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1. Let Rn be the w-dimensional Euclidean space, each point of which

is denoted by its coordinate x = (x19 , xn). The variable t is in the real

half line [0, oo). We consider a differential operator

ω L = 5^^557+1^-έr + c - -w
in the (n + l)-dimensional Euclidean half space Rn x (0, oo) and assume that

the matrix (a^) is positive definite in Rnx{0,oo)m Suppose that for coefficients

of L there exist constants i^1(>0), ϋf2(^0), K3(>0) and U G [ 0 , 1 ] such that

\bt\ <

Besala and Fife [1] investigated the asymptotic behavior of solutions of

the Cauchy problem for such a parabolic differential operator L under a

non-negative Cauchy data not identically equal to zero.

One of their result is as follows:

Let a continuous function u{x,t) in Rn x [0, oo) have the following properties;

i) Lu^O in Rn x (0, oo) in the usual sense,

ii) u{x,0) is non-negative and not identically equal to zero

and

iii) there exist positive constants μ and v such that
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in Rn x (0,oo).

If there exist a sufficiently large constant a and a positive β satisfying

| 2 + l) ί-2 Σ aijxixj

-2aλ{\x\2 + IY~XΣ{ati

i l

in Rn x (0, oo), then u(x,t) grows exponentially as t tends to oo and this exponential

growth of u(x, t) is uniform with respect to x e Rn.

In their proof of this result, the condition that a is sufficiently large,

is essential. In this note we shall give a rather simple condition than that

of Besala-Fife under a somewhat different condition for coefficients of the

operator L.

2. In the following we assume that coefficients of the operator L in

(1) satisfy the following condition in Rn x (0, oo) for some λ e (0,1]:

Σ

for any real vector ξ = (ξ19 , ξn),(2)

where kλ{>0)f K19 K2{^0), fa{> 0), fcs(^O) and K3{>0) are constants.

First we construct a function of the form H(x, t) = exp {—a(t)(\x\2 + ί)λ

+ β{t)} satisfying LH^O in Rn x (0,oo), where a{t) and β(t) are positive and

differentiate once in (0, oo).

Obviously the condition (2) implies

LH ^AaVWUlxl2 + ly-'lxl2 - 2a(t)λnK1H

- 2a{t)λnK2{ I x | 2 + 1? - Jfc,( | x | 2 + 1)J
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We can easily verify that the function

, r0 ,

is a solution of the differential equation

4a2{t)*% - 2a{t)λnK2 - k3 + a\t) = 0

of the Riccati type in (0,oo) and that for this a(t) the function

β(t) = [ φ - (K, + K2) -

satisfies

-2a(t)λnKx + kί- 4a\t)λ% - β\t) = 0

in (0,oo). Hence we see LH^O in Rn x (0,oo) for the function

H(x, t) = (e*r Wit - 1) 2λh exp (

ί 3 )

i + if,) — S ^ (ϋΓi + K2) -h + ki\t\,

where r0 = (kz +
 n^2 ) V 2 . Since

and -%^{l~(|αj|2 + m < 0 , « Ψ 0,

it holds that

(4) \\mH{x,t) = 0 for α ^ O .
no

3. Suppose that the function u{x91) non-negative and continuous in

Rn x [0,oo) has the following property:

[ i) Lu^LO in Rnx{09oo) in the usual sense,

1 ϋ) u(x,0)(i^0) is not identically equal to zero.
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Here L is a differential operator of the form (1) with coefficients satisfying

(2) and

We can find a positive number ε so small that

(7) - 2 ( ε + - 2 & Γ + ^ t > K ί H -<ε+-^r+w)2^+ki > °
Let T be a positive number such that

π <- _ J j > _ _ ^

From the assumption for w(«,0 we see by the strong maximum princi-

ple due to Nirenberg [5] that u(x,t)>0 in Rn x (0, oo). So the value

m = min u{x,t) is positive for an arbitrary r(>0) and for any <K>0) fixed

sufficiently small. We may assume that ~~ < T — δ. For these r and δ,
ZJ

clearly 0 < Mx = max ff(ίc, ί — δ) < oo, where H is the function given by (3).
\x\ = r

ίe[δ,Γ]

Put

Evidently we have Lw^O in fix (5,T), where Ω is the set of all points

x & Rn such that r<\x\. Moreover, w(x,t) is continuous on Ωx[δ,T],

w{x,δ)<0 for |α&|^r and w{x,t)^0 for |α | = r and t e[δ,T]. Bodanko's

maximum principle [2] implies that w{x,t)^0 in ^ x [5, T]. Therefore we

get

for ]cc| ^ r ( > 0 ) . As is seen easily, there is a positive constant M2 such that

M2H(x,T-δ)<u{x,T) in \x\<r. Hence by putting M3 = min (-^L-, M2)

we have M3#(tf, T - 5) ̂  «(α?, Γ) at every point x e 7?71. Since -|̂ - < T - 5,

we obtain

https://doi.org/10.1017/S0027763000013234 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000013234


PARABOLIC EQUATIONS WITH UNBOUNDED COEFFICIENTS

u(x,T)>M3H(x,T-δ)

in Rn for some positive constant M4.

4. Now we can prove the following theorem.

THEOREM 1. Let L be a parabolic differential operator of the form (1) with

coefficients satisfying (2) and (6). Assume that the function u{x, t) continuous in

Rnx\0,oo) satisfies (5) and u(x, t)^ — μev^χ\2+1^λ for some positive constants μ

and v. Then u(x, t) grows to infinity exponentially as t tends to oo and this

exponential growth of u{x,t) is uniform in any compact subset of Rn.

Proof Bodanko's maximum principle shows that u{x, t) ̂  0 in Rnx[0, oo).

As was shown in §3, for a positive number ε satisfying (7) there exist a

positive number T and a positive constant M4 such that

==M4H0(x), say.

From (7) we can take a positive number β0 which satisfies

-2(ε +

Putting

h(x9t) = MA

and v(x, t) = u{x, t) — h(x, t) in Rn x (T, oo), we see

Lv<- Lh

- 1) (I x i2 + iy-2 | ]
i,y=i

I x 12 + ly-1 Σ (α« + ^^.) + c - βJ

in Rn x (T, oo), where a0 = ε + —?f=^- + - j ^ - . Hence it follows from (2)
2λk 4/tf

that
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Lυ < - h[( \x ]2 + I)1 {4aU% - 2a0λK2n - k3}

- 2aQλKιn - 4a2

oλ% + k'B- βol

Evidently a0 and /30 satisfy

4aU% — 2<xQλK2iτ — kz > 0 and — 2a0λK1n — 4aU% + k'3 — & > 0.

Therefore we have Lv^O in Rn x (Γ,oo). Further, we see v(a?,Γ) = wO^Γ)

— MAH0(x) ̂  0. Applying Bodanko's maximum principle again, we can see

v(x, t)^0 in Rn x [T,oo), so

MiH0{x)e^Ct-τ) ^ ^(α;> ^ i n jew x [T, oo).

From this we get the assertion of Theorem 1.

Example. Consider an operator

(8) ^ . ' = S " ^ Γ + ( - * i | * ^

in Rn x {0,oo). Let «(&,*) continuous in Rn x [0,oo) satisfy L0u^0 and

#(#, ί ) ^ — j"^I α I 2 in i?w x (0, oo) for some positive μ,v and let u[x,0) be non-

negative and not identically equal to zero. The condition (2) is satisfied

for λ = 1, jfci = iξ = 1, 7Γ2 = 0, &3 = β2 and k's = Λ2 + /. Theorem 1 implies

that, if the condition / > t o corresponding to (6) is fulfilled, then u[x9t)

grows exponentially to infinity as t tends to infinity. This fact was es-

sentially proved by Szybiak [6] although his theorem is false as Besala and

Fife pointed out. Szybiak missed the condition I >kn out of the statement

of his theorem.

5. Assume I <kn in (8). In this case, Krzyzaήski [4] proved the

following by constructing the fundamental solution of the Cauchy problem

for the equation Lou = 0: Let u be the solution of the Cauchy problem

Lou = 0 in Rn x (0, oo),

u[x,0) =

for the Cauchy data f(x) bounded in Rn. Then u(x, t) tends to zero uni-

formly in x e Rn as t tends to infinity.

Recently Chen [3] treated an analogous problem for an operator of a

general form and proved the following fact.

Let the differential operator L in (1) satisfy the condition
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Aά(M2 + D w m 2 ^ Σ ai&Sj^KaW + iy-iWtfor real vector ξ,

\bt\ <K2(\x\2 + iγ/2, l^i^n,
(9)

for some Λe(0,l], &i(>0), Kί9 Kz{^0), &3(>0) and kί. Further, let u(x,t) be

a solution of the Cauchy problem Lu = 0 in Rn x (0,oo), u{x,0) = f{x) in Rn and

satisfy \u{x, t)\ < μev(W*+vλ for some constants μ and v positive. If f(x) is

bounded in Rn and if

(1 - λ) - hri] Wn2K2

2 + AKfa - nK2) + hi < 0,2KX

then u(x,t) tends to zero uniformly in x e Rn as t tends to infinity.

6. Here we shall discuss the case when ^ e [ l , oo) in Chen's theorem.

Let L be an operator of the form (1) with coefficients satisfying (9) for

JG[l,oo). For H(x,t) = exp{—a{t){\x\2 + l)λ + β{t)} with «(/)(>0) and β{t)

differentiable once in (0, oo) we have

LH <(\x\2 + XYίAλ'K^it) + 2λnK2a(t) - kz + a\t)l

- 2λkxna(t) + ki - 4λ2Kλa\t) - β'(t).

Hence, if we take

(10) a{t) = T ta.Ώh4λ2K1rt

and

β(t) = [- 23hnτ - Aλ*Kj> + k'Λt + -jjg -log

for the positive root ϊ of the quadratic equation 4X2KiX2 + 2λnK2X — k3 = 0,
-r.-__log2

then we get LH^O in Rnx(0,oo), Clearly H{x,0) = e*W = e 2λKl

Putting w±{x) = Me~P^H{x, t)± u{x,t) for M = sup |/(a?)|, where u(x,t) is a

solution of the Cauchy problem Lu = 0 in i?Λ x (0, oo), u(x,0) = /(») for the

bounded Cauchy data f(x) and satisfies !«(«, f)l ^ μeu^χ\2+1^λ for some posi-

tive μ and v, we have Lw±^0 in l? n x(0,oo) and w±(α?,0)^0. From

Bodanko's maximum principle in the case of Λe[l,oo) we get

in i?w x [0,oo), so
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\u(x,t)\ ^M

in Rn x [0, oo). Therefore, if

(11) - 2λkxnr - 4λ2Kj2 + k'3<0,

then u(x, t) decays to zero exponentially as t tends to infinity. Thus we

have the following

THEOREM 2. Let L be a differential operator of the form (1) with coefficients

satisfying (9) for some λ e [1, oo) and let u{x, t) be a solution of the Cauchy problem

Lu = 0 in Rn x (0,oo),

u{x,0) = f{x) in Rn

for a bounded continuous Cauchy data f(x) in Rn. Assume that there exist positive

constants μ and v such that \u{x,t)\ ^ μ e v ( \ x \ 2 + v λ in Rn x [0,oo). If the condition

(11) is valid, then u{x,t) decays to zero exponentially as t tends to infinity and this

decay of u(x, t) is uniform in Rn.

7. We apply Theorem 2 to the operator (8). In this case we may

take λ = 1, kλ = K, = 1, K2 = 0, kz = k\ k'3 = k2 + / and ϊ in (10) equal to

\-. So (11) reduces to kn> I. This is nothing but the result of Krzyzaήski

stated in §5.
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