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Abstract. This paper generalizes the definition of mixed perverse sheaves to schemes of finite type
over anumber field. Their basic properties, e.g., characterization of simple objects, are shown.
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I ntroduction

The aim of this note is to present a theory of mixed perverse sheaves for varieties
over number fields. The great model is of course the theory for varieties over
finite fields devel oped by Beilinson, Bernstein and Deligne in [BBD]. At the time
that paper was written there was not yet a published construction of a ‘derived’
category of [-adic sheaves, so they could only treat the more special case of finiteor
algebraically closed base fields. Meanwhile, Ekedahl’s construction [E] has filled
this gap.

As he points out his formalism alows easily the application of the methods
of [BBD] over any field. In doing this we would indeed get a perverse ¢-structure
on the ‘derived’ category of [-adic sheaves for varieties over an arbitrary field.
However, this obvious approach does not allow to define awell-behaved notion of
weights. This was the point | was interested in most. In fact, the conjectures on
motivic sheaves ask for mixed sheavesi.e. ones allowing aformalism of weights.
The corresponding theory in the Hodge setting are Saito’s Hodge modul es.

It turns out adifferent approach solvesthe problem without major difficulty. The
main ideais to make sure that during the whole construction all /-adic complexes
live not only on avariety over Q but extend to some model. The precise definition
is given in 1.2. We use the arguments of [BBD] and the existence of Ekedahl’s
categoriesfor one dimensional base schemes.

We obtain thus for any scheme of finite type over a number field anew triangu-
lated category of horizontal /-adic sheaves which allows to define
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e aperverse t-structure for the middle perversity (cf. Sect. 2) compatible with
the one for finite base field or analytic spaces;

e anotion of purity, weights and mixedness (cf. Sect. 3) drawn from the one for
finite base field.

The subcategories of mixed complexesare stable under the six Grothendieck func-
tors. We can control the behaviour of weights under the functors Rf*, Rf., Rf',
Rf, R Hom, ® in the same way as in the case of finite base fields. Any perverse
sheaf F' isfinite extension of simple perverse sheaves. If F' is mixed, then these
simple perverse sheaves will be pure. However, it has to be mentioned that our
approach still falls short of providing aweight filtration on F'.

The morphisms in the new category are given by a direct limit over continuous
étale cohomology groups. In the particular case of the base B = Spec K where K
isanumber field, we have

Hiy(B, F) = R'T(Bror, F) = limH'(Gs, F) (Lemmad4.3).

(F aGaloiss-module unramified amost everywhere; the direct system runs through
al finite sets of primes of K.)

1. Derived categoriesof constructible sheaves

We fix an irreducible regular noetherian 1-dimensional connected scheme Up. Let
B = Spec K beits generic point. Let ¢/ be the category dual to the category of al
open subschemes of Uyp.

We call a Up-scheme horizontal if it isflat and of finite type over Up. If X isa
horizontal Up-scheme, then we will denote by ¢/ X the direct system of schemes
X xp, U forUinU. Thelimit of X isrepresentableby X g. In fact thereis even
an equivalence of categories

{schemes of finite type over B}

!

{direct limits of /X for horizontal X over Up}.

Wewill say that 2/ X has some property P if all X have P for sufficiently small
U. The same convention will be used for morphisms. Let [ be aprime invertible on
Uo.

We consider the category of constructible Z;-sheaves on a horizontal scheme
X ([SGA 5] VI 1.1.1) i.e. objects are projective systems (£, ) ,en Where

e F, isané&alez/I" " -torsion sheaf;
e themaps F, /I*+1F,, — F), areisomorphismsfor al k < n;
e dl F,, arefinite constructible.
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Morphisms of constructible Z-sheaves are morphisms of projective systems. A
constructible Z;-sheaf is lisse (‘ constant tordue’ in[SGA 5] VI 1.2.1) if al F, are
locally constant. The category of constructible @, -sheavesis abtained by tensoring
the morphismswith Q. A lisse @ -sheaf is given by a continuous representation of
71(X) on afinite dimensional Q;-vector space.

LEMMA 1.1 (Jouanolou). In a projective system as above, F;, is constructible if
and only if Fy is. Thereis a stratification of X by locally closed subschemes such
that F' becomes lisse on these subschemes.

Proof. Thisis[SGA 5] VI 1.1.1 and [SGA 5] VI Proposition 1.2.6. O

Let D%(X,7,;) be the bounded ‘derived’ category of constructible Z;-sheaves
on X asdefined by Ekedahl [E] Theorem 6.3. It has a canonical ¢-structure whose
heart is the category of constructible Z;-sheaves. By D?(X,Q;) we denote the
localization of D2(X, ;) at the full subcategory of objects that are annihilated
by some power of [. It inherits the ¢-structure and has as heart the category of
constructible @ -sheaves.

Remark. In the situation of Section 3, i.e. when X is ahorizontal scheme over
the ring of integers of a number field, a more accessible construction of the same
DY(X,7,;) was already given before Ekedahl. It is dueto Delignein [Weil 11] 1.1.2
and more extensively in [BBD] 2.2.14-2.2.16.

Wewill usethe same convention asin [BBD] and denote the functorson derived
categorieshy f,, Hom etc. instead of Rf,, R Hom etc.

DEFINITION 1.2. For a horizontal Up-scheme X, let D2(U X, Z;) be the direct
2-limit of the categories D2(X', ;) for X' in the category U/ X . Let D*(U X, Q)
be the category obtained by tensoring all morphismin D%(U/ X, 7)) by Q.

Objects in D?(U X, 7,) are objects in some D’(X’, Z;). Morphisms are given
by

Hompy 1 x z,) (M, N) = lim Hompy v, 7 (M| x,, Nx, )
Ueu

Hence two objects are identified if they become equal after restriction to asmaller
baseU.

Remark. As the transition functors are exact, the new category D’(U X, Z;)
trivially inherits the structure of atriangulated category and a canonical ¢-structure
whose heart is the 2-limit of the categories of constructible Z;-sheaves on X;’s.
All propertieslisted in [E] Theorem 6.3 carry over.

Thereisof course anatural functor

0" DYUX, Z1) = DY(Xp, L),
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induced by n: B — Uy. It isin general not an equivalence of categories. Thisisin
fact the whole point of this article.

Counterexample. For a number field K and Uy its ring of S-integers the mor-
phism

Hom s 1/,0,) (@, Qi (1)[1]) — HomMpp( 3 0,)(Q, Q (D)[])

isinjective but not surjective asworked out in [J2] 6.8.4 (ii). Thereis an extension
of @ by @ (1) over K which does not extend to any ring in /.

PROPOSITION 1.3. The heart of the canonical t-structure on D2(UX,Z;) is
equivalent to the full subcategory of constructible Z;-sheaveson X g that extend to
some model of X 5. Wewill call these sheaves horizontal.

Proof. The equivalence is induced by n*. If a: X — Up is the structural
morphism, then we can express morphisms of horizontal Z;-sheaves on Xy by
Hom = I"'R%., H° Hom. We can assume that R%., H° Hom is lisse. The question
isreducedto X = U € U. Here horizontal objectsin the heart are representations
of 71(U). Morphisms are not changed by passing to smaller U’ € U or even to
B. O

2. Perverset-structures

A horizontal stratification of ahorizontal Up-scheme X isastratification by locally
closed subschemes which are smooth over some U in U. We always assume that
the closure of astratum is again union of strata.

LEMMA 2.1. (a) Let X be a Up-scheme of finite type. Then up to restriction to an
appropriate U inU, X admits a horizontal stratification.

(b) Let F' be a constructible Z;-sheaf on a horizontal Up-scheme X. Then up to
base changeto a smaller U ini/, X admits a horizontal stratification S such that
F islisse on the strata.

Proof. Without loss of generality we can assume that X isreduced. Let Y be
the set of points in X which are smooth over Up. It is open and non-empty. If
Y = Xp, then Yy = Xy for sufficiently small U in i/ and we have won. Else
replace X by X'\ Y and proceed by noetherian induction.

For part (b) we start off with the stratification (possibly by singular schemes)
obtainedin Lemmal.1. Without loss of generality the strataareintegral. After base
changeby someU € U/, we can assumetheir generic pointisover B. Using part (a)
we can refine the strata up to change of base to obtain a horizonta stratification. O

A lisse Z;-sheaf F' on asmooth horizontal scheme X is called irreducible if Fy
isirreducible as a representation of 71(X). Note that this notion is stable in 2/ X .
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As the fibres of Fp are finite, any lisse Z;-sheaf on X is extension of irreducible
ones.
Let X ahorizontal Up-scheme. We consider pairs (S, L) asfollows:

(a) Let Sbeahorizontal stratification of X.
(b) Let L be the following data: for each S € Sa collection of irreducible lisse
Z-sheaveson S.

A sheaf on X is called (S, L)-constructible if it becomes lisse on the stratain S
and is isomorphic to a finite extensions of objectsin L(S) there. We impose the
condition

(c) For SinSand F in L(S), let s betheinclusion of S into X . We assume that
al R"s.F are (S, L)-constructible.

Thisis nothing but the imitation of [BBD] 2.2.10 for our situation.

DEFINITION 2.2. For a pair (S,L) asin (&), (b) and (c), let DE’&L)(X7Z¢) be
the full subcategory of those objectsin D%(X, Z;) whose cohomology sheaves are
(S, L)-constructible.

PROPOSITION 2.3. D2(U X, Z,) is equivalent to the 2-limit of the categories
D?S,L)(XU,Zz) for varying X;; € X and all pairs (S, L) satisfying (a), (b)
and (c).

Proof. Let C bean objectin some D2(Xy;, Z)). By Lemma2.1 (b) we can find
apair (S, L) satisfying (a) and (b) such that all H*(C) are (S, L)-constructible
if we restrict to a smaller base U. All L(S) can be assumed to be finite. As
in[BBD] 2.2.10 (basically using the constructibility result [SGA 4 1/2] Th. finitude
1.1) we can refine the stratification to get one that also satisfies (c). We might
have to restrict to smaller base in ¢/ in order to get rid of the strata over closed
pointsin Uy . O

Remark. The constructibility quoteis the only place where we use that our base
is 1-dimensional. Note, however, that [SGA 4 1/2]. Th. finitude 1.9 would allow to
use amore general base scheme Uy if we wanted.

By the dimension of a horizontal stratum we mean its relative dimension over
Up. Let Sbe ahorizontal stratification of a horizontal Up-scheme X. Let

p.:S— 7,
S +— —dim(S)

be the middle perversity.

LEMMA 2.4. ([BBD] 2.1.2 and 2.1.3). There is a perverse t¢-structure on
Dl (X, %)) where I’D”’<0 (resp. D”’>°) is the full subcategory of objects
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C suchthat for each stratum S in Swithinclusion s: S — X wehave H"s*C = 0
for n > p(S) (resp. H"*s'C = 0for n < p(S)). The objectsin the heart are called
(S, L)-perverse sheaveson X .

Proof. Asin[BBD] 2.1.3 thisfollowsfrom [BBD] Theorem 1.4.10. O

THEOREM 2.5. ([BBD] 2.2.11). The definition in the previous lemma induces a
t-structureon D2 (U X, 7). The objectsin its heart are called perverse Z;-sheaves
onUX.

Proof. By Proposition 2.3 we have to check the samething asin [BBD] 2.2.11
i.e. that the ¢-structures are compatible when passing to the limit over pairs (S, L).
Asin loc. cit. the essential ingredient is purity ([SGA 4] XVI 3.7). It allows to
check the conditions of [BBD] 2.1.14. Cf. the discussionin loc. cit. 2.1.13. O

Remark. It is because we wanted to quote purity in this proof that we arranged
carefully all stratato be smooth over the base Up.

By tensoring all morphisms with @, we also get the corresponding theory of
Q,-perverse sheaves. In this case we have an even better characterization.

Fora: X — Up lettheduality functor D on D®(X, Q;) begivenby Hom(-, a'Q)
(cf. [E] Thm 6.3 (iii)). If X is smooth of dimension d over Up and C' a complex
whose cohomology islisse, then

H'DC = (H™7%0C)Y @ @ (d).

COROLLARY 2.6. Let C be an object in DU/ X, Q) that is represented by an
objectin Dfs ;) (Xv, Q). Then
(@ C € PDSOUX, Q) iff s*HY(C) = Oforal s € Sandi > —dim(S).
(b) C € PDO(UX, Q) iff s* H{(DC) = Ofor al s € Sandi > — dim(S).

Proof. This is the analogue of the discussion in [BBD] 2.1.16. Recall that in
the algebraic setting we have p* (S) = —p(S) — 2dim(S). O
Let X — Y beamorphism of horizontal Uy-schemes, then

f!af*:Dg(z/{Xan) — ch)(uYan)a
f!vf*:ch)(uval) - D(C)(UXle)

have the exactness properties for the perverse ¢-structure deduced in [BBD] 4.1.
and 4.2. We assemble a number of them for the convenience of the reader:

e If j isan immersion of horizontal schemes, then j, and j* are ¢-right exact; ;'
and j, aret-left exact (loc. cit. 2.1.6).

o If f is &ffine, then f, is ¢-right exact (loc. cit. 4.1.1) and f, t-left exact
(loc. cit. 4.1.2).

e If f isquasi-finite and affine, then f, and f, are t-exact (loc. cit. 4.1.3).
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e If f isproper and of fibre-dimension < d, then the cohomological amplitude
of f, = fiis|[—d,d] (loc. cit. 4.2.4).

e If f is smooth of relative dimension d, then f*[d] = f'[—d](—d) is t-exact
(loc. cit. 4.2.4).

THEOREM 2.7. ([BBD] 4.3.1]). (i) The category of perversesheavesin DX X, Q)
isartinian and noetherian; any object is of finite length.

(i) Let j: V' — X beanimmersion of horizontal Up-schemeswhere V' issmooth
over Up inU. Let L be an irreducible lisse ;-sheaf on V. Then the intermediate
direct image ji..(L[dim(V")]) isa simple perverse Q;-sheaf on U/ X .

(iii) All simple perverse Q;-sheaves are of the type described in (ii).

Proof. The argument is the same as in [BBD] 4.3.1-4.3.4. Note that the ana-
logues of loc. cit. 2.1.9 and 1.4.25 hold (there are misprints in the references in
4.3.3and 4.3.4). O

We only get the full formalism between the limit categories. However, we can
get partia results for sheaves on horizontal schemes. This can be very useful for
explicit applications.

DEFINITION 2.8. Let f: X — Y be a morphism of horizontal Up-schemes.
Let (S,L) and (T, M) be data satisfying (&), (b) and (c) on X and Y respec-
tively. Then f, iscaled (S, L)-to-(T, M )-admissible if f. maps D?S,L)(X’Zl) to
Diy (Y, Z).

We define the same notion mutis mutanda with respect to f,, f or f'.

LEMMA 2.9. f, is (S, L)-to-(T, M)-admissible if and only if for all S € Sand
F € L(S) we get (T, M)-constructible sheaves R'f, F'. Smilar criteria hold for
fur fror f.

Proof. Long exact sequence for cohomology. O

Remark. We have the ‘same’ exactness properties on the level of Dg’& 1) ad
admissible functors that we havein full generality for the limit categories.

We want to give some examples of geometric situations that give fairly general
criteriafor admissibility.

PROPOSITION 2.10. Let f be smooth and proper. AssumeS = {X}, T = {Y}
and L resp. M arethe categoriesof all irreduciblelisse Z;-sheaveson X resp. Y.
Then f, isadmissible.

Proof. [SGA 4] Exp. XVI Corollary 2.2. O

PROPOSITION 2.11. Let Y be a smooth Up-scheme. Let f: X — Y be smooth

and proper. Let j: X — X be the complement of a strict divisor with normal
crossingsrelativeto Y ([SGA 1] X1l 2.1). Let f = f o 5.
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Then f, is (S, L)-to-(T, M)-admissible where T = {Y'}, M the set of irre-
ducible lisse Z;-sheaveson Y, S = {X} and L the set of j*F for lisse and
irreducible F on X.

Proof. Let D be the complement of X in X. We have D = ¥D; where all
D; and their mutual multiple intersections are smooth and proper over Y. The
cohomology objectsof j, F are extensionsof sheavesthat (a) have support on all of
X or on one of these subschemesand (b) are lisse on their support. Thisfollows by
argumentsasin [SGA 4 1/2] Th. finitude App. 1.3.3. Applying [SGA 4] Exp. XVI
Corollary 2.2 to these supports we get the result. O

Finally let usremark that we could have replaced Z,; by the valuation ring V) in
somefinite extension £, of Q; (resp. Q; by E or even Q;) in the whole discussion.

We could also define Z /I™-perverse sheaves on U/ X in the same way. Note
however that in this case Db(U X, 7 /1") is equivalent to Db(X g, Z/I™) hence we
would get nothing new. On the other hand there is aso a perverse ¢-structure for
the middle perversity on D%(X g, 7;). Clearly the functors

77*: ch)(uszl) - Dg(XBa Zl)a
ﬁ*: D(C)(Uszl) — ch)(Xﬁv Zl)

are t-exact.

LEMMA 2.12. The functorsn* and 77* are faithful on Q;-perverse sheaves.
Proof. We only have to check faithfulness for simple perverse sheaves. By 2.7
is suffices to consider lisse sheaves and in this case the assertion is clear. O

For aclosed point v € Up we have also the base change
w* Dis 1y(X, Q) = DY(Xu, Q)

and the right-hand side can also be equipped with the perverse ¢-structure for the
middle perversity.

LEMMA 2.13. u* ist-exact for the perverse¢-structures.

Proof. We use the characterization of 2.6 for the perverse ¢-structures. Note
that the Up-dimension of a stratum S is equal to the dimension of S, unless the
fibre is empty. If s isitsinclusion into X, it is enough to check that s*C' and
s*DC commute with base changeto u for C' € Dfg ; (X, Q). For s* thisissimply
functoriality. We claim that D also commutes with this base change. First suppose
that i is a closed immersion of X into a smooth scheme X of dimension d. Let z:
be the structural morphism of X. We have

D(C) = Hom(C, #' Q) = Hom(C, i @ (d) ¢ [2d])
~ §*Hom(i, C, @ (d) ¢ [2d]).
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This obviously commutes with base change by u. The general case follows by
the Cech-spectral sequence because Zariski-locally X is a closed subscheme of a
smooth scheme. |

Of course the reverse functor u, has no chance of being ¢-exact for any horizontal
stratification on X .

3. Weights

We now restrict to the more special situation of a number field K and Uy =

Spec Ok [1/1]. Hence the residue fields of the closed points of Uy are finite. Also

we concentrate on working with @ -sheaves rather than Z;-sheaves. The same

theory could also be developed for E - (finite extension of Q) or Q;-coefficients.
We want to generalize the theory in [BBD] Ch. 5 to our situation.

DEFINITION 3.1. ([BBD] 5.1.5, [Weil 11] 1.2.1, 1.2.2). Let F be a Q;-sheaf on
a horizontal Up-scheme X. It is caled pointwise pure of weight w € Z if the
following holds: For all closed points = € X, with residue field F,, the operation
of the Frobenius automorphism Fr of F, on F, has as Q;-eigenvalues algebraic
integers of absolute value ¢/ for al embeddings of Q; into C.

Fiscalled mixed if it admits afiltration whose quotients are pointwise pure of
some weight.

Let D’ (UX, Q) be the subcategory of those objects C' in D’/ X, Q) such
that all H*(C') become mixed after base change by appropriate U € U.

Remark. A @ -sheaf F' on X can be pulled back to X, for aimost al v € Up. If
F ismixed, then almost all F,, are mixed. The converse seemswrong.

PROPOSITION 3.2. ([BBD] 5.1.6 and 5.1.7). (0) D¢, (U X, Q) is stable under the
functors f*, f', fi, f+, ® and Hom.

(i) The perverset-structureinducesa t-structureon D (UX, Q).
(if) Any subquotient of a mixed perverse @;-sheaf on I/ X is mixed.

Proof. The hard partis (0). Thisis [Weil 1] Corollary 6.1.11. Therest follows
easily asin the proof of [BBD] 5.1.7. O

Remark. In the sequel we develop the theory for the limit categories only. We
have similar results for categories DE’S,L) (X, Q) with pure F € L(S) aslong as
all constructions are carried out using admissible functors only.

DEFINITION 3.3. ([BBD] 5.1.8). An object C' in D! (U X, Q) hasweights < w
if the pointwise weights of H'(C) are < w + i for al i. C has weights > w if
its Verdier dual DC' has weights < —w. The corresponding categories are denoted
DY, (UX,Q)and DY, (UX, Q) respectively. C is called pure of weight w if itis
both of weights > w and < w.
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Note that a pure ,-sheaf is not necessarily pure as amixed complex. However,
if F'islisseand pure of weight w on a smooth horizontal scheme X of dimension
d, then the corresponding perverse object F'[d] is pure of weight w + d asamixed
complex.

Remark. If C'is mixed, then it hasweights < w (> w) if and only if for ailmost
al u € Up the pull-backs C,, have weights < w (> w).

The stability propertiesof [BBD] 5.1.14 and 5.1.15 (i) hold. In particular f, and
J* respect D%, and f' and f, respect DY, etc.

Warning. The analogue of loc. cit. 5.1.15 (ii) iswrong. |.e. there are non-trivia
morphismsin D¢ (4 X, Q) from C with weights < w to L with weights > w. A
counterexampleis constructed in [J2] 6.8.4 (i). Thiswill have consequencesfor the
weight filtrations.

PROPOSITION 3.4. ([BBD] 5.3.1). If F'isa perversesheaf oni/ X whichismixed
of weights > w (resp. < w), then any subguotient of F' is again mixed of weights
> w (resp. < w).

Proof. By theremark after 3.3 this follows from [BBD] 5.3.1. O

COROLLARY 3.5. ([BBD] 5.3.2). Let j: V — X a horizontal affine immersion.
If F'isa mixed perverse sheaf of weights < w (> w) on UV, then the perverse
sheaf 5. F isagain mixed of weights < w (> w) onU X . In particular if F' ispure,
thensoisji. F.

Proof. Again thisisaconsequence of thefinitefield case [BBD] 5.3.2. O

COROLLARY 3.6. ([BBD] 5.3.4). A simple mixed perverse sheaf is pure.
Proof. The proof of [BBD] 5.3.4 can be repeated. The necessary properties of
simple horizontal sheaves have been checked. O

Remark. A morphism between mixed perverse sheaves of disjoint weights van-
ishes.

DEFINITION 3.7. An ascending filtration W, on a perverse sheaf F is called
weight filtration if GV F is pure of weight 7.

LEMMA 3.8. Aweightfiltrationisuniqueif it exists. A mor phismbetween perverse
sheaves equipped with a weight filtration is necessarily strict.
Proof. These are immediate consequences of the last remark. O

Remark. The category of perverse sheaves with weight filtration is abelian.

However, it is not closed under extensions in the category of mixed perverse
sheaves cf. the above warning.
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PROPOSITION 3.9. Let f: X — Y be a smooth and proper morphism. Let F' be
amixed perverse sheaf on X equipped with a weight filtration. Then all PH*(f, F)
carry a weight filtration.

Proof. f, preservesweights. Thelong exact sequencefor perverse conomology
proves the resuilt. O

4. Morphismsin D®(UX,Z;)
Let usreturn to the general Uy of Section 1 for a moment.

LEMMA 4.1. Let X bea schemeof finite type over someregular scheme of dimen-
sionOor 1. Let F' be a constructible Z;-sheaf on X. Then

tont(X, F) = Hompe x z,) (Z, Fi]),

where the left-hand side is continuous étale cohomology ([J1] Ch. 3).
Proof. Let F' be the normalization of F' in the sense of [E] Section 2. By
loc. cit. Proposition 2.7 we compute the right-hand side as

~

Hom e x 7, (Zi, F[i]) = Hom (Zy, F[i])

Diorm(ey 1)

with the notations of loc. cit. The latter is a full subcategory of the (true) derived

category D (et} —7,) of the abelian category of projective systems of &tale sheaves

on X ringed by (z/I™),,. Hence HomD(etN ) (Zy,-[4]) is the ith derived functor
X

of LiLn(F(X,- n)). By definition this means

HomD(et;N(*Zz)(Zl’ (-n)le]) = tont( X, -)-

It remains to show that

Hom Zy, F'li]) = Hom, Z, F'[i]).

D(et)N(—zl)( (H;N(*Zz)(

By loc. cit. Proposition 3.4. (iii) the map HO(F') — F has essentially zero kernel
and cokernel. The argument given there also shows that all H i(F) fori #£ 0 are
essentialy zero. As our X is noetherian, essentially zero means Mittag—L effler
zero. Hl,y (X, -) vanishes on those. This completes the proof. O

COROLLARY 4.2. Let X be a horizontal Ug-scheme. Let F' be a constructible
Z;-sheaf on X. Then

HOMpy @ x 2,) (21 FIE)) = 1im Heo(Xv, Flur).
u
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Proof. Trivial. O

From now on let again U be asin Section 3 i.e. [-integers of an algebraic number
field. We understand the resulting groups even better.

LEMMA 4.3. Let F' bealisse horizontal sheaf on U € /. Then

Hom o7,y (21, Fi]) = Hio(Gs, F) Hio(Gs, Fy),

= |lim
(_
n

Holeg(u,Zl)(ZhF[i]) = “i)nHéont(GSvF) = M)n liLnHéont(GSan)v
S S n

where S is the set of primesin Spec Ok which arenot in U and G isthe Galois
group of the maximal extension of K unramified outside S.

Proof. By the previous lemma we have to compute continuous étale cohomol -
ogy of F. Let K¢ bethe maximal extension of K which is unramified outside the
finite set of places S. Let Ug be the normalization of U in Kg. Thisis a pro-étale
U-scheme. It is Galois with group G'g over U. We apply the Hochschild-Serre
spectral sequence for continuous étale conomology [J1] 3.3

B} = Hipy (G, (H4(Us, 7" Fy))nen) = Hig (U, F).
By the proof of [M] Il 2.9

(Fn)y ifq=0

The spectral sequence collapses. This provesthe first equality.
By [M] Il 2.9 we have also

Hgt(Uv Fn) = Hgont(GSv (Fn)ﬁ)

It isfinite by [M] | Corollary 4.15. Hence continuous étale cohomology is given
by the projective limit over &tale cohomology groups. O

COROLLARY 4.4. If I #£ 2 or if K is purely imaginary, then the cohomological
dimension of D%(U,7;) is 2. For all [ and K the cohomological dimension of
Db, Q) is2.

Proof. Thefirst assertionis[M] | 4.10 (c¢). In the second case we only have to
consider free Z;-moduleswhose continuous G s-cohomology istorsionfor ¢ > 2.0

5. Remarks

As always we can define a cohomology theory using the sheavesin Db (U X, Z;).
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DEFINITION 5.1. Let X5 be a B-scheme. For any horizontal Z;-sheaf F' on X g
we can define its horizontal étale cohomology

Hiw(Xp, F) = HomMps 4 x 2,y (Z1; F[1]),
where X isany horizontal model of Xz over an open part of Up.

Remark. Note that Hi (X, F) is independent of the models we choose for
Xpand F.

The most important case is F' = @ (7). With the usual methods we get coho-
mology, cohomology with compact support, homology etc.

Leta: Xp — B andj: Xp — X g acompactification

Hio(XB,5) = HOMpp,x)(Q, @ (5)[2])
Hig (X, 5) = HOmMpy 5 (@, 51 Q(5)[i])
= Homp ) (@, a1Q (4)[])

Hi(Xp,j) = Homp 5 (31 Q (5[], Q)
= Hompy (@, @ (—7)[—]).-

These satisfy al axioms of [G] Definition 1.1 and 1.2 e.g. long exact sequences,
Poincaré duality between cohomol ogy and homol ogy. The necessary representation
of the cohomology theory by a presheaf can be achieved by the methods of [H]
Ch. 9.

By [G] Theorem 2.2 or [H] 18.2.6—7 we get Chern class morphisms

¢j: MK _i12j(Xv) = Hpor(XB, 7).

Jannsen’s conjectures [J3] p. 317 and p. 325 imply in our setting:
CONJECTURES.2. Let a: X — U be smooth and proper for U € U. Then
(@ i+1l<mn, or
(b) i+1>2n.

The regulator map ¢,, induces an isomorphism

Hﬁor(BvRia*Ql (n)) =0 if

im Ko i 1(X0)§,) = Hio(B, R'a.Qu(n)),
fori+1<n.

Applying the Leray spectral sequence, the conjectures could also be expressed
interms of Hi. (Xg,Q (n)).

For each embedding of K into C we get a natural exact forgetful functor from
horizontal perverse Z;-sheaves on X g to perverse Z;-sheaves on the classical site
of Xz x C. Thisallowsto compare them to Saito’s Hodge modules[S1], [S2]. We
can define the abelian category of mixed realization sheaves on X in the same
way mixed redlizations on B itself were defined ([J2], [H]).
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DEFINITION 5.3. A mixed realization sheaf on X  isgiven by thefollowing data:

(1) for each prime [ a horizontal mixed perverse sheaf F; on X g equipped with a
weight filtration;

(2) for each embedding o of K into C an algebraic Hodge module on the analytic
space X 3 ®, C(C);

(3) comparison isomorphisms between them in the category of filtered perverse
@ -sheaveson X5 ®, C(C).

They can be seen as a mixed realization variant of motivic sheaveson X g.

Remark. It is a non-trivial question to construct the surrounding triangulated
category for these realization sheaves.
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