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Abstract

It is known that the direct product of two automatic groups is automatic. The notion of automaticity
has been extended to semigroups, and this result for groups has been generalized to automatic monoids.
However, the direct product of two automatic semigroups need not be finitely generated and hence not
automatic.

Robertson, Ruskuc and Wiegold have determined necessary and sufficient conditions for the direct
product of two finitely generated semigroups to be finitely generated. Building on this, we prove the
following. Let 5 and T be automatic semigroups; if 5 and T are infinite, then S x T is automatic if and
only if S2 = 5 and T2 = T; if 5 is finite and T is infinite, then 5 x T is automatic if and only if S2 = S.
As a consequence, we have that, if S and T-are automatic semigroups, then 5 x T is automatic if and
only if S x T is finitely generated.

2000 Mathematics subject classification: primary 20M05, 20M35.

1. Introduction

It is well known that the direct product of two automatic groups is automatic (see [3]
for example). In [2] the notion of automaticity was extended to semigroups, and it
was shown that the direct product of two automatic monoids is automatic. However,
the direct product of two automatic semigroups need not be finitely generated (N x N
for example) and hence not automatic. In [6] it was shown that, if 5 and T are finitely
generated infinite semigroups, then 5 x T is finitely generated if and only if S2 = S
and T2 = T, whereas, if 5 is a finite semigroup and T is a finitely generated infinite
semigroup, then 5 x T is finitely generated if and only if S2 = 5. (The direct product
of two finite semigroups is finite, and hence clearly finitely generated.) Given this we
prove:
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THEOREM 1.1. Let S and T be automatic semigroups.

(i) If S and T are infinite, then S x T is automatic if and only if S2 = S and
T2 = T.

(ii) IfS is finite and T is infinite, then S x T is automatic if and only ifS2 = S.

Of course, if both 5 and T are finite, then S x T is finite, and hence automatic. We
prove part (i) of Theorem 1.1 in Section 3, and part (ii) in Section 4.

Combining Theorem 1.1 with [6], we have the following consequence.

COROLLARY 1.2. Let S and T be automatic semigroups. Then S x T is automatic
if and only ifSxT is finitely generated.

Unlike automatic groups, automatic semigroups need not be finitely presented, as
is shown in [2, Example 4.4]. Combining Corollary 1.2 with [6, Example 8.4], we
obtain an infinite collection of such examples.

2. Definitions

For any finite set A, let A+ denote the set of aH non-empty words over A, and let
A* denote the set of all words over A (including the empty word e). If A is a set
of generators of a semigroup S, then there is a natural homomorphism 6 : A+ —> S,
where each word a of A+ is mapped to the corresponding element of 5. Usually we
suppress the reference to 0, writing a for the element of the semigroup represented by
the word a.

As with automatic groups, we define a mapping 8A : A* x A* -*• A(2, $)*, where
$ i A and A(2, $) = ((A U {$}) x (A U {$})) - {($, $)}, by

•an,bi •••bm)SA =

(au b{) • • • (an, bn) if n = m;

(aubi)--- (an, bn)($, bn+{) • • • ( $ , bm) if n < m;

{au bi)--- (am, bm)(am+i, $) • • • {an, $) if n > m.

If S is a semigroup, A a finite generating set, L a regular subset of A+, and <p '• A + -> S
a homomorphism with L<p = S, we say that (A, L) is an automatic structure for 5 if
the sets

L= = {(a,0) :a, f3 e L,a = p in S}8A and

La = {(a, P):a,PeL,aa = pin S}SA (a e A)

are regular in A (2, $)*. If a semigroup 5 has an automatic structure (A, L) for some A
and L, then we say that 5 is automatic. Note that a semigroup may have an automatic
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structure with respect to one finite generating set but not with respect to another (see
[2, Example 4.5]), although this does not happen in groups (see [3]) or monoids (see
[4]). For properties of regular sets see [5].

3. Two infinite factors

In this section we prove part (i) of Theorem 1.1. By [6, Theorem 2.1], if S2 ^ S or
T2 7̂  T, then 5 x T is not finitely generated, and hence cannot be automatic. For the
remainder of this section 5 and T are infinite automatic semigroups with S2 = S and
T2 = T.

We let (A, L) be an automatic structure of 5, where

A = {«!,... ,am}.

Since S2 = 5, there exists a function r) : {1 , . . . , m] -> {I,... ,m} and words
£,, . . . ,£m € A+ such that

for each i. Introduce a new alphabet

A' = { a u . . . ,am,a[,... ,a'J,

where a- represents the element £,-. Let

W = {ah • • • aika'iM • • • a'it+i : k > 1, / > 0 , ik+p = ik+p+lr) ( 0 < p < I - 1 )} ,

and let

V = {ah • • • aika'it+i • • • a'u+i 6 W : ah • • • aik_,aik+, € L}.

Define a mapping 0 : W -»• A+ by

Note that w = wO holds in 5 for every w e W, and also that w6 e L if and only if
weL'.

CLAIM 3.1. The set C = {(a, a6) : a e W]8A, is regular in A'(2, $)*.

We construct a non-deterministic finite automaton M = (Q,A',v,s,F) accept-
ing C, as follows:

Q = [s] U [(i,j) : 1 < i,j <m], F = {(i, i) : 1 < i < m),

x = {(s, (ap,ap), s):l<p<m}U {(s, (ap, aq), (p, q)) : 1 < p, q < m)

U {((p, q), (a,:, $), (i, q)):l<i,p,q<m,p= iij}.

It is straightforward to prove that M indeed accepts C.
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CLAIM 3.2. The set D = [(a, a6) : a e L'}8A, is regular in A'(2, $)*.

Note that

D = {(a, aO) : a € W}8A, n ((A')+ x L)SA..

The set {(a, aO) : a e W}SA. is regular by Claim 3.1 and the set {{A')+ x L)8A. is
regular by [1, Proposition HA 5.1]. It follows that D is regular as the intersection of
two regular sets.

CLAIM 3.3. L' is regular.

Let n : A'(2, $)* —> (A')* be the homomorphism extending the map (x, y) (-»• x,
(x,$) i->- *, ($, y) t-> e (x, y 6 A'). Then L' = Dn is regular by Claim 3.2 since
regular sets are closed under homomorphism.

CLAIM 3.4. L'x is regular for every x € A' U {=}.

Since

L; = {(a, P)SA. : (3y, / ')((«, K ) V €D&(y, y')8A. e Lx & ( / , ^) e D)},

it is regular by [3, Theorem 1.4.6], and the proof of the claim is complete.
We now proceed to complete the proof of part (i) of Theorem 1.1. By Claim 3.3

and Claim 3.4 we have that (A', L') is an automatic structure for S. In the same
way we may extend an automatic structure (B, K) for T to (B', K'). Without loss of
generality we may assume that A ' n 5 ' = 0; le tK = A ' U B ' .

Consider a new alphabet X = A' x B', and a new language

J = {(M,, VX) • • • (up, vp) : (ut, vd eX, w, • • • up e L', u, • • • vp € K'}.

By [6, Theorem 2.1] it follows that X is a generating set for S x T and that / is
mapped onto S x T.

We now show that (X, J) is an automatic structure for S x T. First we note
that the set (L x K')SY is regular in Y(2, $)* by [1, Proposition IIA 5.1] and so
J = (V x K')SY n X* is regular.

Define two homomorphisms n{ : X(2, $)* - • A'(2, $)* and n2 : X(2,$)* ->
S'(2, $)* by

Vi), (U2, V2))\~* (UU U2), ((Ui,Vi), $)!->• (Mi, $ ) , ( $ , ( M 2 , W 2 ) ) !">•($, « 2 ) ,

: ((uuvl),(u2,v2))^(vuv2),

https://doi.org/10.1017/S1446788700001816 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700001816


[5] Direct products of automatic semigroups 23

Note that

J= = {((a, P)8y, (y, a)Sy)Sx : (a, P)8Y e J, (y, a)SY € J,

(a,y)SA. eLL,(fi,a)8B.eK'J

= (J x J)SX n L'=7t~l n K'=it?.

Since regular languages are closed under inverse homomorphism, L'^n^1 and K.'=ii^x

are regular, and so /= is regular.
If x = (u, v) with u e A' and v e B', then L'u and ^ are regular by Claim 3.4,

and so

Jx = (Jx J)8X n I,'.*,-1 D * > - '

is regular. This completes the proof of part (i) of Theorem 1.1.

4. One finite factor

We now consider the direct product S x T, where 5 is finite with S2 = 5, and
T is an arbitrary infinite automatic semigroup (not necessarily satisfying T2 = T).
Let S = [si,... ,sm], and introduce a new alphabet A = {au ... ,am], where at

represents s, for each /.

CLAIM 4.1. The set C = {(a,, w) : w € A+, w = a, in S}SA is regular in A (2, $)*.

Let n : A+ -*• S be the homomorphism extending the map a, H* S,. Since 5 is
finite, 5/7r~' is a regular set in A+ and so ({a,-} x j j jr"1)^ is regular in A(2, $)*. Now

C= (J ({a,} x * * - %
l<i<m

is a finite union of regular languages, and hence is regular.

CLAIM 4.2. For any x € {au ... ,am}U {e} the set Dx = {(a, fi) € A+ x A+ :
ax = p in 5} is regular.

This follows immediately from the fact that

i j <m

We now let T have an automatic structure (B, K) and set X = A x fi. Let

J = K«i, vi) • • • (up, vp) : (ui, vt) eX, v, • • • vp € A'}.
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We show that (X, J) is an automatic structure for 5 x 7 .

If (s, t) e 5 x T, then t = vi • • • vp e K. Since S2 = 5, there exist uu ... , up € A

w i t h s = ui- •• up, a n d s o (s, t) = (uu vt) • • • (up, vp) e J. T h e r e f o r e , J m a p s o n t o

S x T. Let Y - A U B. Since

J = (A+ x K)8yDX*,

J is regular. We also have that

J= = (J x J)8X n D.Tr^' n A^TT-r1

is regular, and that, for x = (u, v) € X,

JX = (J x 7)5X n Dun~l n J^TT"1

is regular, as required.
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