MIXED PROBLEMS FOR LINEAR SYSTEMS OF
FIRST ORDER EQUATIONS

G. F. D. DUFF

Introduction. A mixed problem in the theory of partial differential
equations is an auxiliary data problem wherein conditions are assigned on two
distinct surfaces having an intersection of lower dimension. Such problems
have usually been formulated in connection with hyperbolic differential
equations, with initial and boundary conditions prescribed. In this paper a
study is made of the conditions appropriate to a system of R linear partial
differential equations of first order, in R dependent and N independent
variables. That such a system can be used to study a single linear equation of
higher order, with one dependent variable, will be demonstrated in a later
paper.

The method of analytical power series will be used, and applied to certain
non-analytic problems by approximation procedures. However this study
primarily reveals that a large class of analytic equations and systems can be
treated in connection with mixed problems, and that the behaviour of solutions
near the intersection of the two surfaces can be determined.

Mixed problems for normal hyperbolic linear equations of the second order
have been treated by Krzyzanski and Schauder (8), by Ladyzhenskaya (9),
and in (3;10; 11; 12). Systems of first order equations, restricted to the hyper-
bolic type, have been studied in the case of two independent variables by
Campbell and Robinson (2) who establish mixed boundary and initial con-
ditions by a Picard iteration process. The analytic systems treated here are not
necessarily of hyperbolic type, although the existence of at least some charac-
teristic surfaces is assumed.

The solution of a mixed problem for a hyperbolic equation or system is
defined on a domain which is split up into two or more portions by certain
characteristic surfaces. A reduction to standard form of such problems may be
achieved by subtracting out a solution of a pure initial value problem with the
given initial data. As the solution of the latter problem can be regarded as
known (10) we shall employ this device. Thus the mixed problem is reduced
to a problem wherein some of the data are given on a characteristic surface.

This fact has significance in a different connection. The basic existence
theorem for analytic partial differential equations, the Cauchy-Kowalewsky
theorem, contains the requirement that the system treated should be written
in normal form (4). This amounts to the condition that the datum surface be
non-characteristic. Thus the above reduction of a mixed problem leads to an
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exceptional case of the Cauchy-Kowalewsky theorem. It is from this stand-
point that we shall treat mixed problems involving a single characteristic
surface, and consequently the theorem also constitutes a supplement to the
Cauchy-Kowalewsky theorem. We remark that only for linear equations is a
characteristic surface defined independently of solutions of the equations. For
non-linear problems the data determine the characteristic surfaces, and a more
complex situation arises.

Here is an outline of the detailed results. We first consider a characteristic
surface of multiplicity p and show that conditions given on a second surface
are appropriate for an analytic solution. A certain algebraic condition appears
in this result, and in the second part we study the case in which this condition
fails and non-simple elementary divisors appear in certain coefficient matrices.
It is shown that this case is not appropriate to a mixed problem.

The general problem in the analytic case, of an arbitrary number of charac-
teristic surfaces, is then treated, with the assumption that each characteristic
surface has simple elementary divisors. Series expansions for the solution
functions are found in each of the several regions defined by the characteristic
surfaces. Finally an extension of these results to the non-analytic case is made
for symmetric hyperbolic systems, for which estimates of the Friedrichs-Lewy
type are known (6; 7).

1. The linear system. Consider the system of R linear partial differential
equations of first order

i a s
(1.1) al, ot

ot + bt =, RN
in R dependent variables #, and N independent variables x*. Here summation
over the repeated indices s and 7 is understood. Since any linear system of
partial differential equations can be reduced to a system of first order equations
by taking suitable partial derivatives as new variables, (1.1) has considerable
generality. We assume for the present that all coefficients, functions and solu-
tions are real analytic functions of the variables x*.

With matrix notation A? = (a?,,) for the coefficients and vector notation u
for the unknowns we can write (1.1) as

(1.2) Eu = A’ ;;‘1 + Bu = f.

We note that the array a?,; of the leading coefficients has two matrix indices
r and s which will transform affinely under linear transformations of the
dependent variables #u,, and one coordinate index ¢ which can be taken to be
contravariant under functional transformations of the coordinates x*.

To apply the theorem of Cauchy and Kowalewsky to the system we choose
a surface S: ¢(x?) = 0 such that (1.1) can be written in normal form relative
to S (4, p. 56). Thus if ¢ = ¢(x7?), the normal form is
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o)
(1.3) —5‘; = Eu + f,,

where derivatives with respect to ¢ appear on the left only so that E; contains
only differentiations with respect to N — 1 other coordinates. The theorem
then asserts the existence of a unique analytic solution of (1.1) which assumes
given analytic values on S. Thus R initial conditions are assigned. The condition
of solvability for the transverse derivatives is readily computed and is found
to be that the determinant

A LS

ax’

(1.4)

should not vanish (14, p. 30). Here a contraction over 7 is understood.
Let us consider the case when the determinant (1.4) does vanish on a surface
G: ¢(x?) = 0. Then the surface is, by definition, characteristic. If the matrix

1 9¢
(1.5) A G

has rank R — p, then p will be called the multiplicity of G as a characteristic
surface (1, p. 268). If G has multiplicity g, it is possible to solve (1.1) for R — u
only of the derivatives du,/dt. We thus find R — u equations of the form

i}
(1.6) = Lu(uk) i=1,...,R—u,
together with u further equations
(1.7) L;(u;) =0 j=R—-—up+1,...,R,

which contain no derivatives with respect to f. These latter are “‘inner’
relations on G as they involve only the values and tangential derivatives of
the %, on G. Therefore they constitute necessary conditions for any set of
values of the #, on G. Thus it is to be expected that R — u suitably chosen
components %, will determine on G the values of the remaining components,
and so R — u “initial”’ conditions are appropriate for G.

However, since (1.7) are differential equations on G, an equal number of
initial conditions for them will be needed to determine uniquely all the initial
values. We shall assign u further conditions, subject to certain restrictions
which will be stated below, on a second surface 7': ¢ (x?*) = 0 which we now
introduce. Let T be not characteristic, and let G and T intersect in an edge
C of N — 2 dimensions, which also will be analytic. We remark that if C is
given then G may be determined as a characteristic surface passing through C,
and composed of the characteristic curves of the characteristic equation

(1.8) ' Afg—“’,-

=0,
X :

according to the theory of a single partial differential equation of the first
order. These curves are the bicharacteristics of our system. Indeed we may
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suppose that ¢(x?) is constructed as a solution of (1.8), so that the family of
surfaces ¢(x%) = const. are all characteristic.

2. Reduction to canonical form relative to a characteristic surface. In
order to construct the solution described above, and to specify in detail the
necessary conditions, we reduce the system (1.1) to an appropriate standard
form relative to this problem. Let G and T have equations ¢ (x?) =0, ¢ (x?) =0
respectively, and set

2.1) t=a" =@k, x=x""=y@x)

in a suitable new coordinate system x’’. Dropping the primes we now let
Greek indices p, ¢ run from 1 to N — 2 over the remainingzcoordinates
xL, ..., 2N

Since ¢(x?) = xV, the matrix

v ( x) iqgg>
= (an) = (a2

now has rank N — u. Let y,@ and 2, denote the p linearly:independent left
hand and right hand null vectors of this matrix. Thus

(2.2) y,d, =0 a2 =0, a=1,..., ¢
Multiplying (1.1) on the left by v, we find

a aus Gus
0= — yr( )aier Z Yr @ gv o P "I"
which can be rewritten in the form
o N1 0l = ou,
(23) yr( )ays ! 72_ Z @ ’r)w 771:{: +

These u equations are independent of derivatives with respect to .
There are now R — u equations containing derivatives with respect to ¢;
we may write these in the form

9 du

at (a'rv s> = - Z ;']s Aéﬁ%
where 7 varies from 1 to R. However as a”,; has rank R — g, only that number
of linearly independent combinations of the form

(2.4) v, = @)y u,

are generated. Let us number these independent combinations from 1 to R — g,
and write the above equations as

07, U

(2.5) = ans ot Lo(uy), r=1,...,R — pu

The combinations v, shall be called normal variables with respect to G. Here
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all the dependent variables are still denoted by u,, a further u linear combina-
tions of the u#, remaining to be specified. L,(u,) is a linear first order differential
operator in the variables x*(p = 1,..., N — 2).

If we now define

(26) WR—a+1 = y,(a)ax_lus, a = 1, I 14
we can write (2.3) in the form
@.7) ";fcf = L.(u), r=R—pu+1,...,R

The linear combinations (2.6) shall be called null with respect to G, or more
briefly, null. However we must show that the null quantities (2.6) are linearly
independent of each other, and of the variables in (2.4), so that the combined
new system (2.5) with (2.7) is equivalent to (1.1), being obtained from (1.1)
by a non-singular linear transformation of the #, into the v; and w;, together
with linear combinations of a non-singular nature of the member equations of
the system.

In the first place the combinations w, r = R — up+1,...,R) of (2.6)
are linearly independent. For otherwise, we should infer from a dependence

D CaWrpar1 = D, Ca ¥ uy =0

a

for all u,, the relations
>y P d = 0.

a

However, since T was assumed non-characteristic, the matrix
N—1
(ars
is non-singular. It follows that

Z cay,(“) =0

which implies ¢, = 0 as the null vectors ¥, are linearly independent.
We now ascertain the condition that the combined set (2.4) and (2.6) should
be linearly independent. A linear relation of dependence takes the form

R—p I

N (@) N—1 —
Z CrQrs U + Z CR—at+1)r Qrs Us = 0:
r=1 a:

=1

and if this holds for all #; we have

R—p o
(2.8) 21 ¢ ay + Zl Crear1 -2 a7 = 0.
T= a=

If a non-vanishing set of constants satisfies these equations, not all of either
group may be zero. This has just been shown for the first group. For the second
group, we refer to the definition (2.4) of the first group of the w, and note that
by a relabelling of columns we may assume that the (R — p) X (R — p)
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determinant |[a",;| (r,s = 1,..., R — u) is not zero. Thus if the second
term in (2.8) is assigned, the ¢, in the first sum are determined by the R — u
equations with s = 1,..., R — u.
Now the full determinant of (2.8) is
iy @y, v AT Y Wl T
(2.9) ..
oo Gy O L el

Since the u right null vectors 2, of (aV,;) are independent, we can multiply
the sth row by 2, and subtract these multiples from the bottom u rows in
such a way as to make the R — u X u block in the lower left corner vanish.
This can be effected by a choice of basis for the 2, such that

(a)
Zl:—;r}»ﬁ = 6015 (ar 6 = 17 ceey M)

Such a choice of basis is possible since the 2, are independent and since
2,9 =0,s > R — uimplies

R—p
Zalrvszs(a)=0, 7’=1,...,]€—p,
s=1

which in turn implies 2, = 0 as the determinant of this set of equations has
been chosen different from zero. Thus if we multiply the sth row by z,%® and
add these multiples to the R — u + @8 row, the lower left hand R — u X u
block will vanish. The determinant thus becomes the product

(2.10) L&Y | |y a2, |,
where r,s =1,..., R—u;m,n=1,...,R, and «,8 =1, ..., u. The first

factor is not zero. The null vectors ¥, and 2, depend on the indices m and
7 in such a way that the combination in the second determinant is invariant
under linear transformations of the #’s. Since

a7t =4l i 9y
TS T8 ax‘l ’

in a general coordinate system, we see that the general invariant condition for
the non-vanishing of (2.9) is that the determinant

(2.11) '@ atn g‘& 2P | #0.
Here ¢, 8=1,...,u;72=1,...,N,and m,n=1,...,R.

We now show that this condition is satisfied in the case when G has multi-
plicity one, provided that the edge C = G M T is nowhere tangent to the
bicharacteristic direction on G. If we define the contravariant vector

(2.11) B = Y Gmn 2 (a=8=1),
then (2.10) implies
(2.12) W2 <o,
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The result will be established if we can show that A* is parallel to the bi-
characteristic direction defined by

(2.13) == = F,, F=laj, pi .

We assume that not all of the F,; vanish, so that the bicharacteristic direction
is well defined. On G we have p; = 0,7 < N, and py = 1 since the equation of
Gist=x¥ =0.

Now
(2.14) Fpo = 22 afs M, (p),

where M,;(p) is the cofactor of the determinant F with respect to the 7,s
position. With p; = 6,5, we find

(2.15) Foi= 2, alymy,

where now m,, is the cofactor in |a",|. Since

(216) Z altvr mys = 673 Ialrvs , =0
12

we see that for every s, m,(s) is a null vector on the left for the matrix a¥,, of
rank R — 1. Thus m,() = ¥,(s») in our previous notation for the null vectors,
where, however, the bracketed index is inactive. Similarly, for any 7, m(,; is
a null vector of z,(;) on the right. Since a¥,; has rank R — 1 the minors m,,
are not all zero; thus suppose m,, # 0. Since there is only one independent
null vector, we have

Mrs = CsMyrp,

where ¢, is independent of r. Setting r = a, we find

c, = Mlas
Map
whence
Mgs Mrp
Mg = ——
Map
Thus
i Mas Mrp
Fy = Z r8 “;{:"
(2.17 Tl's ¢
7
= Z Myp Qrs Mgs,
Map 7.5

and since M, = kyy,, Mqs = k.2;, Where ks, k, depend only on the indicated
suffixes, and are each different from zero since m,, # 0, we find

N l. i
(2.18) Fpy = 220 3 oy glig, = 2220,

Map 78 Map

This proves that the vector %* is parallel to the direction of the bicharacteristic
displacement, as required.
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An example of a case where this condition (2.12) holds for a simple character-
istic surface (u = 1) is when the system (1.1) is symmetric, so that a?,, = a?,,
and when T is spacelike, which means, in effect, that a¥1,, is positive definite
(6). The condition (2.12) is satisfied since z, = v, and

a¢ ]

2.19) B = yean Y = & 3, > 0,

ox

The auxiliary conditions to be applied on G and I" will now be formulated,
and will be referred to as initial and boundary conditions, respectively. For
initial conditions (on G) we assign R — u linear and independent combinations
of the variables #, in the form

(2.20) Su, =g, A=1,...,R —u

An algebraic restriction necessary for our theorem is that it should be possible
to solve these conditions for the normal group (2.4) of transformed variables
9,(r =1,...,R — p). From (2.4) and the non-vanishing of |a¥, (r,s = 1,
., R — u), we have
U = AN,sv,—i—...

where A%, denotes an inverse matrix; and we shall therefore be able to solve
(2.20) as required if on G the determinant

(2.21) lety AV, | # 0, Ars=1,...,R—p,

which we now assume.
The form of the p additional boundary conditions to be imposed on 7" is also
linear:

(2.22) aru, =g v=R—u+1,...,R.

We require that these equations be solvable for the null variables w, of (2.7).
To determine the condition necessary for this, we note that if (2.22) are not
thus solvable, there will exist a linear dependence among the R — p unknowns
of the group (2.4) and the left side of (2.22) of the form

R—pu R
(2.23) 2 ardu+ 2, caju,=0.
r=1 v=R—u+1
Since the u, are arbitrary, we find
R—p
(2.24) Z o, @Yy + Z c,al = 0.
v=R—p+1

We shall require all solutions (a,, ¢,) of these linear homogeneous equations to
vanish, and thus assume that the determinant

(225) |0/1¥3 g ooy aR—u sy alse—"-'-l, ce ey af, # 0.

Here the suffix s labels the R rows of the array. Multiplying the rows by com-
ponents 2, of the right-hand null vectors as in (2.9), we can cause the lower
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left hand block of R — p X u terms to disappear. The determinant splits into
two factors:

i alys l ros=1, ..., R—p " [ Qs ziv) I A y=R—p+1, ..., R

of which the first is not zero. The necessary condition is therefore the non-
vanishing of the determinant of order R — u:

(2.26) [ah 2 | #0.

Here s is summed from 1 to R in each element, and this condition will apply
on the surface 7.

On the edge of intersection C both of these sets of conditions should apply.
We assume that taken together (2.20) and (2.22) shall determine the values of
all R dependent variables uniquely on C. The compatibility as well as the
uniqueness of such values will be assured if we suppose that the R X R
determinant

(2.27) ler, ... er *an ..., ah | #0.

3. Construction of the solution. The preceding calculations lead to a
standard form for the differential system, and for the auxiliary conditions,
which we shall now employ. The differential equations are a group in normal
form
9, _ 9%
3.1) EYii

+L7(vsyws)+fry 7’=1,...,R—‘u,

and a group in which derivatives with respect to x of the null variables appear:

9w,

(3.2) 9%

=Lr(vsyws)+fr; r=R—u+1,..., R
The operators L,(v;, w;) of the first order contain no differentiations with
respect to ¢ or to x. The initial conditions are given by values of the normal
group as linear combinations of the null group:

r=1,...,R —

(8:3) U=t ot g >\=R—u+1,.”..,R.

These hold for ¢ = 0. The boundary conditions on T are of the opposite type:

A=R—-—u+1,...,R
r=1,...,R —p,

and this seems to prevent the ordering used by Riquier (16).

Now (3.2), (3.3) and (3.4) enable us to determine initial values for all of the
w, on G. Consider the null group of differential equations on the N — 1 dimen-
sional surface G and note that relative to the edge C and the set w, of unknowns
they are in Cauchy-Kowalewsky normal form. The v, are to be replaced by
their values (3.3) on the right side of (3.2), so that a self-contained system
for the w, is established. On the edge C the initial values for the w, are assigned,
and it follows from the Cauchy-Kowalewsky theorem that a unique analytic

(3.4) Wy = 0,0 + &
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system of values for the w, on G exists. This process determines initial values
on G for all of the variables.
Let the unknowns now be expanded in a series of powers of ¢: thus

(3.5) w, = Z—o Wrny (%, X,) £

The coefficients, functions, and operators appearing in the differential equations
or auxiliary conditions shall also be expanded in power series of ¢, the coefficient
of * of such a function f, being denoted by f,. We have to show that the
coefficients in (3.5) can be determined recursively.

Suppose known all coefficients of index less than # + 1, and let us calculate
the w,w+1. To do this, let us expand (3.1), (3.2) and (3.4) in powers of ¢ and
equate coefficients of equal powers on both sides. It is found that

n n
dv
(36) NVt = ZO Qrs(n—v) <L) + ZO Lr(n—v)(”v; wv) +fr(n)y
y= =

ox
r = ly ’ R — My
W, (n = -
(3.7 —é(;ﬂ) = Ly (@stan) + Lr (Wetnrn)
n—1
+ ZO L (s, Wsn) + fransn
1’=R_IJ+11--~1R7
and
n+1
(38) Wr(nt1) = Cratn—v) Wa(») + grn+1) x = 0.

I
o

v

Here L and I denote the terms in L which contain the », and the w,

respectively.
Assuming known all coefficients of index not exceeding %, we can calculate
from (3.7) the values of the v,,01y (* = 1,..., R — p). Then all terms on the

right of (3.7) except the first or L term are known, and (3.7) can be regarded
as a system of differential equations for the determination of the w,¢t1y-
Together with (3.8) as initial conditions, these equations are in normal form
relative to the variety x = 0. Thus, by the Cauchy-Kowalewsky theorem, we
conclude that the w,¢.1) exist and are uniquely determined by a power series
in x and x, convergent for sufficiently small values of these variables. This
completes the step of the recursive construction, and shows that the series
(3.5) can be formed term by term.

4. Convergence of the series expansion. To complete this existence
theorem it is necessary to show that the formal power series (3.5) converges
for some interval of values of ¢. For this purpose we shall consider that the
%@ (%, x,) have been expanded in a multiple power series and that this has
been substituted in (3.5). If a non-trivial domain of convergence for the
resulting multiple series is established, this will show, by absolute convergence,
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the result desired. The convergence will be established by means of dominant
series constructed from a similar but dominant differential problem. From
(3.1), (3.2), (3.4) and the computations of the Cauchy-Kowalewsky solution
of (3.7), for each value of 7, all of which involve only additions and
multiplications, it is clear that if we find dominant series for all coefficients
on the right sides of (3.1), (3.2), (3.4) and for the initial values 9,0, W),
then the series solution so determined will dominate the original one. By
subtracting v,y or W, from each of the unknowns we can assume that the
initial values are zero.

All of the normal unknowns v, of the first group shall be dominated by a
single function V, and all those of the null group w, by a second function W.
Let y =x'4+ ...+ xV? and set

(4.1) z=y+c’—i+o§, 0<a<l,

where « is left undetermined for the present. The dominant system consists of
two differential equations, so chosen as to dominate the right sides of (3.1) and
(3.2) respectively. For a suitable choice of M, M;, F, Fyand p, these equations
can be written as

£Y% M av AV AW |, oW
4.2) _5{_1—(x+y+t)/p[—é)—9;+_@+—5;c-+—@+V+W+F:|
and

W _ M, [91 W ]
8) o ST—G+ytoslay Ty TVTWAL]

Here a single dominant series is selected for all coefficients on the right side
of (3.1) and (3.2) respectively. A separate choice of constants F and F; is
made for the non-homogeneous terms which, after the reduction of initial
values to zero, will depend upon the given initial data. If V and W dominate
the v, and w, respectively, then the above right hand sides will dominate the
corresponding members of (3.1) and (3.2).

Dominant forms of the auxiliary conditions are

(4.4) V>0, t=0,

for the initial conditions, and
(4.5) w> TG+ 9/ [V + F., x =0,

for boundary conditions. It is the direction of the dominating relations which
is significant here.

Since we are free to increase any of the constants in the dominating series,
we may suppose M, so large that

(4.6) My > 2MM,.

We now assume, for the purpose of finding a convergent solution of this
system, that V and W are functions of the single variable z only. By writing
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1 — z/a% in place of 1 — (x 4+ y + £)/p in certain denominators we do not
decrease any coefficients in the series expansions, and so maintain the necessary
domination. Thus we find (derivatives with respect to z being denoted by

primes)

wn v =1—M/—g—[(1+ 1) v+ <1+1> W'+ V4 W+ F]
a — 3/a'p « @

and

48) ‘w-=—  viwirviw+r.
o 1—z/ap

To this system we adjoin the boundary condition

M
(4.9) w> 1= z/a’s
to replace (4.5). If (4.9) holds, and if also V' >> 0 (that is, V has positive co-
efficients) then the relation (4.5) will be maintained for x = 0.
Rearranging terms in (4.7) and (4.8), which are ordinary differential equa-
tions with variable z, we find

(4.10) [i -G - M+ a)]V' — (4 QMW = MoV + W + F]

[V+F2Jy

and

(4.11) B - &—i; - MI]W' — MV' = M,[V+ W + FJ.

On the right side of (4.11) we have introduced a new constant M; > M, to
replace M in that position: this is a permissible alteration.

We have to show that the system has a convergent series solution with
positive coefficients such that (4.9) holds, and we will be able to assign initial
values U(0) and V(0) at will. The choice of « is still open. Let us begin by
showing that the coefficients in any such series are positive, provided that
U(0) and V(0) are positive. Set

(4.12) Viz) = 2 v’ W) = Y, we"
n=0 n=>0
Then (4.10) and (4.11) yield the recursion formulae

(i - M1+ a)) (1 + Dngr — M1 + @) 4+ Dawngs

(4.13) .
= (—3— + Ma)‘vn + Mawn + F50ny
ap
and
— Mi(n + 1)v541 + (‘(1; - Ml) (7 + Dwpia
(4.14) ) R
= Mw, + (;3; + Ml)wn + F1don.
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Here §,, indicates the value one for » = 0, and zero otherwise. These equa-
tions have the form, after division by 41,

Avn+1 + Bwn+1 = F,
(4.15) Cvn-i—l + Dwn+l = Gny

where F, > 0, G, > 0 if we suppose u,, v, both positive. Now for sufficiently
small positive «,

A=i—M(1+a)>0, B

Il

— M0+ ) <0,

L' uwso
(s

(4.16)
C=—-M <0 , D

The solutions of (4.15) are given by

(AD — BC)vpy: = F,D — G,B > 0,
(AD — BC)wy1 = G,A — F,C > 0.

Thus #,.1 and v,,1 will be positive provided that the determinant

(4.17)

I

AD—BC=%[1 — ol + a)M — alM,]
> 0% 1 — aM + My)]

is positive. This condition, as well as (4.16), can be achieved if we set
— _———1 —

To2M 4+ My

Now the boundary condition (4.9) will hold if

(4.18) o

(4.19) <1 - 072,)—2)W» M,[V + F), 0<p:< p,

and we will show that this relation follows from (4.11) provided only that
(4.20) W) > M,V(0) + Fs,

a condition which is clearly necessary in any case. Dividing (4.11) by a certain
constant, we have
. S ’r _ DlMl_,_-
(4.21) (1 ol = aM1)>W - aMIV MW
= MI[V+ Fi1>0.
Simplifying the coefficient of 7’ by means of (4.18), we find

2 VMg
(4.22) (1 e T Ml))W o V= MW > 0.
Now the derivative of (4.19) is
(4.23) (1 — —é—)W’ — MV — =W >0,
ape a’ps
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and we wish to show that by proper adjustment of constants this will follow
from (4.22). We can choose for p, any value less than p, and the dominance
of the boundary condition will persist. Thus let us choose

- 1
p2 = p(1 — alMy), My > —5—.
a P2

Then, in view of (4.6), and the fact that 7 and W are series with positive
coefficients, (4.22) will imply (4.23). Assuming now that (4.23) holds, as well
as (4.20), we see that (4.19) will be valid. Multiplying each side of (4.19) by
the series with positive coefficients which is the reciprocal of 1 — z/a2ps, we
find (4.9). This establishes the dominance of the boundary conditions.

The pair of linear ordinary first order differential equations (4.10) and (4.11)
have the origin z = 0 as an ordinary point in view of (4.18). Consequently
there exists a convergent series solution satisfying (4.20), for example with
V() =1, W(0) = 2M, + 2F,, and the radius of convergence of these series

" is determined by the singular points of (4.10) and (4.11). Thus this radius
depends on M, M, M, and p, but not on F, F; or F.. By the substitution (4.1),
dominant multiple series having a positive radius of convergence (independent
of the initial or boundary data) are found for the series solutions of the original
problem. This completes the proof that the latter series converge for sufficiently
small values of the coordinate variables.

The origin of coordinates can be chosen at will on the edge C and by analytic
continuation a solution will exist in a region containing any given compact
portion of C. If uniform hypotheses regarding the coefficients of the original
problem are made, this local solution can be extended to large intervals of the
x and ¢ coordinates by analytic continuation as is usual for analytic linear
differential equations.

To sum up, we have

THEOREM 1. Let G : ¢(x%) = 0 be a characteristic surface of multiplicity u
relative to the analytic linear system

1 ou -
(1.2) A o + Bu = f,
of R first order equations. Let T :y(x*) = 0 intersect G in an edge C such that,
as in (2.11),
@ 1 00 ®
ym QAmn axz Zn # 0.

Then there exists a unique analytic solution which satisfies R — u initial condi-
tions of type (2.20), (2.21) on G and u boundary conditions of type (2.22), (2.26)
on T.

In order to bring this result into relation with a mixed problem, let us note
that if the non-homogeneous terms in (3.2) and (3.3) are zero on G, and if the
data g\ in (3.4) vanish on C, then the values w,(0) of all components of the
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solution on G will be zero. Now let Cauchy data (values of all components) be
assigned on a non-characteristic surface S, and let T be a second non-character-
istic surface meeting .S in an edge C. Let G, a characteristic surface of multi-
plicity u, pass through C and divide into two regions Rs and Ry one of the four
regions defined by .S and 7. Suppose that the necessary condition (2.11) is satis-
fied, and let us determine a solution analytic in Rgand in Ry, and continuous
across G, which takes the Cauchy values on S and satisfies boundary conditions
of type (2.22), (2.26) on T'. Subtracting away the Cauchy-Kowalewsky solu-
tion of the initial value problem on S, we are left with a homogeneous system
and homogeneous auxiliary conditions on G. By the remark above, we can
define a solution analytic in Ry, and vanishing on G, provided that the func-
tions gx in (3.4) vanish on C. Thus a piecewise analytic solution is found for the
mixed problem by adding (in Ryz) this solution of the characteristic problem.
The restriction on the data g\ is a compatibility condition of the first order.
This construction includes as special cases the mixed problems for linear
second order equations treated in (3, 8), but we shall not state it as a separate
theorem since a more general problem is treated below.

5. Case of non-simple elementary divisors. If the basic condition (2.11),
which permits reduction of the differential equations to the standard forms
(38.1) and (3.2), is not satisfied, a somewhat different proof is required. It turns
out that the theorem still holds in very much the same form, but that the solu-
tion on the characteristic surface is affected by the boundary data on the whole
surface 7', not just the edge C. This has the consequence that the result is not
directly applicable to any mixed problem.

The earlier calculations and reductions have all been made essentially as if
the number of independent variables were two; this is an advantage of the
analytic case made possible by the generality of the Cauchy-Kowalewsky
theorem. We shall now employ the general standard form for a system of
first order equations in two variables, as presented by Petrowsky (14, p. 54)
for example, where the Jordan normal form of A¥ relative to AV~! is used
(17, p. 137). Let G : ¢(x%) = ¢t = 0 be a characteristic surface of multiplicity p
and let T : ¢ (x%) = x = 0 by a non-characteristic boundary meeting G in the
edge C as before. We select the two variables ¢ and x and perform the reduction
to canonical form with respect to them. Since T is non-characteristic, A¥1 is
non-singular, and can be brought to unit matrix form. If then A% is reduced to
Jordan normal form by linear transformations of the #,, the process is com-
pleted. That G is a characteristic surface of multiplicity u signifies that u of the
characteristic roots of the coefficient matrix A~ relative to A¥—! are zero. With
this simplification we can write the first u of the equations in the form

QZ& = Ll(vn ‘ZU.;),
dox
(5.1) ow, ow,_
dx = Qe ot - + Lr(vny 'ws) r = 2,3, e ooy M.
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Here the v, and w; denote appropriate linear combinations of the original
dependent variables, while the coefficients «,_; and differential operators
L, depend on the coordinates ¢, x, and x,(p = 1,..., N — 2). The L, contain
only differentiations with respect to the «x,.

The second set of equations will contain derivatives with respect to ¢ and x
of the v, only. Since all other characteristic roots of A¥ differ from zero, we can
write these equations in a form solved for the derivatives with respect to ¢. Thus

i} d
Y1 = 61 %1 + L;l.+l(vny ws)y
at dx
(5.2) dv v v
9% _ IYs JCs—1
at Bs ax + Ys—1 ax + Lu+s(7}m ws)~

The operators L, are again independent of d/dx and 8/4t.

We remark that the difficulties of this particular problem arise from the
presence of the coefficients «,_1 and v,_1, which appear in the canonical forms
of the original coefficient matrices because of certain non-simple elementary
divisors (17, p. 137). The variables v, in (5.2) may again be termed normal
with respect to the characteristic surface G. We shall again refer to the w, as
the null variables proper to the characteristic value A = 0, that is, to the
characteristic surface G. Indeed, the reduction to canonical form shows that
these null variables are obtained from the u, by contraction with a suitable
characteristic, or proper, vector of the coefficient matrix A¥ (14, pp. 54-58).

For simplicity we assign auxiliary conditions of a more restricted type:
values of the w,(r = 1,...,u) on T and values of the v,(s = 1,..., R — n)
on G.

Power series expansions in the two variables { and x are required: thus
m,n
U, = v X"t
(5'3) T Z r(m,n)

Ws = Z ws(m.n)x"'t”.
Inserting these series developments in (5.1) and (5.2) and equating coefficients
of like powers of x and ¢, we find recursion formulae
(5.4) (m + DWinirm) = 0 + D)W imamsnar—10,0 +
v oo+ L10,0 ktm ) Wiim )
and
 + Dvsmarn = (m + D)V mBso,0 + ...

(5.5) + (m + Dy 11 m¥s—10,0 + - - -
+ Ln+s(0,0)(7’k(m,n)y wl(m,n)) + e

Here all terms omitted contain coefficients of powers of «x less than m 41

and powers of ¢ less than # 4 1. Also we shall understand that a_; = 0 and
v_1 = 0, so that the first equation of each set (5.1), (5.2) need not be written
separately.

The boundary conditions determine the coefficients v,¢, 00 and Wsco,my-
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To determine the coefficients recursively, let us suppose that all v,¢, ) and
Wrmm With m + n < k are known, and let us determine those for which
m + n = k. From the boundary conditions w, 4 is known; from (5.4) we

may obtain in succession W, x—1), Wr2 1—2), - - - Wr(3,1~3), - -  » Wrx,0)- Likewise,
we have ;4,0 from the boundary conditions, and from (5.5) we find succes-
sively vsw—1.1), Vsx—2,2, - - - » Usco.p), for s = 1, ..., R — u in this order at each

step. This completes the proof of induction on the recursive construction of
the coefficients.

The formal power series so formed is clearly unique and to complete the
solution we must show that it converges. This will be done in the next section.
However we remark here that even if all non-homogeneous terms are zero
except the v,0,, for # > 0, the values of the w,, 0, and so the values of the
w, on G, will not be zero in general. The coefficients of the «,_; carry these
non-zero W.o ) through the steps of the recursion. Thus, values on G are
affected by those on 7" when non-simple divisors are present.

6. Convergence of the double series. The recursion formulae are so
arranged that if the right sides of the differential equations are dominated by
certain series, then the coefficients calculated from the corresponding recursion
formulae will be increased. By an easy preliminary transformation we can
reduce the auxiliary conditions to homogeneous ones, and we therefore assume
that the 9,(s.0p and W, » of the dominating problem are zero.

Let the dependent variables of the dominant problem which we shall set up
be denoted by capitals V,, W,. It is necessary to distinguish the terms
containing each of the V, on the right side of each equation, and we denote by
L, n(V,) an operator with coefficients majorizing those in (5.1) or (5.2), and
containing only first derivatives of V,. Terms containing no derivatives will
be expressed by majorizing operators M ,(V,W), while L,,,(V) shall denote a
similar expression containing first derivatives of the V(s =1,...,R — u)
with respect to the x*(p = 1,2,..., N — 2). We denote by 4,1, B; and I';_,
functions whose series expansions dominate those of «,.1, 8; and v;_1, respec-
tively. With these preliminaries, we can write the dominant equations in the

form
%/Vj = Z I-Jlm(Wm) + ZI(V) + Ml(V, w),
oW, _ aW,_1

61) o = A g+ 2 Ln(Wa) + L(V) + MV, W),
a;? = Blavl + Z L,,+1m(Vm) 4+ Lyp (W) + M, (V, W),
a;; _ 6 s—1 QI_/E:- + Z Livsm (Vi) + Ly (W)

+ M, s(V, W).
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Solutions which are functions of a single combination ¢/a + x/8 + Z,x? of
the independent variables will be sought. However, in order to avoid the
vicious circle which results from application of the usual reduction technique
to this system, it is necessary to introduce changes of scale of the dependent
variables v, as well as of the independent variables ¢, x and x*. Let us denote
new variables, both dependent and independent, by a bar, and replace

(6.2) W., x, and x°
by B
(6.3) a. W, 1T, 6%,

respectively, where a,, / and § are u + 2 undetermined constants. In terms
of the new quantities we find that (6.1) becomes

oWy _ L[ P LT ] Lo
o = il 2 el (W) + La(V) | + - Mu(V, W),
GW', _ la,_l gjj—fr__l / l: = = = :\
ax - Ar—l ar at + 50/7 zm: aerm<IVm) —I_ LT(V)

+ Lo,

6.4) oV B, oV 1 = =
64) —&l ll Txl 3[ Zﬂ amLu_+1.m(”’m)_+ Lu-!-l(V):]
+ MM+1(Vy ”7)7
aV, _ B, o1 dVis 1[ Py 4T ]
ot ] oi 1 ey ’f_‘ 5 zm: —aan+s,m(W m) + L#+s(V)
+ M (V, W).
Here the indices 7, m range from 1 to u while s ranges from 1 to R — u.
The undetermined constants will now be chosen so that every term on the
right side of these equations which contains a derivative will have a factor, not
larger in magnitude than a given ¢, multiplying it. Thus the following combina-

tions must all be made no larger than e:

I o, layy lap 11 an 1
(6.5) ad’'ald’ a, 'da,’ da,’ 1’ 6’6"
Of these all but the third and sixth contain the factor 1/6. The sixth shows
that / > 1/¢, and the third, that the a, must increase with 7 as a geometric

series of ratio 1/€2 These conditions are all satisfied if we choose

(6.6) l=1,a,=a’,a=—1§,6=—2;1;§.
€ € €

Now let a dominant series
M
——— , M>149= z°,

be chosen for the sum of all coefficients on the right side of (6.4), assuming that
the above special factors are not included in these coefficients. Then it is seen
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that the first group of (6.4) are in turn dominated by a single equation for new
variables W and V;

aw _ M QV Q/ W—l—_V—!—F}
6.7) w 1= Gtif y)/p[ —+ e+ P + T )

and that the second group are likewise dommated by a corresponding equation
for V:

(6.8)

av _ M 9_@: av W+V+E]
ot 1—(t+x+y)/p\: Ty Tegg T :

The factor e**! in the last term of this equation is inserted for convenience, on
the assumption e < 1.

Let us show that these equations have a convergent series solution with
positive coefficients. Set z = ¢ + % + ¢, and suppose W and V depend only
on z. If derivatives with respect to z are indicated by a prime, we have, after
rearranging,

1-2_ 2eM>W’ — MV’

; 2+l[W+ v+ F,

and
z , -, M . -
<1 - ,—) — 26M>V —eMW' = ?m[W + V + F],
respectively. Now let Y (z) be a solution of
6.9) <1 — 3l — f) Yy’ = ?ﬂ'%[zy + F,

and take W = V = Y. In order that W should have positive coefficients, we
shall choose

(6.10) e<-L

6M "
Then

432027 + )

an equation in which the right side, after expansion, has positive coefficients.
Thus if W(0) = 1, a solution with positive coefficients and radius of conver-
gence %p, independently of F, is secured.

Retracing the steps of this reduction, we conclude that (6.1) has a convergent
solution set with positive coefficients, and hence that the formal expansions
(5.3) converge. This completes the local existence proof for the problem
formulated in §5. The domain can be extended as in other linear problems.

TaeEOREM II. Let G : ¢(x%) = 0 be a characteristic surface of multiplicity u
for the system

(1.2) A161+Bu—f
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and let T : ¢ (x*) = 0 be non-characteristic. Then there exists a unique analytic
solution of (1.2) with assigned values on T for the u null variables w, relative to G,
and assigned values on G for the remainder.

From the recursion formula (5.4) it is evident that the values of the proper
variables w, on G depend on the data given on 7. The values of the coefficients
w0, enter the solutions of the difference equations (5.4) by means of the
terms with coefficient o;_1(m .y Of which the first is indicated explicitly.

On the other hand, if the elementary divisors relative to the eigenvalue
N = 0 are all simple, then (5.1) has the form (3.2) since all coefficients a,_;
vanish. We have shown that in this case the values of the solution on G depend
only on the values of the data assigned on G.

7. The general mixed problem. Let an initial surface S: ¢(x*) = 0, and
a boundary surface 7" : ¢(x¥) = 0, both non-characteristic, meet in an edge C.
There will in general be a number of characteristic surfaces of (1.1) which pass
through C, as the characteristic equation (1.8) has degree R. For the present
we assume that each has multiplicity one. We select as domain D one of the
four “‘quadrants” defined by S and 7', and choose any k(1 < ko < R) of these
characteristic surfaces G;(¢+ = 1, ..., k) which lie in that quadrant D. A
solution of the differential equations is sought in D, which is analytic except
on G; (¢ < ko) and continuous there, which takes given Cauchy data on S, and
satisfies kg suitable boundary conditions on 7.

An analytic solution taking the Cauchy values on S can be constructed by
the Cauchy-Kowalewsky theorem. Supposing this done, we subtract away
this solution and so have a reduced problem with zero Cauchy data and homo-
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geneous differential equations. The selected characteristic surfaces G;, which
we shall suppose do not intersect except on C, divide D into ko + 1 domains
D;(z=0,1,..., k) such that D; lies between G; and G as in Fig. 1. In
each of these domains we shall construct a power series solution #,¢; which
shall be defined in every D, j > <. The final solution will take the form

n
Ur = Z Ur (i)
i=1

in D, and so will be analytic except on the G,.

It is a well-known property of hyperbolic equations that discontinuities of
derivatives of solutions are confined to characteristic surfaces. Indeed the
magnitudes of transverse discontinuities of this type satisfy ordinary differen-
tial equations along the bicharacteristics. Our series expansions will be deter-
mined in the light of these facts. In the reduced problem the only non-homo-
geneous terms are the boundary data and these may be said to generate the
whole solution of the reduced problem. Since the Cauchy solution is zero
in D, the solution is, so to speak, built up step by step in the D; from the power
series in ¢ — t;(x, x?) determined by the discontinuities of higher order en-
countered in traversing the G; (j < 7).

With S:¢(x?) =t =0 and T :¢(x?) =x = 0, as before, we may write
the homogeneous system in canonical form:

ou, _, 9du, =
(7.1) i A ™ + L,(uy), r=1,...,R.

Here all elementary divisors are simple, by hypothesis, and the derivatives
with respect to ¢ and x of %, appear only in the rth equation. We take A\, # A,
(r # s) for the present and note that the A, need not be real. Those variables
u, which are null with respect to one of the &, selected characteristic surfaces
G, appear in the differential equation with eigenvalue \,. To maintain our
previous notations we distinguish the selected null variables #, by the symbol
w, (r =1,..., ko). The remaining R — k, variables are denoted by v, (r = 1,
.» R — k). Thus the differential system appears as:

ow, _ . ow,

(7 2) ot = )\1 9% + Lr(vs, ws) r = 1’ Ce, kO,
. v, _, 9, B ~
-('E_ksax—i—L’(vm’w’”) s=1,...,R— ko

Here the L, contain the transverse derivatives 3/9x, only.
The k) boundary conditions shall take the form

(7.3) ' W= Y Cre¥s + gr r=1,...,k.

These are linear conditions solved for the proper or null variables (which are
in this instance the same). The datum functions g, (¢, x,) are real analytic on T,
and since our solution is to be continuous we postulate

(7.4) £:(0,%,) = 0.
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8. The discontinuity expansion. We shall calculate the discontinuities
across G; of the successive derivatives with respect to ¢ of each of the unknowns
vs, W, At each stage we must consider the jump of each component across each
of the selected characteristic surfaces. It turns out that most of these quantities
can be calculated directly, but that at each stage there are ky which must be
found by solving a differential equation on each of the G,.

Let a discontinuity across G, of the nth time derivative of a function # be
denoted by

(8.1) W™y,
We define parameters s; on G;, measured from the edge C = S /M T, such that
(8.2) 9 _9 9 i=1,... ke

ds; Ot fox’

Since all discontinuities to be considered are finite, and analytic along the
G, the total discontinuity (u), taken across C of a function defined on T is the
sum of the limits of its jumps across the G;:

53) We= 3 @),

Replacing derivatives with respect to x by derivatives with respect to s;
(z being fixed), by (8.2), we have

si=0

dw, _ aw,

(8.4) A, = N\ o = -I— N.L, r=1,..., kg
and

07, v,
(8.5) (As )\)*——=-—)\—+)\L s=1,...,R — ko

Let us suppose that only g;in (7.3) does not vanish; there is no loss of generality
as the equations are linear. The coefficients of g;, expanded in a series of powers
of ¢, will be denoted by g;u), and we shall assume, for the exposition, that
gu«n £ 0. Then we calculate the first order jumps (w,?);, (v, (), as follows.
First take r # 7 in (8.4), and take the discontinuity across G;. We get

(8.6) N = A @) =0 r# i,
since the other terms are continuous by hypothesis. Similarly
8.7) (s = A @§")i = 0.

Thus all first order jumps vanish except possibly (w;V);. To find this quantity,
we differentiate (8.47) with respect to ¢ and take the jump across G;. Since the
above left side is zero we get

20, (azﬁ’( w),

( (1)) +bu('w(z))t

(8.8)

—_ P
= Qii 5

ox,
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Here the appropriate coefficients in L; have been exhibited. All other terms,
being continuous, drop out when the jump operator is applied. (No summation
over repeated Latin indices is intended.) This equation has the Cauchy-
Kowalewsky normal form with respect to the edge C, in the variables s; and
x (p=1,..., N — 2), since C has the equation s; = 0 in the surface G;.
An initial condition on C for (8.8) is now to be found. Using (8.3), and differen-
tiating (7.3) with respect to ¢ and taking jumps, we have

(wzl))i = (w(l))o - Z (wll))
si=0 JFi s5=0
= (‘wil))o
9
8.9) = Z Cis(vgl))O‘*—gn
= g1 .

With this initial condition the single partial differential equation (8.8) has a
unique solution on G;. This completes the calculation of the first-order jumps
and it may be noted that the non-homogeneous term g;; induces a first order
contribution only from the corresponding proper variable w; over the corres-
ponding surface G,.

If the first non-zero term in g; is of a higher order #, the only non-zero nth
order discontinuity is of the same kind as that just mentioned.

The discontinuities of higher orders are found in succession by this process.
Suppose known all jumps of order » — 1 or less, and let us find those of order
n. Differentiating (8.4) and (8.5) » — 1 times with respect to ¢, and taking
jumps over G;, we have

A = N) @),

an—l
— A ““('w(n_l))i‘f‘)\( =t L, >+ -

n—1
(8.10) __A___(Ot-l)) +)\<an_1L)+....

(s Ai) (v(n))1

Il

Now the right hand sides are all known in terms of the discontinuities of order
< n — 1 already calculated. Again, provided r 5 ¢ in the first group, we
obtain the values of the (w,™);and (v;™); along G..

To find the remaining quantity (w;™); we differentiate (8.47) » times with
respect to £ and then take the discontinuity across G;. The result is

9 )y <ﬁ7i ) )

a5, W) wLi(v,w) |
(8.11) = Z an—“ (@): + Z ber ()
+Z%WU%+mem

where the terms omitted are of discontinuity order less than n. However all
jumps present except that of w,™ are known and we obtain the non-homo-
geneous differential equation
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6 n a n. n
(8.12) 'c.g (w(z ))z' = afy 5;5 (w(l ))i + bii(w(i ))z‘ + K,

where K stands for a known expression. The initial condition is now found from
(7.3) by differentiating » times with respect to ¢ and taking jumps. Thus from
(8.3)

(8.13) W), )

8=

ko

= @) — 2 @),
=i

and by Leibnitz’ formula used in connection with (7.3),

(814) (w(in))() = i Cism< :1>(1)§m))0 + Lin.

s, m=0

8§i=

The right hand sides are known and the initial value determined. Since (8.12)
is a non-homogeneous version of (8.8) the existence of an analytic solution on
G; follows as in the first order case. This completes the calculations for the

nth order.
It may be noted that the interaction of the calculations for the various G;
(z =1,..., ko) is brought about by the terms in the sum on the right side of

(8.13). The negative sign appearing there will have no special effect in the
proof of convergence.

The recursive construction being complete, both for the », and the w;, we
define the series of which the solution functions are composed. Let the ith
characteristic surface G; have the (analytic) equation ¢ = ¢;(x,x?). The series
U.(y 18 now given by

(8.15) o = 33 @) (6= 1l ),

where %, stands for any one of the variables v,, w,. Then, as indicated pre-
viously, the final formal solution is

h
(8.16) Up = D Upn) inD,, h=0,,...,k.
i=1

To complete our existence proof we must show that these series have a common
domain of convergence.

9. Convergence of the discontinuity expansion. We will show that each
of the series (8.15) is dominated by the solution of a certain problem wherein
only one characteristic surface G appears, and one boundary condition is
present. The solution of this simplified problem will follow from Theorem I.
We shall find expressions which dominate the various terms (%,™) ; by requiring
that the coefficients on the right sides of all of the differential equations and
recursive relations used in the construction of the solution should be simul-
taneously majorized. Thus let G = G(¢,x?) denote a series with positive terms
which dominates every one of the datum functions g;(¢, x?), on T, and vanishes
for ¢ = 0; and let K = K (¢, x*) dominate all of the coefficients ¢,; of (7.3).
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The dominating series in the differential operators are constructed as follows:
for r # 4, divide (8.4) by A\, — \;; and divide (8.5) by A, — \;. Then equations
of the form
©.1) g,

ot

= %0,0), % = Lo w)
are formed, where %, is a linear operator in the x* and in the tangential
variable s;. Let every one of these operators be expanded in power series about
each of the characteristic surfaces G;; that is, let the coefficients be written as
power series in each of the %o sets of variables ¢ — ¢, s, and x*. We can now
select series which dominate all of these series for every operator, and for every
value of the index j, and for every value of the index 7. The variables ¢ — ¢; and
s shall be replaced by two common variables ¢ and s. Let us also attempt to
majorize all expansions of the w, about G,(< # r) by a single series W, and all
expansions of the v, by a single series V. To dominate the development of w;
about G, for each selected 7, we take a third series Z. Thus we construct an
operator L(V, W, Z) which will dominate the right sides of (9.1) provided that
V, W, and Z dominate v,, w,(r # 7) and w,, respectively.

Similarly we consider the single equation (8.4¢) for each 7, and it has the

form
dw;
(92) aSi - x(vy w)'
Let L1 (V, W, Z) dominate the right side of (9.2), for all 7, when its arguments
dominate those of .%,.
Now consider the system, already in canonical form in the variables ¢, s
and x*,
)4
—(?)t— - L(Vr W, Z))
(9.3) & LW, 2),
dZ
% = L(V,W, Z).
By Theorem I, the appropriate auxiliary conditions include two for ¢ = 0, viz.
(9.4) V=W-=0,
and one for s = 0, which we take as
(9.5) Z = RK(t,x°)V + RW + G(t, x°).

This system satisfies the conditions of Theorem I and the existence of a
convergent power series solution follows.

We now show by induction on # that the coefficients V), W,y and Z,, in
the expansion of this solution in powers of #, dominate the series for the dis-
continuity terms of order n of w,(r # 1), v, and w; across G;. The solution
of (9.3)—(9.5), the existence of which is guaranteed by Theorem I, could itself
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be equally well regarded as a discontinuity expansion relative to the character-
istic surface ¢ = 0. In general, therefore, the computations based upon it will
lead to series dominating the original discontinuity expansion.

To verify this in detail we begin with the first order jumps. Since L,(V, W, Z)
has coefficient functions with positive coefficients in their expansions, we
find for Z on G : ¢ = 0 a series with positive coefficients. Thus Z, > 0. For
Vi and W, we also get expressions with positive coefficients in view of the
choice of the operator L(V, W, Z); and these certainly dominate the (w,");
and (v,V),; which are all zero. For Z; we have a differential equation found by
differentiating the third of (9.3) with respect to ¢ and setting ¢ = 0; the
operator on the right side of this equation certainly dominates that in (8.8).
To complete the demonstration for the first order terms we must show the
dominance of the initial value for Z; when s = 0, namely

(9.6) Z1 = RK(0,x")V:+ RK,(0,x")V + RW, + (4,
§= fem

as is seen by differentiating (9.5) with respect to ¢ and then setting ¢ = 0. A
comparison with (8.9) leads to the desired conclusion since G dominates g;.
Therefore the dominance holds for first order terms.

Proceeding by induction for higher orders, we shall assume that the
dominance holds for all orders less than n. By the definition of the operator
L(V, W, Z), and by comparison with (8.4), (8.5) and (8.10), we see that

9.7) (@™, K W, (r # 1)
and
(9.8) @) L Ve
In the differential equation for Z,, namely
0Z, _d"
(9‘9) —5? - dtn Ll(V, WY Z) —0 y

every coefficient of a derivative of Z,, and the coefficient of Z,, will dominate
the corresponding terms in (8.11), and, moreover, the non-homogeneous terms
(jumps of lower order) will each dominate the corresponding items on the
right side of (8.11). Thus (9.9) dominates (8.12), in a formal sense. The
Cauchy-Kowalewsky solution of (9.9) is so constructed that the dominance will
then hold for the solutions if it holds for the initial conditions at s = 0.

From (8.13) and (8.14) we find

9.10) (@), = Zocism (@70 + gin — j;;l (@),

s;=0 s.m=

$j=
where the a,, are a set of positive numerical coefficients of the type of com-
bination symbols. This is dominated by

(9.11) R Y Fintun Vo + G, + RW,,

m=0
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where the &, are symbols corresponding to the ¢, but obtained by differenti-
ation from the dominant function K (t, x?). Here we have made use of (9.7)
and (9.8), and have replaced the summation over s and over j by the factor
R. However, by (9.5), the expression (9.11) is exactly the initial value which
should be computed by the jump process, for the quantity Z,, at s = 0.
Therefore

(n)
(wi i ’
$=0

L Z,
si=0
a dominating relation in the variables x*, (p = 1,..., N — 2) which com-
pletes the calculations for order #. Thus the induction is complete and one
of the series U, W, Z dominates each of the series (8.15).

As the series (8.15) converge for ¢ — ¢; sufficiently small, and for suitably
small values of the remaining variables x and x*, they will all converge for
sufficiently small positive values of ¢ and x, since ¢;(x, x?) tends to zero with x.
This establishes convergence of the solution in a neighbourhood of the origin,
which has been chosen, in effect, at a typical point of the edge C. Extension of
the domain is now possible by conventional methods, and will not be pursued
here, though we remark that analytic continuation must be pursued separately
for each sector domain D;(z = 1, ..., k).

Before stating our result as a theorem, we make two minor extensions
connected with the eigenvalues \;. First, it is permissible that the selected \;
should be a multiple eigenvalue of multiplicity u, say, provided that the corres-
ponding elementary divisors of A¥, with respect to A¥~1, are simple. Then the
Cauchy differential equations (8.8) and (8.11) become systems of order u in u
proper variables v,, but the formal structure of the calculations is not affected.
The number of boundary conditions is then the sum of the multiplicities of the
characteristic roots A;.

Secondly, the non-select characteristic roots may have larger multiplicity
without restriction on the elementary divisors. A comparison with Theorem I
shows that the additional terms present with non-simple divisors do not
disrupt the calculations. However, the variables proper to each eigenvalue
must generally be treated in a fixed order at every stage.

TaEOREM III. Let non-characteristic surfaces S and T relative to the analytic
system

A*SY + Bu =1

intersect in an edge C from which issue into a quadrant at least ko distinct charac-
teristic surfaces G;. Let the elementary divisors referring to the eigenvalues \; be
simple. Then there exists a solution, continuous in the quadrant and analytic
except across the G;, which takes given Cauchy data on S, and for which the
variables w; null with respect to the G; take values on T determined by linear
boundary conditions.
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Let us remark, in conclusion, that the only restriction on the reality of the
eigenvalues is that the select \; be real. They correspond to real characteristic
surfaces. The remaining roots may be complex, and the theorem is thus applic-
able to systems which are only partly ‘“hyperbolic” in nature. This freedom of
“type” should accompany a theorem based on the Cauchy-Kowalewsky
theorem, which is quite independent of such restrictions.

10. Uniqueness of the series solution. The expansions of Theorem III
imply that the solutions are analytic not only in each sector domain D,, but
also on the closure of D,. This is a stronger condition than that of being piece-
wise analytic—for instance, e71** is piecewise analytic but is not analytic for
x = 0. We can therefore only assert, in general, that the series solution found
above is unique in the class of vector functions %, having this strong piecewise
analyticity. That it is unique in this class follows from the well-defined nature
of the construction of the solution.

Fig. 2

One case in which uniqueness of the solution in a wider class of real vector
functions can be shown is the case when all roots are real and different from
zero, and all positive roots are select. By a modification of Holmgren's theorem
(14, p. 34) we can prove uniqueness within the class of once continuously
differentiable vector functions. It is sufficient to prove such a uniqueness
theorem locally, and we therefore consider a region R defined as follows. Let .S
and T meet in C as before, and let S; be a surface nearly parallel to .S, meeting
S and T in an edge B; which intersects C, and such that S, T and S; enclose a
region R which is a half of a lens-shaped region (Fig. 2). Let an analytic family
S, of surfaces ¢ = const. fill R in such fashion that S = S,, and S;: = S
Let the real characteristic roots 8; of the matrix — aV!,, with respect to
a”,, not vanish, change sign or become complex as ¢ varies from 0 to 1. This will
happen if Sy is sufficiently near and parallel to .S,.
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Then we may write

%t 8, a”’+ Z 0, 9% g,

(10.1) L,(u) = rs5

and we define the adjoint operator

(102) M,(YJ) = @l + an ()87 1') + Z P (asr s)

Consider the mixed problem for M,(v) = 0 with ‘“‘initial” surface .S; and
boundary 7, the solution being defined in R. The number of characteristic
surfaces issuing from C, into R is equal to the number R — k of negative roots
B:; and we may suppose that all are select. By Theorem I1I, we can construct
a solution of the adjoint system with analytic “initial”’ values on Si, and satis-
fying R — k suitable conditions on 7.
Now suppose that #, vanishes on S, and that the % select components
us(8; > 0) satisfy homogeneous boundary conditions
(10.3) U, = Zn: Csn Up ; _ lk i 1 ks R
Supposing that L,(#) = 0 and that the «, are C', we wish to show %, = 0 in R.
Let the values #, on S; be approximated by analytic values for v, such that

(10.4) |, — v, < e on .Si.

Then let v, denote the piecewise analytic solution of M,(v) = 0 with these
“initial” values on Si, which satisfies the R — k adjoint homogeneous boun-
dary conditions

k
(105> Brth = — Z Bs Csn Vs, n=k-l—1,...,R,
s=1

on T. Applying Green’s formula, which is in this case

(10.6) f(vL(u)+uM(v))dV f >, ,vds+f >, Bau.dS,

§1—S0

we see that the volume integral on the left vanishes. The surface integral
over 1" becomes

f (Z Btsvs + Z Bnunvn>dS

n=k+1
(10.7) —f < Z BsContta?s + Z ﬁ,,u,,v,,)ds
s—l n=k+1 n=k+1
= Z un(ann + Z Bscsnvs>d5 = 0.
T n=k+1

Thus, as the integral over S is zero since #, = 0 there, we find from (10.4)

(10.8) f > wuw,dS = f > uidS + 0(e) = 0.
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Letting e — 0 we see that the integral over S; is zero and hence that u, = 0
on S1. It follows that u, = 0 in a region R sufficiently near .Sy, and this proves
the uniqueness theorem.

We may note that unless the datum functions g,(x*, {) satisfy compatibility
conditions of the first order with respect to the initial data, the analytic solu-
tion of Theorem III may not be C! across the G;. However by subtracting away
the solution of an auxiliary problem in which the g;(x*, ¢) are linear functions
of ¢, we can cause the discontinuities of first order to vanish, and for simplicity
we shall suppose that this has been done. We recall that all elementary divisors
are assumed to be simple.

If all characteristic roots are real and different from zero, and all positive roots
are select, the piecewise analytic solution of Theorem III is the only C' solution
of the problem.

An instance where uniqueness will hold in the stronger sense is that of sym-
metric hyperbolic systems, which we now consider. The estimates to be found
for these systems also imply uniqueness in the C' class.

11. Symmetric hyperbolic systems. Theorem III may be used, in com-
bination with estimates of the Friedrichs-Lewy type and Sobolev’s lemma, to
establish a mixed initial and boundary value theorem for symmetric hyper-
bolic systems having a finite order of differentiability. A system (1.1) is called
symmetric hyperbolic (6) if the coefficient matrices are symmetric: ¢?,; = a’;,,
and if there exists a covariant vector £,° such that £,%%,, is a positive definite
matrix. We note that for a symmetric system all elementary divisors are simple.

By a suitable transformation of coordinates we may suppose that a¥,; is
positive definite. The surface S : ¢ = x¥ = const. is then said to be spacelike,
and we assume that the initial surface, carrying Cauchy data, has this property.
Let the boundary surface 7" :x = x¥ 1 = 0 meet S in the edge C of N — 2
dimensions. We mark off on .S an initial region .So having as boundary part of
C and also a variety B of N — 2 dimensions, which will be held fixed in the
following calculations. Let S? be a spacelitke surface which meets 7" in a locus
C; such that the boundary &C, lies in B M C, as in Fig. 2. The surfaces C, of
dimension N — 2 shall lie in 7, having i-intercepts increasing with ¢ in an
obvious sense, except that the boundaries 6C, are fixed. Thus the C, cover, for
0 <t < t, a lens-shaped portion of T, having the base C. The t-intercepts of
the family of spacelike surfaces .S, shall also be increasing with ¢, except for the
fixed portion B of bS,. The region of space covered by the S, is a half of a
lens-shaped region. All these surfaces are assumed to have a certain degree of
differentiability.

Since A%, is positive definite we may write the system (1.1) in normal form
relative to S;: ¢ = const. and we may then apply the reduction to standard
form, relative to x as second variable, given in (14, p. 53). The equations then
take the form
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ou,
ot

+,31’(?y_r+Lr(u)+fT=O' r=1,...,R.

(11.1) o

Here L,(u) is a symmetric operator in the remaining variables, and the smooth-
ness of the coefficients in (11.1) is unchanged by the transformation.

Reduction to this canonical form might equally be attained by the simul-
taneous reduction of the pair of quadratic forms

N N—1
(11.2) Urs Uy Us,  Upg Uy Ug

to the standard forms (17, p. 148)
(11.3) Orsthslhs, Brdrsthsths.

To each of the necessarily real characteristic roots (3, there corresponds a
characteristic surface G, containing C. If B3, is positive this characteristic
surface issues from C into the domain V wherein our solution is to be con-
structed. Suppose that % of the R roots 3, are positive, and that the multiplicity
of each root is constant in V. The remaining roots 3, are negative since the
surfaces S, are not characteristic.

The variables #, corresponding in (11.1) to the positive 8, are the null
variables of the % characteristic surfaces G, lying in V. We assign % linear
boundary conditions, expressible as

(11.4) U, = g, r=1,...,k

Here the data g, are assumed to have the same degree of differentiability as the
differential equations and auxiliary surfaces.

Thus R functions—the Cauchy data—are given on .S, and k2 on 7. We seek
a solution %, of (11.1) in V, which is continuously differentiable in V except
across the G, where it need only be continuous. Since the Cauchy initial value
problem can be regarded as solved (10) we subtract away the solution and so
find zero Cauchy data for the reduced problem. Then the data g, in (11.4), to
be compatible with the above conditions, must vanish to the first order on C.
We shall suppose that they vanish, together with their derivatives of order
<l—1,0onC.

12. Estimates. We derive the Hilbert space estimates from a certain
differential identity, which contains the essential property of a symmetric
hyperbolic system (6). Let summation over all values of ¢, 7, s, m be understood
in the following equations. Writing the system as

(12.1) L) = aly 55+ buea + 1, = 0,
we have

2u,L,(u)

]

2a 75, % + bysusus + frr
(12.2)

a
gg(a:surus) + qrshUs +frur‘
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Integrating over the domain V,, we have, by the divergence formula,

0= | 2u,L,(u)dV, = f aluumdS
(123) Vi St—8o+ Ty
+J owpav,

where 7, denotes the covariant surface normal, and where Q(«, f) is quadratic
in the %, and linear in the f,.
Now let us isolate the integral over .S,:

Z u,’dS = f & uudS
St

(12.4) v5 7 .
=~ [ owpiv+ [ T utas+ [ @t uaas.
Vi Sg 1 Ty
Here we have used ny = 1, ny_1 = — 1. From (11.1) we find
k R
(125) afzrvs_l U U = Z 61‘”72 + Z Brur2;
r=1 r=k+1

and the boundary conditions have been chosen so that this form is bounded
above. Indeed, in view of (11.2) and the negative values of all 8, for r > &,
we have

k
(12.6) AT uus < 35 Bt

r=1
Let us denote by ||u]|s,?, ||#]|z,? the square integrals of Z,u,? over S;and T,
respectively. Then

t
(127) v = | 2 ufav < g [ il

and from (12.4) we find, by conventional majorizations,

(12.8) |fulls, < K [llulls + llgll7.] +K1J‘0 [ull5.dt + K |If][%..

By iteration of this inequality we obtain

(12.9) ol s, < KI|ullso + llgllz, + [If1[7. 05",

and upon integration with respect to ¢,
Kit
(12.10) [lellve < KI1Jull5 + llellz + 1115 %

This is the Friedrichs-Lewy estimate for the components u,.

By differentiation of the system we can show that all first derivatives, except
those with respect to x, satisfy a similar system of first order equations and
boundary conditions. Repeating the above argument, we can show that these
derivatives satisfy similar estimates in which the derivatives of the data
appear. From the system (12.1) we then find corresponding estimates for the
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derivatives with respect to x. Estimates of all higher order derivatives can be
found by repetition of this type of calculation; and we omit details.

The existence of a solution is now established by a sequence of analytic
approximations, based on Theorem III. Let «,(n) be the piecewise analytic
solution of an approximating analytic problem in which all coefficients and
functions together with their derivatives up to an order [3N] 4+ % + 1 approxi-
mate in the square integral norm the corresponding quantities of (11.1). Then
the norms

[/ Dw u,” | |2V¢
are uniformly bounded, where D,  denotes a derivative of order
W< AN+ h+ 1.
By Sobolev’s Lemma (15) the functions
-Dh’ ur(n)

are then uniformly bounded, and by Ascoli’s theorem (5, p. 122) we can select
a subsequence which converges, together with all derivatives of order < 4, to
a limit #,. This limit is a solution of the non-analytic problem. For this result
we shall assume that the given system, surfaces, and boundary data are of
class CBNI+21 and that the data g, of (11.4) satisfy on C compatibility
conditions of order /. Then the approximations %,™ are of class C'in V, as is
easily seen by examining the series expansions of Theorem III. Thus for /<%,
the final solution #, is C* in V except across the characteristic surfaces issuing
into V from C, where %, is C'.

We remark that the number of boundary conditions is determined by the
signature of the second quadratic form (11.2).

TaeoreM IV. A symmeiric hyperbolic system (12.1) of differentiability class
BN] 4+ &+ 1 has a unique solution in a domain V bounded in part by a space-
like initial surface S and a boundary surface T, which

(a) assumes given Cauchy data on S,

(b) satisfies k boundary conditions (11.4) on T, where k is the number of
characteristic surfaces issuing from C = T M Sinto V,

(c) s of class C" in V except across these characteristic surfaces where it is of
class C.

Extension of the domain has been treated for similar problems in (3, 8, 10)
and will not be pursued here. The above method of estimation will apply to
boundary conditions of the form

R

Ur = &1 +6 Z lcrsus ’

s=k+

provided that [e] is sufficiently small.
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