convergence of

�∗(z) = 1

det(I − R∗(z))
π0R

∗
0(z) adj(I − R∗(z))

is η, det(I − R∗(η)) = 0, and

π0R
∗
0(η) adj(I − R∗(η)) = π0R

∗
0(η)v(η)u(η)

m∏
i=2

[1 − ri(η)] ≥ 0

(but not a zero vector, according to Lemma 6 and Lemma 7), �∗(η) is infinite. Therefore, {πk}
is class I.

We now discuss the impact of the boundary matrices on the tail asymptotics. It is important
to note that the R-measure expression (8) shows a subtle interaction between {Ak} and {Dk}
that has a nontrivial influence on the tail behavior of {πk}. In general, it is possible for {πk} to
have the tail behavior of any discrete distribution when the boundary matrices determine its tail
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asymptotics, for example under the condition that 1 < φD ≤ η < φA+. This phenomenon was
also observed by Bean and Nielsen [8] in the tail of the first passage time distribution. Under
this condition, explicit tail asymptotics expressions in some special cases can be derived. For
example,

(i) if φD < η and z = φD is a pole of order d of D∗(z), then, for some small ε > 0,

πk =
d∑

j=1

(−1)jφ
−(k+j)
D

(
k + j − 1

j − 1

)
Ld−j + O((φD + ε)−k)e,

where

Lj = 1

j !
dj

dzj
{π0S(z)[I − R∗(z)]−1}

∣∣∣∣
z=φD

,

with S(z) analytic in z, |z| < φD + σ for some σ > 0, such that S(φD) �= 0 and
R∗

0(z) = S(z)/(φD − z)d ; and

(ii) if φD = η, z = φD is a pole of D∗(z) of order d, and the matrix A is irreducible, then,
for some small ε > 0,

πk =
d+1∑
j=1

(−1)jφ
−(k+j)
D

(
k + j − 1

j − 1

)
Ld+1−j + O((φD + ε)−k)e.

It is also possible to obtain expressions for the tail asymptotics of {πk} when A∗(z) and/or
D∗(z) have algebraic singular points; for example according to the Heaviside operational
principle of [29] or to [12].

6. Concluding remarks

In this section, we provide an example and some remarks to conclude the paper. In the
example, the BMAP/BMAP/1 queue is considered. We show how the tail behavior of the
distribution of stationary queue length relates to the tail behavior of the arrival and service
processes. In this model, we make the following assumptions.

(i) There is a single server with a waiting room of infinite capacity. Arrivals and service
occur in batches. Customers that arrive in different batches are served according to
the first-come–first-served discipline, while customers that arrive in the same batch are
served with equal probability.

(ii) The arrival process is a BMAP with matrix descriptor {Tk}, where T = ∑∞
k=0 Tk is an

irreducible infinitesimal generator of size m×m, 1 ≤ m < ∞. Let πA be the stationary
probability vector of T . Then the stationary arrival rate is λ = πA

∑∞
k=1 kTke.

(iii) The service process is a BMAP with matrix descriptor {Sk}, where S = ∑∞
k=0 Sk is an

irreducible infinitesimal generator of size n × n, 1 ≤ n < ∞. Let πS be the stationary
probability vector of S. Then the stationary service rate is µ = πS

∑∞
k=1 kSke.

We are interested in the tail asymptotics of the stationary distribution of the queue length. We
denote by (q(t), I (t), J (t)) the state of the system at time t , where, at time t , q(t), I (t), and J (t)

are the number of customers in the system, the arrival phase, and the service phase, respectively.
The infinitesimal generator of the continuous-time Markov process {q(t), I (t), J (t), t ≥ 0} is
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GI/G/1 type with repeating and boundary matrix sequences {Ak} and {Dk} respectively given
by

A0 = T0 ⊕ S0, Ai = Ti ⊗ I, i ≥ 1, A−j = I ⊗ Sj , j ≥ 1,

and

Di = Ti ⊗ I, i ≥ 0, D−j = I ⊗
∞∑
l=j

Sl, j ≥ 1.

Note that

(πA ⊗ πS)

[ ∞∑
i=1

i(A−i − Ai)

]
e = µ − λ > 0

is a stability condition for the system.
Let

T ∗(z) =
∞∑

k=1

zkTk and S∗(z) =
∞∑

k=1

z−kSk,

and let φT and φS be the radii of convergence of T ∗(z) and S∗(z), respectively. By Theorem 1
and Lemma 3, we have φR0 = φR = φT . Theorem 2 shows that if ρ = λ/µ < 1 and φT > 1,
then {qk} is light tailed, where

qk = lim
t→∞ P{q(t) = k} = πke, k ≥ 0

According to Theorems 3, 4, and 5, we obtain the following corollary.

Corollary 2. (i) If ρ = λ/µ < 1, φT > 1, and the set

� = {z : 1 < |z| < φT , det(T0 ⊕ S0 + T ∗(z) ⊗ I + I ⊗ S∗(z)) = 0}
is not empty, then the tail asymptotics of {qk} is geometric.

(ii) If ρ = λ/µ < 1, φT > 1, and r(φT ) > 1, where r(φT ) is the maximal eigenvalue of∑∞
k=1 φk

T Rk , then the asymptotics of {qk} is geometric.

Remark 6. If {Tk} is light tailed then {qk} is light tailed. In this case, an asymptotic expression
of {qk} depends on both {Tk} and {Sk}.

Finally, we remark that expressions for the generating function of {qk} for the matrices of
M/G/1 type used in the literature (see, for example, Equation (2.1) of [11] or Equation (3.3.2)
of [25]) are not in forms convenient to generalize to the study of the asymptotic behavior of
Markov chains of GI/G/1 type.

Following [11], the generating function for Markov chains of GI/G/1 type can be written
as

�∗(z)[I − A∗(z)] = π0D
∗(z) −

∞∑
i=1

ziπi

∞∑
j=−i

z−jA−j .

For a Markov chain of M/G/1 type, this becomes

∞∑
i=1

ziπi

∞∑
j=−i

z−jA−j = π1A−1
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and
�∗(z) = [π0D

∗(z) − π1A−1][I − A∗(z)]−1,

which has been used in [11] and elsewhere to study the asymptotic behavior of the chain.
However, for the Markov chain of GI/G/1 type, it is very difficult to express

∞∑
i=1

ziπi

∞∑
j=−i

z−jA−j

explicitly. This is why the R-measure is effective in explicitly expressing the generating function
�∗(z) in this paper.
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