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Abstract

DeVore-Gopengauz-type operators have attracted some interest over the recent years. Here
we investigate their relationship to shape preservation. We construct certain positive
convolution-type operators Hnsj which leave the cones of y-convex functions invariant
and give Timan-type inequalities for these. We also consider Boolean sum modifications
of the operators Hnsj, show that they basically have the same shape preservation behavior
while interpolating at the endpoints of [—1, 1], and also satisfy Telyakovskil- and DeVore-
Gopengauz-type inequalities involving the first and second order moduli of continuity,
respectively. Our results thus generalize related results by Lorentz and Zeller, Shvedov,
Beatson, DeVore, Yu and Leviatan.

1. Introduction

The present note deals with shape preservation by so-called DeVore-Gopengauz-type
approximants and thus falls into the general context of approximation with constraints
(in connection with pointwise estimates). See, for example, Section 3 of [24] and the
excellent survey on the early history of the subject in Section 3.2 of [14] which also
contains numerous references.

Certain approximation processes which preserve shape properties of a function, and
the parametric curves and surfaces based upon them nowadays are not only widely
used in Computer-Aided Design, but also to represent curves, surfaces, and volumes
for which the data are not necessarily subject to modification (including physical
and physiological data, for example). A well-established tool in these fields is the
Bernstein-B6zier technique, which was derived from the classical Bernstein operators.
However, the present authors feel that the possibilities provided by approximation
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theory have not yet been fully exploited in the fields mentioned. The present paper
aims to bridge the gap between good shape preservation properties and the best possible
degree of approximation (not rendered by Bernstein operators). Further details are
given below.

To define DeVore-Gopengauz operators we first introduce some notation. Let
N := {1,2,...} be the set of natural numbers, Z := {0, ±1 , ±2,...}, C[a, b] the
real vector space of continuous functions on the closed interval [a, b] and nn be its
subspace consisting of all algebraic polynomials of degree < n. By &>2(/, •) we denote
the second order modulus of smoothness of / e C[a,b], given for 0 < S < (b — a)/2
by

co2(f,S) := sup [\f(x-h) - 2f(x) + f(x+h)\ : x, x ± h e [a, b], 0<h <S].

DEFINITION 1.1. A sequence of linear operators Ln : C[—1, 1] -> Urn+S, r e M,
s e Z fixed, is said to be of DeVore-Gopengauz-type, if for all / e C[—1, 1] and all
x e [— 1,1] one has

\f(x)-Ln{f,x)\<c-eo2 / ,

with a constant c independent of n, f and x.

Two remarkable features of DeVore-Gopengauz-type operators are the facts that
they reproduce linear function, that is, Ln{f, •) = / for all / e n l 5 and that they
interpolate the approximated function of the endpoints of its interval of definition.
Both properties are shared by the classical Bernstein operators which have other
remarkable features, too.

In order to further motivate our research below we recall the following facts. It
is well known that the Bernstein operators Bn mapping C[0, 1] into FIn preserve
convexity of all orders, that is, fU) > 0 on [0, 1] implies [S n ( / ) ] 0 ) > 0 on [0, 1]
for y' = 0 , l , . . . . It is for this reason (among others) that they have received
considerable interest in Approximation Theory and, more recently, also in Computer-
Aided Geometric Design (see [17] and [20]). However, their rate of approximation
is poor in comparison to that of DeVore-Gopengauz-type operators. A result dating
from 1964 ([4]) states that

\B,, ( / » - f(x)\ < ca>2 ( / ; y/x(\-x)/n) for all / e C[0, 1], all x e [0, 1].

Only recently inequalities of this type have again attracted some interest (see, for
example, [27] and the references cited there). The saturation theorem by Lorentz [23]
and the inverse theorems of Berens and Lorentz [3] show that this is, in a certain
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sense, indeed best possible for Bernstein operators. The following result by Berens
and DeVore [2] demonstrates that this slow degree of approximation is a consequence
of their convexity, and that they have the best rate of approximation among all operators
with the same shape preserving properties.

THEOREM A. Let Ln denote the class of all operators Ln mapping C[0, 1] into itself
with

(i) Ln(f)eUnforallfeC[0, 1],
(ii) Ln(l) = I for all I e n , ,

(iii) [ L B ( / ) F > 0, i//W) > 0, j = 0, 1, . . . , « .

Then

= inf Ln[(--x)2,x], 0<x<\.

The assumption (iii) of Theorem A, that all cones of j -convex functions, j =
0, 1,... ,«, be invariant under the operators in the class Ln , is quite stringent. It is
therefore a natural question if this assumption can be loosened somewhat in order to
get a better rate of convergence. This is the topic addressed in the present note which
can thus be viewed as written in the spirit of the Berens-DeVore paper.

The method to be examined below is quite classical, while still offering capabilities
which seem to have been overlooked before. We start off with a short description of
this technique.

The traditional method of proving Jackson's theorem for f,g€ C[a, b] uses
convolution operators of the form

-1 r /(cosOg[cos(6> - t)]dt, x = cos0. (1.1)

If KmM is an even trigonometric kernel of the form

1 r^S

m(n) V ~ 2 f^PkMn)

then

gmwiz) •= Km{n)(arccosz)

1

k=\

where Tk denotes the k-th Cebygev polynomial, is an element of nm(n).
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Furthermore, G = Gm{n) attains the form (6 = arccos x)

1 f
GmM(f, x) = - / /(cos t) • KmW [arccos(cos(6> - t))] dt

* J-n

i r
= - I /(cosf) • Km{n)(arccosx - /)rfr (1.2)

= - / /[cos(arccosx + t)] • KmW(t) dt, (1.3)

and, for each / , Gm(n)(f, •) is also in T\m{n).
In previous research an important role has been played by positive kernels Km(n)

and in particular by the higher order Jackson kernels (Matsuoka kernels) given as
follows (see, for example, [15], [26]).

F o r . e N , let tfM_(v) := cn,s

where cniS is chosen so that n~x f"n Ksn_s(v)dv = 1. Thus,

Ksn-s(v) = - + J^Pk.sn-s COS kv. (1.4)

The degree of approximation by convolution operators of the above form and by
some of their modifications was recently investigated in a series of papers by the
present authors (see [5]-[12], [18]-[19]). One quantitative result needed below is the
following.

LEMMA 1.2. (Cao [5, Theorem 1], [6]). Let n e N and KmM(v) > 0. Then for
- 1 <x < landfeC[-l,l],

- GmM(f, x)\ < 2a>{ [/; (1 - phm(n)) • \x\ + V2 • Jl - p,,m(n) • Jl-x2] .

Here a>\ ( / ; •) is the first order modulus of continuity of f.

Shape preservation properties of an operator can be expressed using its behavior
on the cones of j-convex functions. Let j e N and / € C[a, b]. The y'-th forward
difference of / with increment h is then given by

AJ
hf(t):=^2(-l)j-k(J

l]f(t+kh), 0<h<(b-a)/j and / 6 [a, b-jh].

A function / is called j-convex if / e C[a, b] and all y'-th forward differences
AJ

hf(t), 0 < h < (b — a)/j, are non-negative. Also, the function / is said to be
0-convex if it is non-negative on [a, b].

As far as shape preservation by convolution operators of the above form is con-
cerned, the following result is important.
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LEMMA 1.3. (Beatson [1, Theorem I]). Let f, g e C[— 1, 1], and let the convolution
operator G be given by

G(J,x) = (f*g)(x) = - I f(cosv)g[cos(6 - v)]dv, x = cos9.

Let j be a non-negative integer. Then the cone of j-convex functions is invariant
under the operator G( / ) = f * g if and only if g is j-convex.

For the case j = 1, this result had been obtained earlier by Roulier [28] and
Senderovizh [29]. Based upon this lemma Beatson proved the following.

THEOREM B. (Beatson [J, Theorem 2]). Let j be a positive integer. There exists an
Mj such that for each f e C[—1, 1] andn = 0, 1, 2 , ; . . , there exists a Pn & Yln with
Pn i-convex for any j e {0, 1,. . .}for which f is i-convex and

- Pn(x)\ <

Here, A0(x) := 1 and, for n > 1, An(x) :— max(Vl - x2/n, l/n2).

For the case j = 1, a pointwise theorem had been obtained earlier by Lorentz and
Zeller [25, Theorem 2], and for j = 2 a uniform estimate of the above type was first
given by Shvedov [30, Theorem 4]. Theorem B shows that, in a Timan-type theorem,
cones of /-convex functions can be assumed to be invariant up to some predescribed
order j .

However, for certain cases it is known that <wi[/, An(jc)] can be replaced by the
quantity a^if, V l — x2/n).

THEOREM C. (DeVore and Yu [16]). Let f e C [ - l , 1] be an increasing function.
Then there exists Pn(f, •) € Tln such that Pn(f, •) is increasing and

I /0O - Pn(f, x)\<c-a>2 ( / , y/\ - x2 / n) , \x\<l. (1.5)

Here the constant c is independent of f, x and n.

THEOREM D. (Yu [32], Leviatan [22]). If f e C [ - l , 1] is a convex function then
there is a convex polynomial Pn e Un, such that

I / t o - Pnif,x)\ < C • (O2 (/ , J\-X2/n) , |JC| < 1,

with c independent of f, x and n.
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Uniform results corresponding to the pointwise ones in Theorems C and D had
been obtained earlier by Shvedov [31, Theorem 1].

In the present note we shall investigate this matter further using the Boolean
sum approach which was also employed in our other papers mentioned. To be
more specific, below we will first construct and study certain convolution operators
Hn<sj based upon modified Matsuoka kernels to generalize Beatson's Theorem B (see
Theorem 4.3 below). Furthermore, we shall use Boolean sum modifications of Hnsj
in order to investigate the invariance of cones of /-convex functions in Telyakovskii
and Gopengauz-type estimates (Theorems 4.4 and 4.5). As special cases we obtain
Theorems C and D. In the final Section 5 we briefly discuss a further type of Boolean
sum modification and show that for this one similar results can be derived.

We make the following additional remarks concerning notation in this paper. For
/ G C[a, b], let Il/H := max{|/(/)| : a < t < b). By C, C (upper or lower case)
we will denote positive absolute constants independent of n, f and x € [a, b]. The
constants C and C may be different at different occurrences, even on the same line.
Occasionally they will carry subscripts in order to explicitly indicate the quantities
they depend on.

2. Further notes on the Boolean sum method

In this section we prove several assertions concerning Boolean sums of certain
positive linear operators. Although the results of this section are mainly of an auxiliary
nature for the main theorems of later sections, they appear to be of independent interest.

Let Lf be the linear function interpolating / at a and b, that is,

x)
, a<x<b.) ,

b — a
Let A be a linear operator mapping C[a, b] into C[a, b], and let A+ denote the Boolean
sum of L and A given by

A+(f, x) := (L 0 A){f, x) = L(f; x) + A(f; x) - (L o A)(f; x)

= A(f,x) + {{x-a)[f{b)-A{f,b)] + {b-x)[f(a)-A(f, a)])/{b-a).

LEMMA 2.1. Let A be a positive linear operator mapping C[a, b] into itself, and such
that A(l; x) = 1. Let f e C[a, b] be increasing, and

v(x) :=[(x- a)[f{b) - A(f, b)] + {b - x)[f(a) - A(f, a)]]/(b - a).

Then v also increases on [a, b]
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PROOF. Since / is increasing on [a, b], we have f(a) < f(x) < f(b), a < x < b.
The operator A is positive, so A(f — f(a); x) > 0, which implies A(f; x) — f{a) •
A(l;x) > 0. In particular, A{f; a) - f(a) > 0. Similarly, f(b) - A(f; b) > 0.

Thus

v'W := {[/(« - Mf, b)] + [A(f; a) - f(a)]}/(b -a)>0, xe [a, b],

from where it follows that v increases on [a,b].

LEMMA 2.2. Let A be a positive linear operator as in Lemma 2.1. For j e H, let
the cone of j -convex functions be invariant under the operator A. Then the cone of
j-convex functions is also invariant under the operator A+.

PROOF. If j — 1, and / e C [a, b] is increasing on [a, b], by Lemma 2.1 it follows that
the function v(x) is increasing, that is, A^u(x) > 0, 0 < h < b — a, x e [a, b — h].
Under the conditions of Lemma 2.2, we have Al

hA(f, x) > 0. Since A+(f, x) =
A(f, x) + v(x), we have that

Al
hA

+(f,x) = A[
hA(f,x) + A>(x) > 0.

If j > 2, then Aj
h(ax + fi) = 0, and thus

Aj
hA

+(f, x) = A(f, x) + Aiv(x) = A(f, x).

Hence, if A[f{x) > 0, from the assumption of Lemma 2.2 we have that

In view of the result of Lemma 2.2 it is a natural question if the Boolean sum A+ of
positive operators L and A is also positive. This is not true as can be seen by choosing

[a, b] = [0, 1], L(f; x) = / ( I ) • x + /(0) • (1 - x),

Then both L and A are positive, and A+{f\ x) = (x + l)f(x) - x • / ( I ) . A+ is not
positive. In fact, choose f(x) = x2, x e [0, 1]. Then

For operators Gm(n) as introduced above the statement of the example below holds.

EXAMPLE 2.3. Let K2 with p2,2 > 0, - 1 < t < 1 be a positive kernel. Then there is
a function g e C [ - l , 1] such that g(t) > 0, - 1 > t > 1, and G2(g, 0) < 0, that is,
G£ is a non-positive linear operator.

We do not give a proof of Example 2.3 here; the reader is referred instead to the
technical report [13], where full details are given.
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3. Some auxiliary results

In this section we collect several assertions of auxiliary nature (Lemmas 3.1
through 3.3). We also recall two results which were proved previously by the present
authors (Lemmas 3.4 and 3.5).

Let g € C[a, b\. We write F0(u) := g(u), u e [a, b). For r e N let Fr(u) be the
integral of Fr_y on [a, «]. It can be shown that ([33, chapter XII, § 8])

Fr{u) = TZIVr f (M " ^ ' " ' s W d v - P-1)
U J

Indeed, by differentiation with regard to the parameter u we see that, for 1 < / < r — 1,

^-Fr{u) = Fr_,(«) = —— f(u- vr '- 'g(v)dv, (3.2)
du' (r-i - 1)1 Ja

— Fr(u) = g(u). (3.3)

In the sequel, let M m r and M m r be positive constants depending on m and r only.

L E M M A 3.1. Letm >0,r >l,g e C [ - l , 1], g(z) > 0, - 1 < z < 1. 77jen

r /rosu _i \
Im r '•= I v I / (COSV—^) g(%) d% ) dv

JO \J-l )

< Mm,r I v2r+mg(cosv)dv. (3.4)
Jo

PROOF. We proceed by induction for r = 1, 2 , . . . :
If r = 1, integration by parts gives

[ vm+\ / rcosv \ -I "=* ^ -jr

I / <?(£)^!) "I / vm+l sinv • g(cosv)dv
m + \ \J_i ) \ v=0 m + \ Jo

<—^—f vm+2g(cosv)dv, (3.5)
m + 1 Jo

since sinv < v, 0 < v < 7r.
Assume (3.4) holds for r = r0 and any w = 0, 1, 2 , . . . . Another integration by

parts yields
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cosv \~[\v="

—r / »m+1 / (cos v - §)*>$($) d$
m + l Jo \J-\ )

/ vm+l ( (cosv - SrgQ)dn dv,
l Jo \J-i )m +

where the prime denotes differentiation with respect to v.
From (3.2), we know that

dv

(3.6)

ro\du VJ-i / (r0- 1)! J_x

whence, for the derivative figuring in (3.6), we have

J / /»COSV \ /»COSV

— U ^ (cos v - $Y°g(!;) d |J = -r0 J (cos v - f r " 1 sin v • g(f) d§. (3.7)

Thus

/

JT / /*COS U \

vm+1 ( I (cos v — f )r°~' sin vg( | ) d£ I
\J-i /v"+2f/ (cosv-^r-'gCDdH

m

- Im+2,r0

m + 1

Mm+2,ro [" v2r°+m+2g(cosv)dv,ro [
Jo

— Mm+2,r0

1 JO

Hence (3.4) holds for r = r0 + 1 and the lemma is proved.

The next lemma gives an estimate from below.

LEMMA 3.2. Letm >0,r >l,g e C [ - l , l ] ,g(z) > 0, - 1 < z < 1. Then

/

nji / /»cosv \

vm I / (cos v - %y-lg(%) d$ ) dv

h
v^sCcosv)^. (3.8)
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PROOF. We apply again induction on r. If r = 1, integration by parts shows that

7l/2

/

7l/2 / /-COS V

Vm (J ^m+\ / /-cosy \ \v=n/2 j .n/2

[ )1 TT vm+l smvg(cosv)dV

+ l Jom + \ \J_X J\v=0 nt
(7T/2)"

m / n(m + l)Jo

> , 2 , ~ f vm+2g(cosv)dv, (3.9)
n(m + 1) Jo

since (2/n)v < sinv,0 < v < 7r/2. Let (3.8) hold for r = ro and any m = 0, 1, 2 , . . .
Consider

r-ir/2

/

ir/2 / />cosu

vffl U ,
Integrating by parts and using (3.7), we have

Jm,ro+1 = —TV™ I / (COSV - ^Y°g^) d% I
m + 1 \J-i )

i r12 ,, ( rosv

I v I I (cos v — t) °
w +1 ; 0 v - i

m + 1

H — / v m + 1 s i n v ( / (cosv-%y°-lg(%)d$)
m + l Jo \J-i )

2rn r"/2

/ vm+2( / (cosv-£) r o

Jo- n{m + 1)
2/Q —

^•(w + 1) /

x/2
v2ro+m+2g(cosv)dv

/

x/2
v2(ro+l)+mg(cosv)dv. (3.10)

n(m + 1)

This yields the claim of Lemma 3.2.

LEMMA 3.3. Let p and q e N, p >q. Then

r (sin(nv/2))2p ^_. f"12 (sin(/zv/2))2p

/ dv ^ n^ , I
In V2* In V^

//ere, an «s ftn (/"and o«/y i/an = 0(6n) a«c? &„ =
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PROOF. See [15, p. 80].

LEMMA 3.4. Let n > 1, m(n) e N U {0} with en < m(n) < en for n > 2 and for
some constants c, c. Let An : C[—1, 1] -» nm(n) be a sequence of linear algebraic
polynomial operators. Suppose that for An we have the Timan-type estimate

\An(f, x) - f(x)\ < ceo, ( / , Vl~x2/n, 1/n2) , |^| < 1.

Then for A^, the Telyakovskii-type estimate

holds true.

PROOF. See Cao and Gonska [12, Theorem 3].

LEMMA 3.5. Let n > 2 and cn < m(n) < en for some constants c, c. Furthermore,
letKmin){v) >0,and

(i) 1 - P.,mW = O(n~2),
(ii) 3/2 - 2A,m(n) + l/2p2,m(n) =

Then, for all f € C [ - l , 1],

|C:(n)(/, X) - f(X)\ < CCO2 (/, y/l-X^n) , \X\ < 1.

PROOF. See Cao and Gonska [8, Theorem 5.4].

4. Approximation by Boolean sums G^(n).

We start this section with the construction of certain kernels Fnsj(v) upon which
the definition of shape preserving operators Hnsj will be based.

Let | = cos(v). Starting from (1.4), we define

^ , ^ /sinfaarccos^N2* 1 ^
A:M_n(arccos£) = C,J — —— = - + > ,(>*,„_, cos(£arccos£).

\ sin(arccos|/2) / 2 frf

Clearly Ksn-S (arccos^) e njn_f.
For j e N, we define

^_ j (4.1)
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to be a y-th antiderivative of A^-^arccos^); thus FnsJ e Usn-S+J, and

F n , s , j ( z ) = To.n.s.j + h . n . s j • ^ ^ + rM_i+j,- „,,,; • ZS"~S+i,

or

Fn,sJ(cos v) = ro,n,J>y- + r,,„,,,; cos iH + !„_,+;,„,,,_,• (cos u) i n - i + ; . (4.2)

Normalizing yields the kernel

7rFn, (cosv)
( 4 - 3 )

7rFn,, (cosv)

for which

- / ~Fn,s,j(v)dv = 1. (4.4)

Furthermore, from (4.2) we have

Fn,s,j(v) = ^0,n,s,j + k\,n,s,j COS V + X2,n<sJ COS 2v H h Kn-s+j,n,s,j

(4.5)
Since

1 f —

we have Xo,n,s,j = \- We denote the convolution-type operators (1.3) with kernel
~Fn,sJ(v) by //„,,,_,-. Then

^».5,;(v)rfv = 1. (4.6)

and, from (4.5),

1 r -
h,n,sj = — I coskvFn^j(v)dv, 1 < k < sn - s + j . (4.7)

IT I
«/ —JT

The next lemma shows that the coefficients of cos v in (4.5) are sufficiently close
t o l .

L E M M A 4 . 1 . Let j e N and s > j ' + 2. Then
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PROOF. From (4.6), (4.7), and (4.3), we have

i r -
1 ~ Kn.s.j = - / (1 ~ COS V)Fn,sJ(v) dv

1 r , i A *•*•»..,..,• (cosv) i ,
= — / (1 - COS v)\ -75: — dv

71 J-* lf!xFn...j(.CO&t)dt]

LnFn,sj (cos v)dv J-x 2
r v

X / 2 S m o Fn,s,j (COS V) dV

J 2lflnn,sj(.cosv)
2 LxFn.sJ (COS V)dv

Using the inequality

— v < sinv, 0 < v < —, (4.9)

we have, on the other hand,

2 f v2Fn , ,(cos v)dv
1 - Kn,s,i > 4 r * , w • (4-10)

* )-„ F»,sj(cosv)dv
Let Nr, r = 1, 2 , . . . , be positive constants independent of n. Write

I Fn,sJ(cosv)dv = 2 / FBtJ,y(cosv
J-^ Jo

= T^TTT [ ( f
{J — L)-JO \J-\

Using Lemma 3.1 (for the case m = 0, r = ; ) , we get

Rn.sj < . _ ° ' y
v / v2 y^,«- ,

. (4.11)

Using Lemma 3.2 (again for the case m = 0, r = j) we have

2A7 Z"1''2
*„,,,; > , . , , , / v2yA:M-J[arccos(cosv)]dv

U — *•)'• Jo

= N2 v2iKsn.s(v)dv. (4.12)
Jo

( f ' ) dv
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Define

— f
Rn.sj •= v2FntSj(cosv)dv

J —w
/•IT

= 2 / v2Fn<sJ (cos v)dv
Jo

= T. —. \ v2 ( / (cos v - ty-lKsn-s(aiccos$)dl- ) dv.
u — *•)• Jo v - i /

Again, using Lemma 3.1, we derive

[ v2i+2Ksn-s(y)dv, (4.13)
Jo

and using Lemma 3.2, we have

\ v2J+2Ksn-s(v)dv. (4.14)
Jo

Combining (4.8), (4.10), (4.11), (4.12), (4.13) and (4.14), we obtain

j 2

/ v2jKsn_s(v)
Jo

/ v2JKtH.t(v)dv
o

By Lemma 3.3, we have

fit

Jo

Jo

Jo

dv
o \ sin ~

/

" fsin I2*

n

cn

(4.15)

and

. (4.16)

(4.17)
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Similarly,

[•"12[•"12

/ v 2 i + 2 K s n - s ( v ) d v * C n , s - n 2 ^ - l ) - 1 , s > j + 2 , ( 4 . 1 8 )
Jo

f v 2 i K 5 n . s ( y ) d v « Cn,s • n * - * - 1 , s > j + l, (4.19)
Jo

/

n/2

v2J K s n - S ( v ) d v * C n , , • /!2(-'")-1, s > j + \. (4.20)

Combining (4.15) through (4.20), we obtain that if 5 > j' + 2, then

LEMMA 4.2. Ler j e N a«d 5 > y + 3.

3 1
- - 2Xhn,sJ + -X2,n,sj = O(n~4).

PROOF. From (4.6), (4.7), and (4.3), we have

-2COSV + ^(1 + COS 2v) J Tn,s,j(v)dv

= n~l / (1 - 2 cos v + cos2 v) Fn,sJ(v) dv
J — n

/"„ ^ l Pn,s,j(COSv) 1
= / (1 - cos vf -„ ^ — dv

J-* lI"n^,(C0St)dt\
/ 4sin4-FniJj(cosv)d

J-n *•

r F
J-n '

(4.22)

(cos v)dv

From Lemmas 3.1 and 3.2, using a method similar to the proofs of (4.15) and (4.16),
we obtain

5 — , (4-23)

viJK,H-,(y)dv
o
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as well as
/2/*7T/2

^° . (4.24)
2 2 f vyKsn_s(v)dv

Jo
By Lemma 3.3 we have

Jo Jo

(
o V23

* (&in(nv/2))2' A

« C . , • n 2 c - > - 2 ) - ' , s>j + 3. (4.25)

Similarly,

/ v 2 J + 4 K , l , - , ( v ) d v K C l , , , - n 2 0 - J - 2 > - 1 , s > j + 3. (4.26)
o

From (4.19) and (4.20), we have

v2JK,n_,(v)dv « C,, • n2( j- ; )- ', 5 > y + 1, (4.27)f
Jo
10

/

nil

Combining (4.23) through (4.28), we obtain the result that if s > j + 3, then

3
-k 2,n,sJ2 -•'•".*•-' • 2 "•"••'••' n2u-j)-\

The following Theorems 4.3 through 4.5 constitute the main results of this note.
Our first theorem deals with the quantitative and shape preserving properties of the
operators Hnsj based upon the kernels Fn<sj (recall (4.5) and its neighbourhood).
Note that shape, as expressed by i -convexity, is fully retained by the //„,,,;, including
positivity. This will be different in Theorems 4.4 and 4.5.

THEOREM 4.3. Let j e N and s > j + 2. There exists a positive constant cjs such
that, for each f e C[— 1, 1] andn > 1, the polynomial Htt<sJ(f, •) e nsn_s+j satisfies
the inequality

- Hn,sJ(f, x)\ < cls co, If, y/l~x2 + \ ) , \x\ < 1.
V n nl I
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Furthermore, if the function f is i-convex, then Hnjj(f, •) is also i-convex, where
i e{O,l,...,j}.

PROOF. For the convolution-type operators Hn,s; with kernels Fn,sj > 0, using
Lemma 4.1 we have

1 - A.i.».,.j• = O ( n ~ 2 ) , s > j + 2 .

Lemma 1.2 implies the Timan-type estimate

|/(JC) - //„,,,;(/, JC)| < Cj,s O», If, ~*2 + ^ J , |JC| < 1.

Since HntJ,; is a positive linear operator, we obtain for / = 0 that, if / > 0, then
Hn.sjif, ) > 0. Furthermore, from (1.2) and (4.3), (4.1) we have

Hn,s.j(f, x) = - I /(cos v)Fn,SJ(e - v)dv
K J-n

f /(cos v)Fn>J,,[cos(0 - v)]dv, (4.29)
J-ir

:(cosv)dv
J-n

where

f Fn,sJ(
J —n

Fn,s,j{z) := 1 I (z -t;)l-lK,n-,(!wxa&t-)d1;.
U — 1)! J-\

Using (3.2) and (3.3), we have, for 1 < i < j — 1, the representations

d^Fnsj{z) = a - / - D ! £ ( z " ^y"'"'̂ '
and

— Fn,SJ(z) = Ksn_s(arccosz) > 0.

It is known (see [21]) that

where h > 0 and —1 < £i < 1, whence Fnsj(z) is /-convex. Lemma 1.3 then implies
that, if / is /-convex, then so is HniSj(f, •) for / € {0, 1 , . . . , j}.

From Theorem 4.3 we obtain Beatson's Theorem B and also the results by Lorentz-
Zeller [25] and Shvedov [30] mentioned earlier.

Our next theorem shows that extra interpolation conditions at the endpoints can be
imposed. These will be achieved, however, at the expense of positivity. Note further
that the following theorem only requires s > j + 2. This is in contrary to the condition
s > j' + 3 needed in Theorem 4.5, and thus Theorem 4.4 is not a consequence of
Theorem 4.5.
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THEOREM 4.4. Let j e N and s > j +2. Then there exists a positive constant cjiS

such that for all f G C [ - l , 1] and n > 1, and H+sj(f, •) G nsn-s+J,

1/ to - Hns,-(/. *)l < Cj.s a>i ( / . Vl-x2/n) .

Furthermore, if f is i-convex, then H*sj(f, •) is i-convex, where i G { 1 , . . . , j}.

PROOF. Since s > j + 2, we have

n < sn — s < sn — s + j < sn — s + s — 2 = sn — 2 < sn, n > 2, s > 3

From Theorem 4.3, we know that

I / t o - ffn,s,j(f, X)\ < Cj,s CO! If, V 1 " X 2 + -. ) , |*| < 1.
V n n )

Using Lemma 3.4, we obtain

\f(x)-H+sj{f,x)\<chsa)A)
\ " /

If f is /-convex, from Theorem 4.3 we find that HntSj(f, •) is /-convex as well. Since
Hn,sj(\, x) = 1 and Hnsj is a positive linear operator, using Lemma 2.2 we obtain
that H^sj(f, •) is /-convex, too, where / G { 1 , . . . , j}.

From Theorem 4.4 again Beatson 's Theorem B follows, but only for i e {1, . . . , j}.
For j = 1, we get again an estimate as that of Lorentz and Zeller, and for j = 2 the
uniform one of Shvedov.

Our final theorem in this section is formulated in terms of the second order modulus
of smoothness.

THEOREM 4.5. Let j e N and s > j + 3. Then there exists a positive constant cjiS

such that for each f e C[—1, 1] and n > 2, and H+sJ(f, •) G T\sn_s+j,

I / to - Ks ; ( / . * ) ! < Cj,s O>2 (f, y/l-xl/n) , \X \ < 1.

Also, if f is i-convex, then H*s j(f, •) is i-convex, too, where i G { 1 , . . . , j}.

PROOF. First, if / G C [ - l , 1], then

//„,,,,(/, •) G n,B_f+y.

https://doi.org/10.1017/S0334270000010365 Published online by Cambridge University Press

https://doi.org/10.1017/S0334270000010365


[19] Pointwise estimates for higher order convexity preserving polynomial approximation 231

Since s > j + 3, we have

n < sn — s + j < sn, n > 2, s > 4.

For the operators //„,,,; based upon the kernels Fnsj(v) > 0, using Lemmas 4.1 and
4.2 we have

1-*!,„,, , ,• = 0 { n ~ 2 ) , s>j + 2,

I - 2XUn<sJ + X2^sJ = O(n~4), s > j + 3 .

By Lemma 3.5, there exists a positive constant Cj,s such that for / e C[— 1, 1] and
n>2,

1/W ~ < , . / / . *)l < ^> «2 (/• y/l~x2/n) , \x\ < 1.

By Theorem 4.4, the cone of /-convex functions is invariant under H^s;, where

From Theorem 4.5 we again obtain Theorem B, where / e { 1 , . . . , j}. If j = 1,
we obtain Theorem C, and for j = 2, Theorem 4.5 implies Theorem D and the earlier
uniform result by Shvedov [31, Theorem 1]. Furthermore, for the case j = 3, we
arrive at a refinement of another result by Shvedov [31, Theorem 2].

«"(«)•
5. Concluding remark: approximation by Boolean sums G'r

In [7], we also investigated approximation properties of the Boolean sum

A\f,x):=(A@L){f;x)
= A(f; x) + L(f; x) - (A o L)(f; x) = A(f - Lf, x) + L(f, x).

In the applications given in [7] we had A = Gm(«) (based upon suitable kernels KmM),
and L was given as above.

If Gm(n) = Hn,sj, with Hnsj as given in Section 4, then the Boolean sums H*s . =
//«,,,; © L have a degree of approximation and preserve the shape of a function as
indicated in the following theorem.

THEOREM 5.1. Let j e N and s > j + 2. There exists a positive constant cjiS such
that for all f e C [ - l , 1], n>\, and H*nsj(f, •) e Usn_s+j,

\\f-H;sJ(f,-)\\<cj,sco2(f,l/n).

Furthermore, if f is i-convex, then H*s .(/, •) is i-convex, where i 6 { 1 , . . . , j}.
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Since we were only able to prove uniform inequalities involving a^if, •) for the
operators H*sj, we do not give a proof here. Details are contained in the technical
report [13] available from the authors.
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