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X — frati = fraßt*»]. 
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be a pXq matrix of linear forms in the w-f-1 coordinates in a projective 
space LTn. Then points which satisfy the q equations 

in general span a space TIn_q, but will span a space i l „ _ a + 1 if a set p, = {/ip}, 
of multipliers can be found such that 

have solutions. (I.e., all pXq determinants vanish in the (w+1) matrix [Ka*fis] °f linear forms in the parameters AJ. Let I = {la} be a set k which 
satisfies equations (3); then I determines, as solutions of the linear equations 

a set m, = {trip}, such that 

lTXm = 0 in Xg, 

i.e., such that the points which satisfy the p equations 

SPAN A SPACE / J N _ P + 1 . 
THUS THE SPACES IIn_q+1 AND nn_v+1 ASSOCIATED IN THIS WAY WITH THE 

MATRIX X OCCUR IN PAIRS. 
IN PARTICULAR, IF n = p-\-q֊3 (AND THE GEOMETRY IS OVER THE FIELD OF 

(1) 
Kxaß = K axßSxS — 0 

(2) PtK*at» = °-
Such a set fi can be found if and only if the equations 

(3) 11̂ ,̂11 = o 

Xm ֊ 0 
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66 T. G. Room [2] 

complexes), there is a finite number, TV, = , of homogeneous 
sets X satisfying the equations (3). Thus, for n= p-\-q—3, the matrix X 
determines a set of TV pairs of spaces hi։ k{ of dimensions ft—2 and q—2 
respectively. I t can be proved that hf and kt have a common point except 
when * = j , so that X determines a "double-TV of i l ,_ 2 ' s and LTq_2's in 
i 7 s + a _ 3 " (Room [1] p. 72). 

The spaces 77^_2 and i7 0 _ 2 in 7 J p + e _ 3 are of dual dimensions, and the 
configuration is therefore "formally" self-dual, but it will be "intrinsically" 
self-dual1 only if a quadric can be found with regard to which each kt 

is the polar of the corresponding h(. If the linear forms in X are not specially 
selected, then there is no such quadric except in the cases: p = 2, q = n + 1 
(the double-TV consists of the vertices and prime (hyperplane) faces of a 
simplex), and p = 3, q = 3 = n (the double-six of lines in i73) (Room 
[1], p. 77). 

Up until the present the only non-trivial case of a special selection 
of linear forms in X which determines a self-polar double-TV is that dis
covered by Coble ([2], p. 447) for p = 3, q — n — a special double
t s (w-1-1) of lines and secunda in LTn, depending on n2—n—8 fewer para
meters than the general double -^n(n+l). 

The object of this paper is to establish intrinsically self-dual forms 
for general values of p and q, and this Part of the paper is devoted to the 
theorem on which later parts depend, namely: 

THEOREM I. A sufficient condition that the double-N determined by the 
matrix 

a.= l , - - ; P 

d=0,-֊;P+q-3 

should be intrinsically self-dual is that, of the quadratic forms 

x i i xii' 

Xt'j Xi'y 

determined by the 2 x 2 minors in X, only z(p-\-q)(3>-\-q—3) are linearly 
independent. 

There are ( 2 ) ^ 2 ) of these quadratic forms, and, since they are forms 
in p+q—2 homogeneous coordinates, at most \(p-\-q)ij>+q—3) + l are 
linearly independent. The condition for the double-TV to be intrinsically 
self-dual is that the forms shall be linearly dependent on one less than 
this number. 

1 The terms "formally" and "intrinsically" self-dual are due to Coble [2] p. 436. 
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When p = 2,q = w-f-1 the number of quadratic forms in X is \q(q — 1), 
whilst i(j>+q){p+q-3) + l = %(q2+q). There are therefore q{= n+1) 
fewer hnearly independent quadratic forms determined by X than the 
required number, corresponding to the existence of « + 1 linearly independent 
quadrics with regard to which the simplex is self-polar. 

When p = q — n = 3, the number of quadratic forms in X is 9, 
whilst the total number of hnearly independent forms is 10; the difference, 
one, between these numbers corresponds to the existence of the single 
"Schur" quadric with regard to which the double-six of lines in LJS is self-
polar, (cf. Baker [3], p. 187). 

Theorem I is a consequence of the following lemmas all of which 
are either statements of basic relations or are capable of immediate verifi
cation. 

Lemma 1. If L and M are any non-singular matrices of respectively 
pXp and qXq constants and 

X' = LXM, 
then 

(i) X' determines the same double-TV as X, 
(ii) each of the (2)̂2) quadratic forms determined by the 2 x 2 minors 

of X' is a linear combination of those determined by X. 

Lemma 2. If only \{pJrq)(j>Jrq—%) of the quadratic forms determined 
by X are linearly independent, then the (fĵ f) quadratic forms are all apolar 
to the same quadratic form. 

Lemma 3. A quadratic form which factorizes as wo is apolar to a 
quadratic form S if and only if the primes (hyperplanes) u = 0, v = 0 
are conjugate with regard to the tangential quadric S = 0. 

Lemma 4. A iTJ,_2 and a !7„_2 in IIp+g_3 given respectively by 
«2 = · · · — • « , = 0 and v2 = · · · = vv = 0 are polars with regard to the 
tangential quadric S = 0 if and only if all (p— l)(q—l) quadratic forms 
u,vr are apolar to S. 

Lemma 5. If sets of parameters /, m are such that VXm = 0, and 

X' = - p m oT 

X' = X 
m oT 

. 0 h֊l- V i . 

then 
where lxm1 ^ 0, 

X' 
0 

%9t 
"»2 
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where us = l a x a s ,vr = nijjXrp, and the spaces /7„_2 and LTa_2 whose equations 
are respectively u2 = · · · = ua = 0 and v2 = • · • = vv — 0 are a pair of 
corresponding spaces in the double-iV determined by X. 

LEMMA 6. If only %(p-\֊q) (p+q—3) of the quadratic forms determined 
by AT are linearly independent and 5 is the quadratic form to which they 
are all apolar, then the quadratic forms usvr defined in Lemma 5, since 
they are linear combinations of these (Lemma 1(h)) are all apolar to S. 
That is, the i7j,_a and n„_2 of the pair determined in Lemma 5 are polars 
with regard to the tangential quadric S = 0, and in consequence all pairs 
of corresponding spaces in the double-iV are polars with regard to S = 0. 

The existence of the form 5 apolar to the quadratic forms 
XijXi'i'—Xi'jXii' is therefore a sufficient condition for the double-2V" to be 
intrinsically self-dual. 
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