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HARDY-LITTLEWOOD-SOBOLEV THEOREMS OF 
FRACTIONAL INTEGRATION ON HERZ-TYPE SPACES 

AND ITS APPLICATIONS 

SHANZHEN LU AND DACHUN YANG 

ABSTRACT. In this paper, the authors first establish the Hardy-Littlewood-Sobolev 
theorems of fractional integration on the Herz spaces and Herz-type Hardy spaces. Then 
the authors give some applications of these theorems to the Laplacian and wave equa
tions. 

1. Introduction. It is well-known that Baernstein and Sawyer in [ 1 ] have shown the 
Herz spaces are very useful in studying the sharpness of multiplier theorems on IF(RN) 
spaces. This paper will involve some other applications. First, let us introduce some 
notation. For k € Z, let Bk = {x e RN : \x\ < 2*}, Ck = Bk\ Bk_x and \k = Xck> 
where \ c

 ls *he characteristic function of set Q . Recently, the authors in [7] introduce 
the following weighted Herz spaces and give its decomposition characterization. 

DEFINITION 1.1 ([7]). Assume 0 < a < oo, 0 < /? < oo, 1 < q < oo and 
ujj (i = 1,2) are non-negative weight functions. 

(a) The homogeneous weighted Herz space Kq (UJ\ , UJI) is defined by 

where 

and 

kfiwum) :={f€ L^R" \ {0},a,2) : l t % M < <*>} 

MI 
\\s\\L^)-={SKMx)\q^x)dx) 

(b) The non-homogeneous weighted Herz space ^^{UJX , 0/2) is defined by 

and 
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And the authors [7] have pointed out that if u\ EA\ (Muckenhoupt weight), then 

(
OO N \lp 

\\fxBo \\
p
L,m + E M W ^ I l / x X (RW) . 

2 £_J ^1 

Obviously, if u\ = u2 = 1, then Kq (U)\,UJ2)
 a n d K^^fai,^) are the standard Herz 

spaces K^(RN) and ^ ^ ( R ^ ) respectively, see [1]. Also in [7], the authors establish a 
boundedness theorem of operators on the weighted Herz space with 0 < a <N(\ — \jq) 
for a large class of sublinear operators. But, this theorem is not true when N(l — 1 jq) < 
a < oo. However, the authors in [8] find out a substitute result by a proper substitute 
space instead of the weighted Herz space whenN(l — \jq) < a < oo. This substitute 

space is just the following Hardy spaces HKq {uj\, u2) and HK^^fai, u)2). And in [8], 
the authors also give their atom decompositional theory. 

DEFINITION 1.2 ([8]). Let uu v2 e Au 0 < p < oo, 1 < q < oo, N(\ - l/q) < 

a < oo and G(f) be the grand maximal function off (see [4]). 
• a,p • aj> 

(a) The Hardy space HKq (u\, u2) associated with Kq (u\, u2) is defined by 

Hk°%i,U2) :={/"€ S'(RN): G(f) € tf^Wo*)} 

and 

11/11 •«* := IIG(/)I I-* 

(b) The Hardy space HK^^iujx, o^) associated with A^(a;i , a^) is defined by 

HK«*(UJUU2) :={fe S'(RN): G(f) € K^(uuu2)} 

and 

If wi = u;2 = 1, we denote Hka/(uULj2) by HK^QLN\ and HK%*(ux,U2) by 
HK%*$LN). Clearly, ffi^1"1^'1^) is just the space introduced by Chen-Lau [2] and 
Garcia-Cuerva [5]. 

On the other hand, it is also well-known that the Hardy-Littlewood-Sobolev theo
rems of fractional integration on IF{^N) spaces play a profound and extensive role in 
harmonic analysis and partial differential equations, see [3, 10, 12]. The main purpose 
of Section 2 in this paper is to establish the Hardy-Littlewood-Sobolev theorems of frac
tional integration on the Herz space and the Herz-type Hardy space by means of their 
decompositional characters in [7] and [8]. Using the boundedness theorem of fractional 
integration on L^(RN) (u: power weight) established by Lu and Soria in [6] (also see 
[11]), in Section 3, we investigate the boundedness on the non-homogeneous Herz-type 
space with the power weight of fractional integration. These results are the generalization 
and supplement of the results of Lu-Soria [6], which generalize the results of Stein-Weiss 
[ 11 ]. In addition, many applications of the Hardy space theory to partial differential equa
tions have been found, see [3] and its references. In Section 4 of this paper, by means of 
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some ideas comming from [3] and the results in Section 2, we give some simple appli
cations of the Herz-type space to the Laplacian equations and the wave equations. More 
interesting applications of Herz-type space refer to the authors' other papers. 

2. Hardy-Littlewood-Sobolev theorems. In this section, we shall establish the 
Hardy-Littlewood-Sobolev theorems on the Herz spaces and Herz-type Hardy spaces 
by means of their decompositional characterizations in [7] and [8]. 

THEOREM2.1. LetO<KNand 

Suppose 1 < q\ < oo, 0 < p\ < mm{q\,p2}, 0 < a\ < N(\ — l/qi), l/qi 

l /#i( l — Ip\/N)anda2 — ot\ + t(p\/q\ — 1). Then 

PROOF. We only prove the theorem for the homogeneous case. Le t / G Kqi (R"), 

then/**) = E£_ooAAW, where \\f]\^m ~ rnf02k\h\Pl)l/pi (the infimum is 

taken over above decompositions of/), and bk is a dyadic central (a\, <7i)-unit with the 

support^, that is, suppfe* C {x : \x\ < 2k} and H&jtllz.'KR*) 
<\Bk\-°*'N9 see [7] for the 

details. We write 
CO 

\\h(f)\\^(RN = £ 2^11/^xJI^^ 
k-2 \P2 oo / k-2 Y 

<c E 2*<W E WIIWxJIW) 
fc=-00 V/=—OO J 

+ C £ 2kaM t \MVdbj)Xk\\Lnm) 

:=CIi+CI2. 

Let us first estimate I2. Set l/q0 = l/qi - l/N. Using It:L*(RN) -> L^(RN) and 
Holder's inequality, we get 

\mbj)xk\\mm < C | |WxJU ( R")2W ( 1 / ? 2~ 1 / < / 0 ) 

<C\\bj\\Ln(flltf>*l'*-l'*> 
< C2~J(Xl+kN(l/q2~l/qo\ 
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Thus, if set 1 jp\ + 1 jp\ = 1, we have 

/ °° / 00 , / Y 

fx'Pl <C V 2k(*2Pl\ V* u.|2-w+*A^1/^2-i/^o) J 
&=—oo V/=fc—1 y 

OO / OO A / 7 ! 

<c E E |A;|2(*-̂ ' 
k=-oo\j=k-\ J 

< 
C E ^ - o o C E ^ . , |A,f <2<^»*»), 0 <Pl < 1; 

C E ^ - o o C : ^ , |A,f'2<*-^*"/2) 

x(Ej2t_i 2(k-J>ari/2Y<M, Kpi<oo 

< f C J ^ , |AyK* 1(E{+
=

1_002(*-^'), 0 < p , < 1; 
- 1CE^^ |Ayr(E{+J_0o2^^'/2), l</», < oo 

OO 

< c i iA,r-
y=-oo 

By the way, this computational technique will be used throughout this paper. We shall 
not go into details in the following. That is, 

/2<c|^ r, (R„. 

For I\, note thaty < k — 2, we then have 

\\h(bj)Xk iiiV) ̂  ck w ^ (/lbM dyT ** 

Thus, 

< C2~M<l2+Ml-l/<li)<l2+kN-k(N-e)q2 

. oo / k-2 , \P\ 
fi/p*<C Y 2k(X2Pl\ V \\.\2~Jai+JN^l^1^kN^~k^N'~in 

k——oo V/=—oo 7 
oo / k-2 , \Pi oo 

= c E I E lAy^^'^^1^-^ < C ^ |A,f\ 
&=—oo V/=—oo y j=—oo 

That is, 

' i < c r i i ^ 
*;r>") 

This finishes the proof of Theorem 2.1. 
In Theorem 2.1, if we restrict 1 < q\ <N/l, we shall get the following more refined 

theorem. 

THEOREM 2.2. Let 0 < £ < N andlt(f) be as in Theorem 2.1. Assume that 0 < 

ocx < N(l - l/qi), 1 < qx < N/£, l/q2 = l/qx - 1/NandO <px<Pi <oo. men 

h mapsK^iR") (orK%*l(RN)) intoK^^) (orK%^(RN)). 

PROOF. We only prove it for the homogeneous case. Let / e Kqi (Mr); then/(jc) = 
T>kL-oo^kbk(x), where ft* is a dyadic central (ai,#i)-unit with the support 2?* and 
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i i % " V ) ~ M(^k i w 1 7 * •we ^ 
oo 

VMK™ = E -2-kttm\\h(f)xk\\%(KN) 
Kn k——oo 

oo / k-2 \Pi 

<C £ 2*<W E |AylllWx.llz«(i*) 
£=—oo V/=—oo y 

00 / OO \ P 2 

+ C £ 2*°** E N I l W x J w ) 

:= C/i + CI2 

ForI2, using If. L^(RN)^L^(RN), we get 
, 00 ( 00 \PI 

£/„< E 2 ^ , E |A;|||/^,)xJU(R») 
j t=-oo y=k-\ J 

oo / oo \Pi 

<C E 2*<W E |A;III*,W) 
i t=-oo V/=it-i y 

oo / oo \ P i oo 

<C E E |A;|2<*-*M < C E |A,r-
Jb=—oo v/=jfc—1 y j=—oo 

/2<C|kllfr,(RV 

For /i, note that if/ < k — 2, then 

IIWXJUR") < C{jct ^±^(J\bj(y)\dyy2dx}l/ 

That is, 

Thus, 

Therefore, 

, oo / Jfc-2 , \ P i 
f l ' P 2 < C V 2*ai/?1 V |A- |2~- , ' a i +^~*^ 1~ 1^ l ) ) 

k=—oo V/=—oo y 
oo / £ -2 , \/>i oo 

<C E E |A,|2<^««.-W-i/«.))) < C E |A,P". 
£=—oo V/=—oo y j=—oo 

/ . < c | ^ r , ( R W . 

cases, 
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THEOREM 2.3. Let I andliif) be as in Theorem 2.1. Suppose 1 < q\ < oo, 1 /qi = 

l/<7i(l — lpi/N), 0 <p\ < min{<7i,/?2} < oo, N(l — \/q\) < <*i < oo andoti = a\ + 

£(pi / ? , - 1 ) . Tten/, mapsHK^^) (or HK%l*\RN)) intoK%*\RN) (or^\RN)). 

PROOF. Similar to Theorem 2.1, it suffices to consider homogeneous case. Le t / E 

Hka
q'i

J"(RN), then/ = ££_„<, Ayay, where M\HQ«m ~ inf(E£-oo l \ P ' ) 1 / p ' and a, 

is a dyadic central (a\, ^i)-atom, that is 

i) supply CBji 

ii) Ikyll^(R-) < \Bj\-"*tN; 
iii) J f l / j c y & = 0,|i8| < J I , J I >[cti+N(l/qi-l)], 

see [8] for the details. Note that/?i < /?2, we write 

/ 00 \P\IP2 

\\h(f)\\P^m := (/t_Eo2^||/^xt||?,2(R,)J 

< E 2to2"||/<(/)xX2(R*) 
£=—oo 

oo / * - 2 \Pi 

&=—oo V/'=—oo / 

oo ( oo \ 

+ c E 2*<W E lAylll/Ka^xJU,.^) 
/ t=-oo V / = t - l ) 

:= Ch + C/2. 

For/2, note that l/q2 =\/q\- (px/qiW/N) >l/qi~ l/N := l/q0, we then have 

l|/Ka/)xtIU(R») < ||/«(a,)Xt | | i»(ii»)lQ| , /*- , /* 

Thus 
oo / oo \ 

/ 2 < ( ; V 2^a2/?1 Y\ \\-\2~jax+kN(<llq2~xlqo)\ 
k=—oo \j=k— 1 / 

oo / oo \/*i 

< C E E 2^>>|Ay| 
ifc=-ooV/=it-l / 

<c E î r 
j=—oo 

For / i , we first make |* — .yl-^"^ into the Taylor expansion at x and use the vanishing-
moment condition of a,, we get 
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Therefore, 

''"'qiHN-t+si+lfi+Jisi+l-ai+Nil-l/qi)}] * oo / k-2 

h < C £ 2ka2Pl E |A/|2*W 
k=—oo y=—oo 

oo / £-2 , \ 

<c E E |A/|2
(*->Xa,+^,-^,-1)) 

£=—oo Vy'=—oo y 

< c E IV-
y=—oo 

This finishes the proof of the theorem. 
Similar to the case of Herz space, if we restrict 1 < q\ < N/l9 we can get the 

following more exact theorem. 

THEOREM 2.4. Let £ andh(f) be as in Theorem 2.1. Assume that 1 < q\ <N/l, 

\jqi — l/q\ — N/£, 0 < p\ < pi < oo andN{\ — l/q\) < oc\ < oo. Then li maps 

Hk**lQlN) (orHK%^(RN)) into K ^ ^ ) (orf^^(RN)). 

PROOF. It suffices to study the homogeneous case. Suppose/ E HKqx (R ) , as in 
Theorem 2.3, we se t / = £y?Loo V*/> w n e r e aj *s a dyadic central (ari,<7i)-atom with 
the support Bj and s\ -order of vanishing moments, s\ > [a\ + N(\ jq\ — 1)]. Note that 
P\ <P2, we have 

oo ( k-2 \P\ 

Whn?i^<C E 2*^' E |A/|||/«(fly)xtIU«(nv) 
Kg2 (•*") *=-oo V=-co y 

oo / oo \Pi 

jfc=-oo V=k-\ J 

:=CIi+CI2. 

For 72, using 7 :̂ L* (RN) -> I**" ) , we get 
00 / OO \ /> l 

/ 2<c E 2*<W E |A,INU(R») 
k=-oo y=k-\ J 

oo / oo \Pi oo 

<c E E IA/12*-̂ 1 < C E IV-
fc=-oo Vy=A:—1 7 y'=—oo 

For 7i, similar to the proof of Theorem 2.3, using the Taylor expansion of \x — y\~N+e at 
|JC| and the si-order vanishing moments of ay with s\ > [a\ + N(\ /q\ — 1)], we first get 

l|/,(«,)x.ll„(.,<c(/JX,^S^*)"*}'fe 

<(^Xs\+l-ai+N(\-\/ql))+k{N/q2-(N-e+sl+\)) 
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Thus, 

oo / k-2 , , \Pi 

/ < c r 2kaiPl\ J2 \\]2!Xsi+l~ai+N{l~l/qi))+k{N/q2~{N~i+Sl+l))\ 
k=—oo \j=—oo J 

oo / £-2 \Pi 

k=—oo V/=—oo / 

oo 

< £ I Ayr1. 
y=-oo 

and we finish the proof of Theorem 2.4. 
In Theorem 2.4, if we also restrict ot\ > N(l — 1 jqi)9 then we can get more refined 

results. Before doing that, we first come to establish the molecular decomposition of the 
space HK^il, \x\~P) with 0<(1<N. 

DEFINITION 2.1. Let u(x) = \x\~P, 0 < /? < N, 1 < q < oo, N(l - 1 /q) < a < oo, 
non-negative integer s > [a + N(l jq — 1)], £ > max{s/N+ f3/(Nq\ a/N + 1 / # — 1}, 
a = 1 — 1/̂ r — a/A/r+ e and 6 = 1 - \/q + e. A functionM^ G Z£(R*) with I G Z is 
called a dyadic central (a, q9 s, e^-molecule, if it satisfies 

i)\\Me\\LURN)<2-ta; 

H) Kam := mw'JSr) ii i*r^(*)iii^ < °°; 
iii) SM(dxPdx = O,\0\ <s. 

DEFINITION 2.2. Let w, q, a, s, e, a and b be as in Definition 2.1. 

(a) A function M e ^(R^) is called a central (a, q, s, e^-molecule, if it satisfies 

i) f^JM) = \Mtm II \AmM{x)\\1^ < oo; 
ii) fM(x)xPdx = Q°\p\ <s. 

(b) A function M G Ll(RN) is called a central (a, q, s, e)w-molecule of restrict type, if 
it satisfies i), ii) and 

iii) \Mnm < I-
THEOREM 2.5. Lef a;, q, a, s, e be as in Definition 2.1, and 0 < p < oo. Thenf G 

HK^(19LJ) (orHK5*(l,L>)) if and only iff£ ZT=-oo x*Mt (or ^?=o xtMd where each 
Mi is a dyadic central (a9q,s, e)^-molecule, Stq^iMt) < C < oo, C is independent 
of Mi, andY^-o. M ' < oo (orE^o \XN < <*>)-

For the proof of Theorem 2.5, we refer to [12]. And, similar to the atom-decomposition 
case, if 0 < p < 1, then we can replace the dyadic central (a, q, s, e)^-molecule by the 
central (a, q, s, e)w-molecule or the central (a, q, s, e^-molecule of restrict type, respec
tively. 

Now, we give an application of this theorem. 

THEOREM 2.6. Let l and It(f) be as in Theorem 2.4, 1 < qx < N/l, l/q2 = 
l/qi - t/N, 0 <px <p2 < oo andN(\ - l/q{)<N(l - l/q2) < ax < oo. Thenh 
mapsHK^iR") (or H^1 (RN)) into HK^1(RN) (or HK*£*\RN)). 
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PROOF. We only prove the theorem for the homogeneous case and shall use the atom-
molecule theory of HKqi (R*) and HKqi (R^). Let/be a central dyadic (ct\, q\)-atom 
with the support Bj and the si-order of vanishing moments, s\ > [ot\ + N(l/q\ — 1)], 
see the proof of Theorem 2.3. We must prove that I^{f) is a central dyadic (pt\, #2, S2, e)-
molecule by Theorem 2.5, that is, 

i) \\Ie(f)\\mm<C2-^; 

ii) MW) := ll^^ll W)H M^WllI^J) < C < oo; 
iii) SIe(f)(xydx = 0, |/?| < s2,s2 > [ax +N(\/q2 - 1)], 

wheree >rmx{s2/N,a2/N+l/q2- l } ,a = 1 - l/q2 — a\/N+e,b = 1 - l/q2 — £ 
and C is a constant independent off. 

Since Ie maps I^(R^) into Lq2(RN% i) is obvious. We now verify ii). Using It: 
L^(RN) -> LK(RN% we first get 

(j£j/<(/)l*M^*) <C2!m\\h(f)\\Lnm 

<C2/m\\f\\Lqi(RN)<a/^-^\ 

Next, using the Taylor expansion of \x—y\~N+t at |JC| and the s\ -order vanishing moments 
ofay, we have 

I \I((f)m^dx<c[ \xMf ^ ^ dy)"2dx 
J\x\>2/+2 * W n ' ' - y|jc|>2/+2' ' \JBJ |JC|^-^I+1 'J 

where we choose s\ such that (s\ + 1 — £)/N > e. Therefore, 

K(M) = \mCm II w^wiiirA 

This proves ii). Take ŝ  = [a\ +N(l/q2 — 1)], it remains to verify iii). In fact, by the 
inequality 

ii>! i^^^v i^ < n^(^^)krii^(R-)(/x|>1 k i^-^^ ^ ) 1 M 

< oo, 

we see that h<ffe)xP ELl(RN), where l / ^ + l M = 1. From this, it follows that 

{ltWtf)AV) = &{(leV))\x)} e C(RN). 

Thus, in order to prove 

(/£(/X^)A(0) = / / £ ( / x ^ A = o, 

it suffices to show 
limD" {/,(/)*(*)} = 0. 
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Let /3, and j32 satisfy |/3i | + |/J2| = |/3|. Note that 

Z>J'(|x|-/) = 0(|x|- '-l f tl) 

and 

= //(0(-27r/ey32 [e-2"** - P(OI <£, 

where P(£) is the (sx — l/feD-order Taylor expansion ofe~2m^'x at the origin, we get that 
\D^2f{x)\ < C|JC|5»-I^I+1. From this, it deduces that \D^(\x\-E)D^f(x)\ < C\x\'l"^-t+l. 
Note that sx - £ + 1 > s2 > |/?|, we get 

limZ^I(|jc|"')Dft/(x) = 0. 

And therefore, lim D^\(lt(f)) (JC)} = 0. This finishes the proof of Theorem 2.6. 
|x|-*0 l v ' J 

3. Hardy-Littlewood-Sobolev theorems with power weights. In this section, we 
shall generalize Theorems 2.1—2.4 and 2.6 of the non-homogeneous case into the power 
weight case. First, we quote the theorem of Lu-Soria [6] as follows, which is the gener
alization of the theorem of Stein-Weiss [11]. 

THEOREM 3.0 ([6] OR [11]). Let I <p < oo,0 < I <N, \jpx = 1 /p+(ax +P0/N, 
0 < cc\ + /3\ <l,oc\ < 0 and \jq = \jp\ — l/N. If a sublinearoperator1\ satisfies 

Vte)\<cj^^& 

and Ii maps LP' (RN) into L*(RN), then h also maps L^(RN, \x\-adx) into L<*(RN, \x\~^dx)t 

where a = —pax, ft = q(3x and f3x < N/q. 

In this section, we redefine that x0 = XB , Xk = Xk f° r k £ N. Corresponding to 
Theorem 2.1 of non-homogeneous case, we have 

THEOREM 3.1. Let0<l < N and Ie(f)(x) = C£yN JRN ̂ l_t dy, I <qx <oo,0 < 
px < rmn{qup2}, 0 < ax <N(\-\/qx)+oc/qx, 0 < a<N-lqx, 15 = aN/(N-lqx), 
l/q2 = l/qi(l-£pi/N)anda2 = ax+£(px/qx-l) + loc/(N-lqx)(\-px/qx).Then 
h mapsK%l*\\,LOa), intoK%*2(\,up\ whereua = \x\-a. 

PROOF. Suppose / e jK£I,Pl(l,a;a), then f(x) = Ej£o**fl*(*)> where 

inf{E£ 0 I^P71 }1//?1 ~ l l / l l^^c i^a) a n d a * is a weighted dyadic (ax,qx\ l,wa)-unit, that 

is, suppa* C Bk and H^ll^i ,R^ < \Bk\~
ai/N, see [7] for the details. Note that/?i < p2, 
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we get 

oo (k-2 \Pi 

+ cE2 h * [Z\W\\itmMm] 
k=2 V/=0 P J 
oo / oo \P\ 

+ C£2*<W £ |Ay|||/^)xJb(R.) 
*=2 W - l w*1 V 

:=C(/ i+ / 2 +/ 3 ) . 

For k = 1 and 2, note that l/q2 = l/q\ - (px/qiXl/N) >l/q\- l/N := l/q0, by 
using the Holder inequality and Theorem 3.0, we have 

oo 

7=0 

Th»,/ I<c| |Al^ ( W 
Now, we come to estimate I3. Using Theorem 3.0, we get 

< c2-M+KN-/3)(\/g2-i/go)^ 

Therefore, 
0 0 / 0 0 , \Pi 

j3 < cY^2ka2Pl\ V IAI2"-7'"1 +W-W/«2-1/«>) I 
~~ k=2 V=A:-1 7 

0 0 / 0 0 \ ^ i 00 

<C£ I 2^«' <C£|A,f<. 

For /2, note thaty < k — 2, we first have 

ll««lli?„<c{/CiW-»(i^*)"*|"" 

From this, it follows that 
00 rk-2 \Pi 

j2 < cJ2\ V) |^.|2-*Wft-^/«+^-^-^HfW«i+^(i-i/flfi)-ai}] 
A:=2 V = 0 y 

00 /Jfc-2 , , A^1 

< C V I V |A |2^-* ) W _ 1 / * l ) ~ a i + a / ' 7 , ) I 
~~ Jt=2V;=0 J 

00 

where we use «i <Af(l — l/q\) + a/q\. And we finish the proof of Theorem 3.1. 
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THEOREM 3.2. Let I andlg(f) be as in Theorem 3.0. Assume that 0 < at < N — 
(N-a)/qi, Kqi<oo,0 <px <p2 < oo, l/q0 = l/qi+(ao+0o)/N, 0 < a0+(30 < 
I, a0 < 0, l/q2 = l/qo- i/NandIe maps L*>(RN) into L^(RN). Then It also maps 
KSl^iUwa) into K^^(1,CJ0), where a = -qia0, /? = q2j30 and (30 < N/q2. 

PROOF. Similar to the proof of Theorem 3.1, l e t / e K%t
m(l,uja), then/ = 

£?20 AyO/, where aj is a weighted dyadic central {ct\,qi\ l,wa)-unit with the support Bj 
and|l/-| |^^, (1Warinf{ Ej20|A,f" }'//>.. Note that /?, </>2,weget 

ii7^iip4-(.^)^cS l | /<( / )%JV) 
00 fk-2 \P\ 

+ c E 2 t o l P l E |A .M | / { ( a .Hjl 
k=2 V/=0 f* J 
00 / 00 \ /> i 

+ c E 2 *a ,„ ^ |A/|||/,(«/)xJlz.?(R-,l 

:=C( / i+ / 2 +/ 3 ) . 

Using Theorem 3.0, we directly obtain 

/. < c\\f\\^(RN) < c | W ^ ( W 

oo / oo \/>i 

/3<c£2*<W E lA/INIi!!^ 
k=2 \/=k-\ J 
oo / oo NPI OO 

< C I E IA,|2^>' <cj:\\jr. 
k=2\j=k-\ J j=\ 

For/2, similar to the proof of Theorem 3.1, note thaty < k — 2, we have 

\\h(aj)xk\\Lnm < C2^-»/*-™WWi-i/*>W«.-«.>. 

and 

Therefore, 

oo ^ - 2 , , , , ,\Px 

* = 2 \ / = o y 

oo / * - 2 , , \Px 

< cyM y IA-M* - 7^* 1 -^^ 1 -"/^ I 
*=2y=o 7 
oo 

<cEiA,r. 
7=0 

This finishes the proof of Theorem 3.2. 
Note that if ai = 0 and/?i = #i, then Theorem 3.2 is just Theorem 3.0 and Theo

rem 3.1 is a special case of Theorem 3.0. Thus, Theorems 3.1—3.2 are the generalization 
and the supplement of Theorem 3.0. The following three theorems correspond to Theo
rem 2.3,2.4 and 2.6 respectively. 
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THEOREM 3.3. Let I andl((f) be as in Theorem 3.1, I < qx < oo, 0 < px < 
rmn{qupi}, N(\ - l/qi) < ax < oo, 0 < a < N - lqx, 0 = aN/(N - lqx), 
a2 = ax+E(px/qx-l)+ea/(N-eqx)(l-pi/qi)andl/q2 = \/qx(\-tpx/N). Then 
h mapsHK%lfi\\,ua) into tf^ (I, OJ0). 

PROOF. Let / 6 HK2}"(l,u,a). Then/ = Ej20 V./> where \\f\\H^l(X<Ua) ~ 
inf(E7^o lA/P1)1^1 and otj is a dyadic central (ax,qx; 1, wa)-atom, that is, suppa, C By, 

hjWi^m ^ \Bj\-°"/N and Jajix^dx = 0, |/3| < sx and 5, > [ax +N(l/qx - 1)], 
see [8] for the details. Note that/?i < pi, write 

oo fk-2 \Pi 

+ C E 2 ^ E | A | | | / K )_!! 
k=2 \j=o ueK J 

00 ( 00 \Pi 

+CE2"* E \><j\\\hmMm) 
k=2 y=k-\ p J 

:=C(/i+/2+/3). 

Note that l/q2 = \jq\ -p\/q\ • (l/N) > \/q\- l/N := l/q0, using Holder's 
inequality and Theorem 3.0, we get 

h < qi^COII^^w^i)1/*-1/* 

V/=0 J 

and 
oo / oo \ /> i 

* = 2 V y = * - 1 W/» 7 

OO / OO , \Pl 

< C £ 2 * < W E |A,|||fly||ia(llv)2^-«1/*-,/») 
£=2 \j=k— 1 7 

oo / oo \ ^ ! oo 

< c E E |Ay|2̂ >> <c£|A,f\ 
Jfc=2y=ifc-1 ' 7=1 

Next, we come to estimate h. By the Taylor expansion of |JC —y\ N+l at x and the s\ -order 
vanishing moments of ay, we get 

< C2-*W/92+Ar-^i+i-A f/ftM^+i) f\aj(y)\dy 

< C2-*tf/92+'V-<+*i+l-A'/92)+/{*i+l-«i+Ar(l-l/?i)+«/9i}. 
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Therefore, 
oo rk-2 , , \P\ oo (k-2 , , V 

J2 < C V I V |A .\2/^+l-a^N^-l/^+a/^+k(a2-^/q2+N/q2-(N-i+Si+\))\ 
~ k=2\j=0 J 

oo (k-2 , , \P 
< c y v u .|2(/-^i+i-ai+Mi-i/9i)+«M) 1 
~~ it=2V=0 J 

<cEiA,r. 
7=0 

This finishes the proof of Theorem 3.3. 

THEOREM 3.4. Let I andlt(f) be as in Theorem 3.1, 1 < qx < oo, N(l - l/qi) < 
ct\ < oo, 0 < p\ <p2<oo, 1/^2 = l/q\ + (<*o + A) - O M 0 < a0 + /?o < ^ and 
ccx < 0. 77*ew 7£ mapsHK%l*\\,ua) into K^^(\9ujp)f where a = -q\a0, /? = tf2A) 
aw//Jo <N/qi. 

PROOF. Similar to the proof of Theorem 3.3, l e t / E /fl^,1,Pl(l,a;a), then/ = 
EjSoV;» w h e r e ll/llffl^i'ici^) ~ ^ ( ^ o l A / f 1 ) 1 ^ 1 and a, is a dyadic central 
(ori, q\; 1, o;a)-atom with the support Bj and the s\ -order vanishing moments, s\ > [a\ + 
N(l/q\ — 1)]. Note that/?i <pi, we then have 

oo /£-2 \/>i 

*=2 v=o 0 y 
oo / oo \ 

:=C( / i+ / 2 +/ 3 ) . 

Using Theorem 3.0, we get 

/i^cii/i^^cgiAyr 
7=0 

and 
00 / OO \Pl 

*=2 V=*-l a J 
oo / oo \/*i oo 

< C £ 2 * a W £ |Ay|2^*ai < C £ | A , f \ 
*=2 V=*-l 7 y=l 

For /2, by the Taylor expansion of \x — y\~N+i at x and the s\ -order vanishing moments 
ofay, we get 

I I ^ J I ^ , <c(/c,w- '(4«:*r *}i/'' 
< (^-M^-AO/^+^-^+^i+lj+yl^+l+cr/^-^+ArCl-l/^)} 
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Therefore, 

oo rk-2 \Pi 

k=2 Vy=0 / 

oo rk-2 , \Pi 
<CY]\y\ |A|2(/'~^)(Ar(1~1^l)+a/^1+'s,+1"ai) I 
~" *=2y=o J 

00 

<cEiAyr. 

And we finish the proof of Theorem 3.4. 

THEOREM 3.5. Set I andlt{f) as in Theorem 3.4. Let 1 < q\ < oo, 0 < p\ < 
p2 < oo, N(l - l/qi) < N(l - \jqi) < ax < oo, \jq2 = l/qi +(a0 +/30 - l)/N, 
0 <a0+(3o < land a0 < 0. Then It maps ffi^O,^) into HK^^{\9u)&\ where 
a = —qia0, (3 = q2(3o and/J0 < N/q2. 

PROOF. We shall use the atom-molecule theory of HK^x
lJ?l (I ,ua) and#K£1,p2(l, up) 

to prove this theorem. Let/ be a dyadic central (a\, q\; 1, o;a)-atom with the support Bj 
and the s\ -order vanishing moments, s\ > [oc\ +N(\/q\ — 1)]. We must prove that //(/) 
is a dyadic central (a\,q\,s2, e)U0-molecule by Theorem 2.5, that is 

0 \\h(f)\\L*m <a-jax> 
ii) Kft^(//W) := 11^(011^11 M ^ W I I ^ < C< oo; 

iii) Sh(f)(xVdx = 09 |v| < L 52 > [<*i + JV(l/92 - 1)], 
where e > max{s2/N + (3/(Nq2)9ai/N + l/q2 - 1}, a = 1 - l / ? 2 - oc\/N+ e, 
6 = 1 — 1 jq2 — e and C is a constant independent of/. 

Using Theorem 3.0, we see that i) is obvious, iii) can be proved by a method similar 
to the proof of Theorem 2.6. We only need to verify ii). By Theorem 3.0, we first have 

(JBj+2 | /^ |* |x |^ W"*) ^ < C2m\\im\Lnm 

Next, using the s\ -order Taylor expansion of \x — y\~N+i at x and the s\ -order vanishing 
moments of/, we get 

<C[ \x^u\a^dyY& 
- J\x\>2/+2 ' ' \JBj | j c | ^ + 5 i + 1 JJ 
< C2/(~ai+Nb\ 
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Therefore, 

W<</>) = \m\\a£m^rm\l
L*alL 

< c2~Jaialb+ji-Nh~ax^x'~alb) 

= C < o o . 

This finishes the proof of Theorem 3.5. 

4. Some applications. In this section, we shall give some applications of the the
orems in Section 2. For more interesting applications, we refer to the authors' other pa
per [9]. 

Let TV > 3 a n d / E ^ ^ where 1 < q < oo. If -Aw = / , 

then u E ̂ } { ^ 2 ) / 2 ^ / ( ^ + 2 ) ( R ^ ) by Theorem 2.1. Moreover, if let R = (R{, • •, RN) 

and {Rj}jL\ be the Riesz transforms on RN, noting that Vw = i?(/i(/)), we get that 

Vw E k^l~l,q)/2a(RN) by Theorem 2.1 in Section 2 of this paper and Theorem 2.3 in 

the authors' paper [7]. We claim that |Vw|2 -fu E HKg{l~l/q)A(RN). In order to prove 
this claim, we follow the idea in the proof of Theorem II. 1 in [3]. Take <j> E Cg^R^), 
<j) > 0, supp </> C B(0,1), S <Kx) dx = 1 and </>,(*) = rN(j)(x/t) for t > 0, we get 

{* * (|V«P - » > W = /V„(y)i [H(y) - ^ fB(xt) «]V*(^) ± dy 

where 5(x, f) = {y 6 Rw : |x - y\ < i). Then, 

(|V«|2 -fu)*(x) 

:=sup|{^*( |V«| 2-»}(x) | 
r>0 

* s? ^ o i L |VM(y),lMCy) - ra /**> "I * 
+ C ^ ( K O I /«*> |B|) (KOI L "0 

<fy 
1 r l 1 /• 

< Csup -T——-r / |VM(V)| «(y) - T——-7 / u 

+ CM(|K|)A/( | /1) 

- ,>5 t\\B(x,i)\h(W ' / 
/ 1 r I 1 /• \2N/{N-l) v(JV-l)/(2A0 

+ CM(|«|)Mfl/1) 
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AN+l)/N 
< csupfy-i-i- I |V«|2"/("+1>Y - J\\B(x,t)\ JB(X,,)] ' J 

<CM(\Vu\w'<wf™yN 

+ CM{\u\)wl(N-2) + CMWfHM, 

where M denotes the Hardy-Littlewood maximal function and we have used the Sobolev-
Poincare inequality in the inverse second inequality. Using the equivalent characteriza
tion ofHK"{i~l/q)'l(RN) (see [2,5] or [8]), we obtain v9 

,|2 
|| |V«| - / " l l ^ c - ' M ' ^ ) == ll(|V«| - ^ r i l j ^ i - i M i ^ 

•C| |M( |« | )^/^- 2 ) | |^ , - 'M'(R") 

+ C||M(|/1)W+2>||^, 

= C||M(|Vw| ) \ \ rN(l-l/q)N/(N+l),(N+l)/NmN. 
Kq(N+l)/N W > 

+ t\\M(\U\)\\ m_l/gW_2y(2N)2N/(N_2) 

^IqN/iN-l) K™ > 

+ C\\M(\f\)\a 1 - 1 /qW+2)/(2N),2N/(N+2) ,DN\ 

2qN/(N+2) ^ ' 

< C\\Vu\\2^l/q)/2,2{RN) 

+ C\\u\\2N/(N-2) 

^ ^ l l " l l jAl-l/qW-2)/2,2N/(N+2)mN. 
K2qN/(N-2) ( K > 

cm2N/(N+2) 

2qN/(N+2) K > 

where we use Theorem 2.3 of the authors' paper [7] in the inverse second inequality. 
That is, |Vw|2 -fu G HKq{l~l/q),l(RN). More generally, by a similar method, we can 
prove the following proposition. 

PROPOSITION 4.1. LetN > 3 and 1 < q < oo. TjfVw G ld£l~l,q),2a(RN), w G 

K%l-l,q),p*(HN), 2N/(N-2) <p <oo and Au e K^~l,qW^(flN)9 where l/p + 

1/y = 1, then Au • u + |Vw|2 G HK^l'l/q)9\RN). 

For the wave equations DM := (J^ — A)w = / , we have a similar result. 

PROPOSITION 4.2. LetN > 2, 1 < # < oo. IfUu = (§? - A)u = f inRt x R* 

f, Vt/ G ^ ( 1- 1 / ( 7 ) / 2 ' 2(R 1 +n u G K%l-l,q)/pj,(Rl+N) with 2(AT + 1)/(AT- 1) < p < oo 

AIM// G K^~l,qWj/(flN) where \/p+l/p'= 1, /ten in(w2) =/w + | | | 2 - |V«|2 G 
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REMARK 4.1. The Proposition 4.1 and 4.2 are also true for the homogeneous Herz 
and Herz-type Hardy spaces. 

REMARK 4.2. If q = 1, then Proposition 4.1 and 4.2 are just the results of [3]. 
Thus, Proposition 4.1 and 4.2 are the generalization of the corresponding results of [3]. 
However, Proposition 4.1 and 4.2 are the bases of our following work [9]. 
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