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A constructive proof of
Gelbaum’s theorem on tensor products

David A. Robbins

A constructive proof is given of Gelbaum's result that the
maximal ideal space of the tensor product of commutative Banach
algebras is homeomorphic to the cartesian product of the maximal

ideal spaces.

It is a well-known result of Gelbaum [1] that if 4 and B are
commutative Banach algebras and A(A) and A(B) their respective maximal

ideal spaces, then the maximal ideal space A(A ®Y B) of A ®Y B 1is

naturally homeomorphic to A(4A) x A(B) , where Y is the greatest cross-
norm. We are concerned with giving a much shorter, constructive proof of
this result, using only the universal mapping property of tensor products

for the cross-norm Y , and the known representations of elements of

A B .
®Y

00
Recall that any element =2 € 4 ®Y B may be written =2 = Z a; ® bi s
=1

where ) Ilaillllbill < ® , and that, if § and T are continuous
=1
endomorphisms of A and B , respectively, then

-]

] (6a)) ® ()| = Istiziial .

i=1

(s ® 7)(2)ll =

THEOREM (Gelbaum). Let A and B be commutative Banach algebras.
Then A(A @Y B) 1is weak-* homeomorphic to A(A) x A(B) .
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Proof. Let ¢ : A(4) x A(B) » (4 ®Y B)* be the map such that
o(f, g) = F®g . It is easily checked that f® g € A4 ®Y B] and that
¢ 1is injective.

We claim ¢ 1is surjective: let h € A(A ®Y B] , and let

o0
z €A ®Y B , written 2z = Z a, ® bi , be an identity mod & . Define
=1

f, €A% vy fz(“) h[g aa, ®bi] , for a €4. (We note that
Z aa; ® bi is well-defined, by the universal mapping property.] It is
i

clear that fz is linear on 4, and, if a, a' € A , we have

fylaa") hLZ’ aa'a, ®bi] = h([g aa'a; ®bi] (E a4 ®bi]]
S DICEEOCTEN
= h[(g aa, ® bi] {E a'a, ® bi]]

fz(a)fz(a’) R

so that fz is multiplicative on A , and hence fz € A(A) . Finally, fz
is independent of our choice of identity mod h . For, if a' =] a1': @b_Lf
i

is another identity mod A , and if a € A , we have
h(g aa, ®bi] = h([g aa, ®bi] (E al @b;:”
hLZ aaia3. ®bib$.]
sd
h[{z aa ®b1':l(§ a, @bi” = fla) .

We now define g, € A(B) in a similar manner, and claim

fz(a)

h=f ®g, . Let xEA@YB be of form  =a®b . Then
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(f, ®g,)(a@D)

1]

fla)g, (b) = hLZ: aa, ® bi]h[g a; ® bbi]

h[z aa.a.@bb.b.]
i 9 rd

h((a @b)@ a; ® bi]@ a; ® bi]]

Wa®b) .

Since elements of form a ® b span a dense subspace of A4 ®Y B , we see

that h = fz ® g, » and hence ¢ is surjective.

It h €4 ®Y B) , we now write h = f®g , wvhere f € A(4) and
g € A(B) .
It is easily shown that ¢ is continuous. Suppose that

(fp, gp) 2. (f, g) in O(4) XAB) . If z €4 ® B is of forn

n
2= ] a;®b, (that is, if z € A®B ), it is clear that
i=1

(fp®gp)(z)—2+ (F®g)(z) . Now, let = €A®YB , and let € > 0 be

given. Chocse 2z' € A® B such that |lz-z'll < €/3 . Then, if p is
sufficiently large, we have

|(fp®gp)(2)-(f®g)(Z)| = I(fp®gp)(z)-(fp®gp](2')|
+ |(fp®gp)(z')-(f® g)z")] + [(F®g)=")-(F®g)z)| <€,

since [If, ®@ g ll = lIf g l =1 ana [If @ gll = lIflllgh =1, so that o is

continuous.

Finally, we claim w—l is continuocus. Let

hp = fp ® gp—z’ h=Ff®g be a convergent net in A[A ®Y B) . We claim
fp—& f and gp 2, g in A(4) and A(B) , respectively. To show
fp—p-’ f , it will suffice to show that every subnet {fq} of {fp} has a

subsubnet {fs} such that fs £, f . Let {fq} be a subnet of {fp} .

Since A(A) is compact, there is a subnet {fr} of {fq} which converges
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to some f' in A(4) . By similar reasoning, there exists a subnet {gs}
of {gr} such that gs-—s—* g' for some g' in A(B) . We then have

8. ' . .
fs ® gg — f'®g' , and, since {fs ® gs} is & subnet of {fp ® gp} s

we have f8®gs—s>f®g. Thus, ' ®g' =f®g , so that f' € A(4)
and g' € A(B) . Then, since ¢ is injective, f' = f . Similarly, we
may show that gp N g , s0 that <p_l is continuous, and the
homeomorphism is established. //

With suitable modifications, our proof will serve to show the same

result for any tensor product 4 ®0‘ B of commutative Banach algebras 4
and B , where A <o <Yy is any uniform cross-norm such that 4 ®ot B is

a Banach algebra and where A 1is the "least" cross-norm.
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