
A NOTE ON ABSOLUTE GEOMETRY 

Roland B r o s s a r d 

M e t r i c ax ioms have been given in [3] for space euc l idean g e o m e t r y . 
If we r e p l a c e the " s i m i l a r i t y a x i o m " by the "congruence ax iom" , w h e r e 
congruence is defined to be a s i m i l a r i t y of r a t io one, the r e s u l t i n g 
s t r u c t u r e is abso lu te g e o m e t r y . In o r d e r to show this we choose a 
su i tab le defini t ion for abso lu te g e o m e t r y . The P a s c h s y s t e m of a x i o m s , 
given in an improved fo rmula t ion by H. S. M. Coxeter in [4], is p a r t i c u l a r l y 
su i tab le ; the p r i m i t i v e not ions a r e poin ts , b e t w e e n n e s s re la t ion , and 
congruence r e l a t i o n . We can ver i fy that e v e r y ax iom for the abso lu te 
g e o m e t r y in [4] in a t h e o r e m in [3] w h e r e the s i m i l a r i t y ax iom has been 
r e p l a c e d by the congruence ax iom. The only case for which it is not 
obvious is ax iom 15 .15 in [4] which says that if ABC and A ' B ' C a r e two 
t r i a n g l e s with BC = B » C \ CA = C'A1, AB = A ' B ' , while D and D' 
a r e two fu r the r points such that [B, C, D] and [ B ' , C \ D ' ] and BD = B ' D ' , 
then AD = A ' D ' . In that c a s e we f i r s t p rove that if two t r i a n g l e s ABC 
and A ' B ' C a r e such that A B / A ' B ' = BC/B 'C* = C A / C ' A ' = 1 then they 
a r e congruent ; a proof of th i s , independent of the s i m i l a r i t y axiom, can 
be found in [2 ] . The proof of 15. 15 in [4] is then obvious . As every 
ax iom in the weakened s t r u c t u r e of [3] is a t h e o r e m of absolu te g e o m e t r y 
we have a defini t ion for this g e o m e t r y . 

A s y s t e m of ax ioms for space euc l idean g e o m e t r y based on coord ina te 
funct ions , p a r t i c u l a r l y e c o n o m i c a l in the number of a x i o m s , has been given 
by the author in [2] . The s a m e weakening in the s i m i l a r i t y axiom gives 
a l so a good definit ion for abso lu te g e o m e t r y . In fact the weakened s t r u c t u r e s 
of [2] and [3] a r e equiva len t . To show this equiva lence we define in [3] the 
coo rd ina t e functions \\i for the e l e m e n t s of an a r b i t r a r y bundle of r a y s . 
The defini t ions and nota t ions used h e r e a r e as in [3] . If, o, a a r e two non-
co l l inea r r a y s of a bundle, then we define 

4^(x) = 0 if x = o 

Jj(x) = ^ ox if x £ HB (HB is the hal f -bundle oa), 
oa oa 

iji(x) = IT if x = o (o is the r ay opposi te to o), 

dj(x) = - / ox if x e HB (HB is the ha l f -bundle oppos i te to HB ). 
oa oa oa 

w h e r e a = b s tands for a = b (mod. 2TT) (TT and 180 a r e pos i t ive r e a l 
n u m b e r s playing the s a m e rô l e in [2] and [3]). We sha l l now p rove that 
ax iom CB in [2] is a valid sen tence of the weakened s t r u c t u r e of [3] . 

719 

https://doi.org/10.4153/CMB-1968-086-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-086-5


LEMMA 1. If H = H ,, and if dj.(x) i s a coo rd ina t e function 
— oa oa ' T i 

H defined with HB , and if \b. (x) is a coo rd ina t e function for H 
oa oa j oa 

defined with HB , then 
o a' 

OJ.(X) = t ^ . ( x ) for a l l x G H . 

J i oa 

This is a consequence of the def ini t ions for \\t . (x), >)j .(x), and 

~HB . 

LEMMA 2. If H = H , . if dj.(x) is a coo rd ina t e function for 
— oa o 'a — l 

H defined with HB , and if \b ,{x) is a coo rd ina t e function for H 
oa oa j oa 

defined with HB , , then 
o 'a 

4, ( X ) = - dj (x) - ^ oo ' l o r a l l X G H 
J l oa 

the s igns being fixed for a g iven o' G H 

Using the p r o p e r t y n [a , b, c] i m p l i e s ^ ab + ^ be = £ a c " 
•oof i s obtained by cons ide r ing the following c a s e s . 

the 

p r 

If o 

if o 

if o 

if o 

if o 

if o 

o, then \\i. (x) = \\i .(x) ; 

= 6, then di. (x) = - dj. (x) + ^ oo ' ; 
J J 

G HB and r o ! , a , o l , then ib.(x) = + dj.(x) - ^ o o 1 ; 
oa j l 

G HB ai 
oa 

J 1 

nd \o, a, o ' l , then tb(x) = - 4^.(x) + ^ o o 1 ; 
J i 

+ L(J.(X) + z oo ' G HB and [ o , , a , o l , then vli.(: 
oa ^j 

G HB and [o, a, o1"], then ib. (x) = - ib. (x) - Z o o 1 . 
oa j l 

LEMMA 3 . If H = H . . , if ib. (x) is a coo rd ina t e function 
— oa o'a1 — l 

for H defined with HB , and if di-(x) i s a coo rd ina t e funct ion for 
— oa oa j 
H defined with HB then 
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dj.(x) = î ib.(x) - ^ oo ' for a l l x e H , 
J i oa 

the s igns being fixed for given non -co l l i nea r r a y s o1, a ' e H 

If o and a' a r e n o n - c o l l i n e a r then H = H t = H , , and 
oa oa ' o'a1 

L e m m a s 1 and 2 imply the r equ i r ed r e s u l t . If o and a1 a r e co l l i nea r , 
then t h e r e e x i s t s a r a y a n in H , n o n - c o l l i n e a r with o and a1, and 

oa 
non -co l l i nea r with o 1 . Consequent ly H = H ,, = H , ,, = H , ,, and 

oa o a " o 'a o 'a 
aga in L e m m a s 1 and 2 imply the r e q u i r e d r e s u l t . L e m m a 3 imp l i e s 
i m m e d i a t e l y that if \b. and dj. a r e coord ina te functions for a bundle 

H, then 4J . (x) - ^. (y) = - (L(J .(x) - I)J .(y)) for a l l x, y e H and we h av e : 

LEMMA 4 . Axiom CB, in \Z] is a t h e o r e m of the weakened 1 — 
s t r u c t u r e of [3] . 

All the o ther a x i o m s of the weakened s t r u c t u r e of [2] a r e valid 
s en t ences in the weakened s t r u c t u r e of [3], and as a l l the ax ioms of 
the weakened s t r u c t u r e of [3] a r e p r o p e r t i e s of abso lu te g e o m e t r y , it 
follows that the weakened s t r u c t u r e s a r e equ iva len t . Consequent ly they 
a r e both adequate defini t ions for the absolu te g e o m e t r y . F u r t h e r m o r e 
it is wel l known that abso lu te g e o m e t r y has only two m o d e l s , the 
euc l idean one and the hyperbo l ic one . Euc l idean g e o m e t r y can be 
c h a r a c t e r i z e d by "the ex i s t ence of at l e a s t one p r o p e r s i m i l i t u d e " and 
hyperbo l i c g e o m e t r y can be c h a r a c t e r i z e d by the negat ion of th is 
s e n t e n c e . We have then: 

THEOREM. Jf in [2] o_£ [3] the s i m i l a r i t y axiom is r ep laced by the 
congruence ax iom, the r e s u l t i n g s t r u c t u r e is absolu te g e o m e t r y . The 
s t r u c t u r e is euc l idean if t h e r e ex i s t s at l eas t one p r o p e r s imi l i tude and 
hyperbo l i c if no p r o p e r s imi l i tude e x i s t s . 
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