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B. Errata

B.1. First Error

In [2, formulas (1.13) and (1.12) and Definition 5.21] it is claimed that v(wy) and vy (u)
are integers. However, in general they only lie in the rational numbers Q, because the
valuation v is normalized to be an isomorphism v: QX /A == Z, but the arguments of v
in both formulas lie in Q*# instead of Q,.

This error is harmless, as the integrality of vy (u) and v(wy) is nowhere used.

B.2. Second Error

In [2, formula (1.13) and Definition 4.10] there is an error in the definition of v(wy).

As in most of [2], we fix a finite separable semi-simple Q-algebra E. That is, E is a
product of finite separable field extensions of ). We fix a finite place v of @) and consider
the decomposition of the separable Q,-algebra E, := FE®qQ, = E, 1 X - X E, s into a
product of finite field extensions E, ; of @, as after [2, Definition 4.1]. We fix a finite
Galois extension K C Q8 of Q and we let L := K, C Q& be the closure of K. It is a
finite Galois extension of @,. We fix a @ € Hg. The canonical extension ¥ ®idg, : F, —
L will be denoted again by 1 and factors through the quotient E, ;) of Ey; see
(2, Definition 4.5].

Let M be a local shtuka over R := Oy with complex multiplication by Og, as in [2,
Definition 4.3]. It may arise from a good model M of an A-motive over R as in [2,
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Example 3.2]. We consider the one-dimensional L-vector space
HY(M,L) = {w€Hap(M,L): [a]"w =¢(a) w Ya € Op,}
== Hig(M,L)/(la]" —¢(a): a € Op,)-Hgr (M, L), (B.1)

where the isomorphism comes from [2, Proposition 4.9] using the fact that F is separable
over Q.

In [2, formula (1.13) and Definition 4.10] there is an error in the definition of v(wy)
for L{y;(y) — ¥ (yiy))]-generators wy, of HY (M,L[[yi(w) — 9 (Yip))]). Namely, there, as a
reference integral structure on the L-vector space

HY (M, L) = HY (M, L[yip) — ¥ Wi/ Wicw) — Wi
the R-module
HY(M,R) := {w € Hix (M,R): [a]*w =¢(a)-w Ya € Op,}

was used (which was denoted without the ~ on H) and in [2, Formula (1.13) and
Definition 4.10]. Then v(wy) was defined to be

v (wy) i=0(Z) € Q, (B.2)

where & € L* is such that &~ (wy mod ;) — ¥ (Yi(y))) is an R-generator of HY (M, R).
(To clarify the error we write v™ (wy) instead of v(wy) in this erratum.)
However, in the rest of [2] the R-submodule

HY (M, R) := Hl (ML, R)/([a]" — (a): a € Op, ) -Hiy (ML, R) € HY (ML, L)

is used as a reference integral structure on HY (M ,L). (See Lemma B.1 for why the latter
is an inclusion and how the two integral structures can be compared.) Correspondingly,
the following definition for v(wy) is used in [2]

v(wy) :=v(z) € Q, (B.3)

where x € L* is such that x—! (ww mod Y;(y) — w(yi(w))) is an R-generator of HY (M, R).
Indeed, in [2, Section 5.12] the generator wy, := 1 of HY (M, R) is used, which might not
lie in HY (M ,R). Afterwards, any other generator w,, is compared to the generator Wy«
This error occurs in [2, Theorems 1.3 and 5.24 and Corollaries 5.22 and 5.25]. In terms
of the valuation v™(wy) from formula (B.2), all these theorems and corollaries have to be
reformulated, as explained later. However, with the definition of v(wy) in formula (B.3),
all these theorems and corollaries are correct.

Note that if M = M (M) arises from a good model M of an A-motive over
R as in [2, Example 3.2] then Hig(M,R) = Hig(M,R) := 0*M @4, rwidy R, and
hence

HY(M,R) :ITIw(M,R):z{w € Hig(M,R): [a]*w=1(a) -w Ya € O},

HY(M,R) =H" (M, R):=Hir(M,R) /([a]" —4(a): a € Op) - Hir(M,R)

https://doi.org/10.1017/51474748020000705 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000705

Periods of Drinfeld Modules and Local Shtukas with Complex Multiplication - Erratum 2249

inside HY(M,L) =HY(M,L) =HY(M,R)®r L =HY(M,R) ®x L.
We next show how the two integral structures can be compared.

Lemma B.1. The integral structures HY(M,R) and HY(M,R) are free R-modules of
rank one and contained in the L-vector space HY (M,L). The natural R-morphism

HY(M,R) — Hip(M,R) —» H’(M,R)

is injective with cokernel isomorphic to R/R-4%(Dg, q,), where Dg, g, is the different
of E, =T1_, Ev,i over Q..

Proof. The morphism fits into the diagram

ﬁ’l’ (M7R) — HéR(Ma R) - Hw (Mv R) (B4)
I
Hig(M,L) ?

T

~

HY (M, L) HY (M, L),

in which the lower isomorphism was described in formula (B.1), the lower triangle is the
tensor product of the upper row with L and the injectivity of the right vertical arrow
still has to be proved. Note that the argument will not use the specific situation of de
Rham cohomology of local shtukas. It will only use the isomorphism (B.1) coming from [2,
Proposition 4.9] and the freeness of the R-module Hiy (M, R) over O, ® 4, R (see later).
The Q,-algebra E, acts on HY (M, L) through the character ¢: E, — Eyip) = L. By
[3, §I11.6, Proposition 12], there exists an element y € O, ,,, such that Og, |, = A,[y] =
A,[Y]/(m), where m € A,[Y] is the minimal polynomial of y over A,. The image v(m)
under the map v: A4,[Y] < R[Y] has ¢ (y) as a zero and correspondingly factors as

v(m) = (Y =4(y)) - g(Y)
for a monic polynomial g(Y) € R[Y]. The derivative m’ := 42 € A,[Y] satisfies
Y(m (y)) =v(m) (¥(y)) = 9(¢(y)). (B.5)

Recall that A, g is the v-adic completion of Ag. By [2, Proposition 4.8] we can decompose
M =@;_, M, into local shtukas M; over R with complex multiplication by O, ,. In
particular,

HY(M,R) := {we H}iR(Mi(w),R) a]*w=1v(a) - w Ya € O, , } and
H’”(]\lLR) = HéR(Mi(w)7R)/([a]* —1(a): a € Og,.:) 'HéR(Mi(w)7R)
can be computed from
HcllR(MAi(wﬁR) = U*Mi(w) ®A'U,R7'Y®idR R

instead of Hig (M, R). Moreover, by the same proposition M is free over O, =g, @4,
R[z] = Og,®F, R of rank one, and we may choose a generator of M. This generator
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provides an isomorphism

HtliR(Mz(1/1 ) (OEv 7(11))@]1‘} R) ® R= OEU,i(zp) A®A/R = R[Y}/(’Y(m))

Ay, r,Y®idR

Since [a]* —¢(a) = [a]* —(a) for a € A, already annihilates Hig (M, R), this yields the
upper vertical isomorphisms in the following diagram:

HY (M, R)C HY (M, R)

ig lu

{feOEvl(w) ®a,,y R y®1_1®'¢( ) f= O}C—> OEvl(w) @4,y R y®1—1®¢( ))

{f€RIY]/(v(m)): (Y —4(y))- f =0} € R[Y]/( —¥(y))

9(Y) (m)) ¢ R[Y] (¥))-

The injectivity of the horizontal maps follows from diagram (B.4). The lower left equality
holds because R[Y] has no (Y —¢(y))-torsion. Next, Hw(M RYZR[Y]/(Y —¢(y)) Z R is
free, and hence contained in HY (M, R) ®p L = HY (M L). Finally, the image of the lower
horizontal map is the ideal

R-g(v(y)) =R-v(m'(y)) = R-¥(Dg, ., /0.) = R-¥(Dg,/q,)
(see [3, §I11.4, Proposition 10 and §I11.6, Corollary 2]. O

Corollary B.2. For an L-generator wy of Hw(M,L), the two wvaluations in formulas
(B.2) and (B.3) satisfy

v(wy) =™ (wy) =v(Dy(,)/q,) = v(¥(DE,/q.)) =v(¥(DE/Q))-

Proof. Let ,7 € L* be elements such that 2~ 'w,, is an R-generator of HY (M,R) and
Z 'wy is an R-generator of HY(M,R). Then z/i is an R-generator of Y(Dg,/0,) by
Lemma B.1, and the corollary follows. O

Now let M be an A-motive over a finite Galois extension K C Q& of Q with complex
multiplication by a finite separable semi-simple Q-algebra E. Assume that ¢(F) C K
for all ¢ € Hg. Fix a ¢ € Hg and let wy, be a generator of the K[y, —1(yy)]-module
HY (M", K [y, — ¢ (yy)])- For every n € Hg, let M" and w, € H™ (M", K [y — ) (yny)])
be obtained by extension of scalars via n. With the corollary and the computation

> v(w)) —vY(wy) = X U(W@E/Q))Z”( el;[I m/J(@E/Q))ZU(NK/Q(Qw(E)/Q))

neEHk neHgk

= U(Nw(m/@ (Nrc/p(m) (@w(m/@))) = [K 9 (E)]- v(0p(0p)/4);
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we obtain a reformulation of [2, Theorems 1.3 and 5.24 and Corollaries 5.22 and 5.25] in
terms of v™ (wy), which is even more analogous to [1, Theorem II.1.1(i)].

Theorem 1.3'. Let wy be a generator of the K[y, — ¢ (yy)]-module HY (M, K[y, —
Y(yy)]). For every n € Hg, let M" and w,) € H" (M, K [y — 1% (yne)]) be obtained
by extension of scalars via n, and choose an E-generator u, € Hi Bewti(M",Q). Then for
every place v # oo of C, we have

#}IK f % aqu»l)—MArt,v(aOE?w,@)‘*‘#%K Z}:I (UN(WZ)+Unw(Un))' u
neHgk

Corollary 5.22'. Let o,¢ € Hg, with i(p) =i(y) =i and assume that E, ; is separable
over Q,. Letu € Hl,v(MEv,va) be a generator as an E,-module and let wy, be an L]y; —

¥(ys)]-generator of HY(M g, Llyi — ¥(y:)]). Then [, wy = u®idc,(.—c) (hy ar(wy))
has valuation

v( [, wy) = Zu(ap, o 1) = pare v (@B, p,p) + 0 (Wy) vy (),

where v~ (wy) and vy (u) are defined in forumla (B.2) and [2, Definition 5.21] respectively.
O

Theorem 5.24. Let M be a local shtuka over R with complez multiplication by the ring
of integers O, in a commutative, semi-simple, separable Q,-algebra E, with local CM-
type ®©, and assume that ¥(E,) C L for all ¢ € Hg, and that L is separable over Q..
Let v € Hy ,(M,Q,) be an E,-generator and let wy be an Lly;p) —¥(Yiy))]-generator
of Hw(M,L[[yi(w) —(¥iy))]). Then the period fuww = u®ide, (2—¢) (h;}m(ww)) has

valuation

v([uws) = Zo(ap, pe,1) — paro(ap,, g.0) + 07 (Wy) +vp (),
where v~ (wy) and vy (u) are defined in formula (B.2) and [2, Definition 5.21] respectively.
O

Corollary 5‘25/2 Keep the situation of Theorem 5.24'. For every n € Hyr, note that
i) =i(v), let M" and wn e H" (M™, Lyicy —771/)(%(11; )]) be obtained by extension of

scalars via n and choose an Ev -generator u, € Hy ,(M",Q.,). Then

#HL f ww aEv ¥, o 1) _NArt,v(aEU7¢,<b)+ m > (UN(WZ;)“‘UWJ(un))- [
WEHL neHy
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