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1. Introduction

In this paper the theory of periodic solutions of analytic Hamiltonian
systems of differential equations, which is due to Cherry [5], is specialized
to systems which have one symmetry property.

We shall consider conservative systems with 2 degrees of freedom

d oF a F
do, OF = dy. _OF (=1, 2)
dt Y dt 0%y,
in which the Hamiltonian F is an analytic function of the z,, y¥,. In vector
notation such a system may be written as

o “ .

where z is the vector with components @, ,, ¥,, ¥,; J is the skew-symmetric

matrix
[1 ]
~—I, 0

(I being the 2X 2 unit matrix) and F, is the gradient of F. Later we shall
change variables and shall then use ¢, z and Z to denote vectors with
components {,, &,, w3, Ws; 21, 25, 4y, 4y and Z,, Z,, U,, U, respectively.

In the usual dynamical interpretation of (1.1), #, and =, are the
coordinates of a particle moving in a plane and any path which the particle
describes in this plane is called an orbit of the system. y, and y, are the
corresponding momenta and F is the net energy of the particle.

Symmetries in the dynamical system are thus characterized by proper-
ties of F — the energy function. If the dynamical system is reversible, for
example, then the energy is the same when the momenta are reversed and
so F has the property that for all values of the z;, ¥,

F(zy, %3, Yy, ¥2) = F (%1, T3, —Y1, —Ya)-
463
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Symmetry of the dynamical system about the x,-axis is characterized in a
similar way by the identity

F(zy, %3, Y1, Y3) = F(2y, —%3, —Y1, ¥a)-

We shall say, therefore, that the system (1.1) is symmetric if, in vector
notation, F satisfies the identity

(1.2) F(z) = F(Vz)
where V is one of the following diagonal matrices:
(1.3) tdiag (1, 1, —1, —1) or fdiag (1, —1, —1,1}.

Concerning the solutions of a symmetric system (1.1) we note that if
x = ¢(¢) is a solution then so is x = V¢ (—¢). The solutions of a symmetric
system therefore occur in pairs. Each member of a pair may be regarded as
the reflection, in the appropriate axis of symmetry, of the other member.
Exceptionally two members of a pair may coincide to give a solution
x = ¢(t) which satisfies the identity

(L4) $(t) = V().

Such a solution is its own reflection and we shall therefore say that it is
symmetric. At ¢ = 0 the orbit of such a solution has a point of zero velocity
or else an orthogonal crossing of one of the coordinate axes, according to the
type of symmetry which V represents.

A solution = = ¢(t) is said to be periodic if ¢(t) = ¢(¢+7T) for some
T > 0 and the smallest such T is called the period of the solution. A periodic
solution has a closed curve as its orbit and a symmetric periodic solution
has an orbit with two distinct orthogonal crossings of the axis of symmetry,
one at £ = 0 and the other at £ = T/2: c.f. [2; vol I, p. 745].

The existence of periodic solutions near a symmetric periodic solution
has been investigated by Birkhoff [2] in connection with the restricted 3-
body problem. More recently De Vogelaere [6], [7] has announced some
interesting results for the Stérmer problem. Cherry’s methods lead to results
which appear to be more detailed, however, and which can easily be extended
to systems with more than 2 degrees of freedom.

Cherry defines a solution of (1.1) to be periodic if it can be expanded as a
convergent Laurent series in ¢”* where, for a real period, » is pure imaginary.
A periodic solution is said to be regular if certain convergence criteria are
satisfied [5; pp. 185—186]. Of the characteristic exponents of such a solu-
tion, two may be denoted by 44 while the other two are zero (modulo »).
Alv is called the characteristic ratio of the periodic solution and A may be
determined so that it satisfies —% < Rlif» < 3.
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Cherry considers the existence of periodic solutions near a given regular
periodic solution which we shall call the generating solution and shall denote

by
(1.5) x = ¢(e").

Let A/v be its characteristic ratio. Cherry shows that if A/v is irrational then
the generating solution can be embedded in an analytic family of periodic
solutions called Family I. But if A/» is rational there are additional families
of periodic solutions which contain the generating solution. These families
are said to branch from Family I at the generating solution. The branching
families give orbits which close after », circuits of the orbits in Family I
where 1,7, is the reduced form of the rational if».

It is a fairly trivial result that if the system (1.1) and the generating
solution (1.5) are symmetric then so are the members of Family I.

Our main results for symmetric systems are as follows: When the generating
solution is symmetric with Ay 5 O then in general the branching families are
composed of periodic solutions which are symmetric. When v, = 4 two
branching families are obtained in general (Families IT and III) but when
vy = 3 or ¥y = 2 there is only one such family (Family II).

When Ay = 0, however, there are several different cases which are of general
occurrence and in one of these cases we obtain branching families whose members
are unsymmetric.

The diagrams [5; p. 177] which summarize the reality and stability prop-
erties of the branching families when 4, 5% 0 are still valid in the symmetric
case. The branching families have the analytic form

(1.6) z = P((c—r)}, ¢7")

where o is the family parameter and where @ is a series of positive powers of
(0—»)} and of positive and negative powers of ¢/, The series are absolutely
convergent (for pure imaginary » and ¢) when |o—»| is sufficiently small.
The generating solution is the member of (1.6) for which ¢ = ». (The case
vy = 3 is exceptional in that (¢—»)? may be replaced in (1.6) by o—v).

The results are stated to hold in general but exceptional cases may
occur when leading coefficients in a certain power series vanish accidentally.
In such cases additional branching families may be obtained whose members
are unsymmetric. Detailed results for some exceptional cases are stated in
sections 5 and 6.

The results for exceptional cases may be relevant to systems (1.1) which
depend analytically on a parameter u. The coefficients in question are then
continuous functions of 4 and so it is possible that they could vanish for a
discrete set of values of u.

The coefficients in question may also vanish because of the presence of
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more than one symmetry property in the Hamiltonian system and the
generating solution. In a subsequent paper we shall present the modifica-
tions which the theory for such systems requires and we shall give some
numerical illustrations.

2. Outline of procedure

We shall first of all outline the way in which Cherry obtains the periodic
solutions in the case where A/v is rational, the only case in which we are
interested here. _

Cherry constructs a formal contact transformation to new variables Z
which we denote by

(2.1) z = p(Z, ™).

Here o is an arbitrary parameter and the right hand side is a formal
power series in the components of the vector Z with coefficients which are
Laurent series in ¢”#*. Under this transformation the system (1.1) assumes
a simple normal form

The new Hamiltonian L is a formal power series in the Z,, U, with oc—»
occurring linearly. The variables Z, and U, occur only in the combinations

(2.3) v=2,U;, w=2p, w =Up

Equilibrium solutions of the normalized system (2.2) are then found which
we denote by

(2.4) z=2.

Z° is given as a function of ¢—» which vanishes with this argument. When
the equilibrium solutions are substituted in (2.1) the families (1.6) of periodic
solutions of the original system are obtained. Convergence of the formal
series which specify the families (1.6) is then proved by the method of
dominant series.

In outline our procedure for specializing Cherry’s theory to symmetric
systems is as follows: we study the effect of symmetry in the original system
(1.1) and in the generating solution (1.5) on the transformation (2.1);
on the Hamiltonian L; on the equilibrium solutions and then finally on the
periodic solutions (1.6) of the original system.

In carrying out this procedure we shall need to consider in some detail
the way in which the transformation (2.1) was constructed. It was actually
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composed of four contact transformations and we shall denote the first
three of these transformations by

(2.5) z = $e)+¢
(2.6) E=0(")
2.7) ¢ =gz ¢

Here #, &, { and z are vectors; ¢ is the generating solution; ® is a'matrix and
g is a vector function of z. We shall denote the Hamiltonians of the systems
to which (2.6) and (2.7) lead by G(, ¢) and K (2, ¢”*) respectively. The
transformations are determined in such a way that in the series develop-
ments G has its quadratic terms in { normalized while K has all its higher
order terms in z normalized.

If in these transformations the constant » is replaced by the arbitrary
parameter o, the overall transformation becomes z = f(z, ¢”*) where

(2-8) Ha, ™) = $(e7)+-0(e7)g (2, ¢™).

When applied to (1.1) this transformation gives a system with Hamiltonian
K(o0—v, 2, e”t) which is a power series in the arguments

(2.9) zyty, 20(ef) o, ul(e”), 2z, and u,

with o—» occurring linearly.
We shall write the fourth transformation, which leads from Hamiltonian
K to Hamiltonian L, in component form:

(2.10) 4= Zl(eut)%lp"x 2y =25, # = Ul(eﬂ)_a",v“: 1y = U,.

We study in succession the effect of symmetry on each of the above
transformations and the Hamiltonians to which they lead. Under the
hypothesis 4, # 0 and », = 3 we study the effect of symmetry on ® and G
in section 3. The bulk of section 4 is then concerned with its effect on g and
K. The results, stated in theorems 1 and 2, are then pieced together to give
the result that the transformation (2.1) has the property

(2.11) P(WZ, e ) = Vp(Z, etl"),

where W is a certain involutory matrix, while the Hamiltonian L has the
property

(2.12) Lio—y, WZ) = L(o—», Z).

As a consequence of this property of L it is shown in section 5 that the
equilibrium solutions (2.4) have in general the property

(2.13) WZzo = 2o,
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The corresponding periodic solutions of the original system z = p(Z°, &),
which give the branching families (1.8), therefore have the property

(2.14) (20, 7)< Vp(Z°, e77")

in view of (2.11). Comparing (2.14) with (1.4) we see that the members of
the branching families have the same symmetry as the generating solution
had.

In sections 6 and 7 we sketch the modifications which are required
when », = 2 and when 1, = 0 respectively.

The discussion is a merely formal one since the convergence theory of
[8] is still applicable.

3. Symmetry and the linear transformation

If z = ¢(e"*)+ £ is substituted in the differential equations (1.1) and
the terms of degree greater than 1 in the components of £ are then neglected
in the series development of the right hand sides, a linear homogeneous
system of differential equations with periodic coefficients is obtained

as
(3.1) % = JF_é.
These equations are called the equations of variation of the system (1.1)
with respect to the generating solution (1.5).

The transformation £ = @(¢**){ is the linear contact transformation
with periodic coefficients which brings these equations to a normal form.
Such transformations were first given by Cherry but have since been
discussed by Moser [8; pp. 87—101]. Siegel [9; § 13] discusses the equilibrium
case, corresponding to ¢(¢”*) being a constant.

In this section we shall assume that 4/v # 0 and A/» % % and we shall
change our notation slightly by writing @(¢) in place of &(e”*). Thus O (¢)
has period 2nify, = T say. The properties of @(f) which we shall use in dis-
cussing symmetry are listed below. It should be noted that @(t) is by no
means uniquely determined by these conditions.

Firstly, the condition that the transformation preserve the Hamiltonian
form of the equations may be written in the form (cf. [9; p. 11])

(3.2) ow jew =J.

Secondly, when the original system and ¢ are real (as we assume), the
second and fourth columns 6®(¢) and 6“ (f) of the matrix @(¢) are real.
And when 1 is pure imaginary the first and third columns satisfy

(3.3) 0 (¢) = IO (7).
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Here I' is a constant which is equal to 1 or —1 depending on the original
system (c.f. Cherry’s “‘case A” and “case B” [6; p. 157]).

Thirdly, 0% (2) is a constant multiple of the vector d/d¢f$(e”t), which is a
solution of the equations of variation (c.f. [10; § 87]).

Finally the normal form to which the transformation brings the equa-
tions of variation (3.1) is

E — {2)
(3.4) 7 = JGy
where
(3.5) GA() = zclwl—%acg.

When the transformation is applied to the original non-linear system we
get a system with quadratically normalized Hamiltonian

(3.6) G, e) =GO(E)+ - -+

where the terms not written explicitly have degree greater than 2 in the
components of {. We can now prove

THEOREM 1. When F and ¢ have respectively the symmetry properties
(1.2) and (1.4), characterized by a matrix V, then O(t) may be chosen so that
it has the property

(3.7) Vo) = O(—)W

where W is the involutory matriz

0 0 —iI' 0
01 0 0
3.8
3.8) i 0 0 0
00 0 —1

The Hamiltonian G then has the property
(3.9) G(t, &) = G(WE, ).

ProoF. From the symmetry of F and ¢ it follows immediately that if
X (?) is a fundamental system of solutions of the equations of variation (3.1)
then so is VX (—t). There exists, therefore, a matrix C which is independent
of ¢ such that
(3.10) X({)C =VX(—t).

Now it is easily verified that the normalized equations of variation
(3.4) admit the fundamental system of solutions
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et 0 0 0
0O 1 0 0
0 0 e* o
0 a O 1

Af) =

so that the matrix @ (¢)A(¢) will be a fundamental system of solutions of the
original equations of variation (3.1). We may therefore substitute this
matrix into (3.10) in place of X (¢). We thus get

(3.11) AQRYCA(—t)t = O) VO (—t).
But since the right hand side has period T, = 2a¢fv, we must have
A(T)CA(—T)r =C

since A(0) is the unit matrix.

Let us suppose for the present that @ # 0. The hypothesis on i/» gives
AT # 1. Hence from the above equation we find on using the explicit
form of A(T) that C must be a matrix of the form

0068 O
0 0 0
C = 4

« 00 0
0y 0 —8

Direct calculation now gives
A@)CA(—t)1=C

and so (3.11) becomes simply

(3.12) O)C = VO(—i).

Thus we have only to show that there is a @(t), satisfying the previous
conditions, for which C = W.

Firstly, 0¥ (¢) is a multiple of d/dt ¢(¢”) and so from the symmetry of
é(¢’t) we have 6W (1) = —VOW(—¢). If we substitute this result in (3.12)
we find that § = 1.

Secondly, we may replace ©(t) by @(f)4 where 4 is the matrix
1 0 0 O
01 00O
0 0 1 0
0 3y 0 1

This leaves unchanged the conditions @(t) already satisfies except that C
is replaced by 4-1CA4 and in this new C we have the new y = 0.
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Thirdly, we may replace @(¢) by the matrix @(¢)B where B is the dia-
gonal matrix

diag (¢*#, 1, e, 1)

in which g is a real number at present arbitrary. Now at least one of the
elements of the vector 6®(0) must be non-zero and we shall suppose for
definiteness that the first element, 63,(0), = 0. We can now choose x so that
in the new ©(¢) the new 0,,(0) is either real or pure imaginary as we please.
From (3.3) we then get

01,(0) = +:1'95,(0)
where the sign depends on our choice of u. On the other hand (3.12) gives
01,(0) = +ab;(0) and 65(0) = +46,,(0)

where the sign here depends on the particular form (1.3) of the matrix V.
Comparing these equations we see that u can always be chosen so that
a=1¢I"and 6 = —¢I".

Thus we have shown that, when a # 0, @(¢) can be chosen so that
C=W in (3.12) and hence VO(f) = O(—f)W as desired. A straight-
forward modification of the above shows that the result is also valid when
a=0.

To prove the property of the Hamiltonian G we note that by the well-
known rule for transforming Hamiltonian functions [10; § 27]

(3.13) G(C, e) = GO )+ F*(p(e*)+O(t)2)

where F*(x) denotes the sum of those terms in the series development of
F(x) whose degree exceeds 2. On the right hand side of this equation we
now -consider each member separately. From (3.5) and (3.8) it follows
immediately that

(3.14) GB (W) = M—ilw,) (iT,) —}aly = GA(C).

As regards the second member we note that by (1.4) and (3.7)
$(e)+O(—) WL =V (3(e"*)+0(¢)).

But it follows from (1.2) that F*(Vz) = F*(z). Hence

(3.15) F*((e) +O(—t)We) = F*($(e"')+O()0).

From (3.13), (3.14) and (3.15) the required property G(W¢, e=**) = G(¢, ™)
now follows.
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4. Symmetry and the non-linear transformation

We shall need the following

LemMA. Let { = g(z, ') be a contact transformation which brings the
system with Hamiltonian G(L, ¢'*) to one with Hamillonian K(z, ). If
G has the property that G(C, e") = G(W{, e), then the transformation
= W-1g(Wz, e**) brings the former system to a system with Hamiltonian
K(Wz, e%).

The lemma may be proved by a straight forward application of the rule
[10; § 277 by which Hamiltonian functions are transformed and we omit the
details.

We shall now consider the effect of symmetry on the transformation
(2.7), ¢ = g(z, ¢*). When applied to the system with Hamiltonian (3.6),

G(C, e") = 2 o —3aly+ - -+,
it gives a system with Hamiltonian
K(z, &) = Azyu,—32azd+ - - -
in which only the following combinations of the z,, %, and ¢ appear
(4.1) v=2t, W=z, w = u(e), 2z, and wu,.

The original procedure for constructing this transformation was given
by Cherry [4]. A more direct procedure is due to Birkhoff [1; pp. 85—88].
Although Birkhoff treats only the incommensurable case explicitly, his
procedure can be extended trivially to deal with the case in which A/»
is rational. By referring to Birkhoff’s work we can easily prove

THEOREM 2. Because of symmetry the transformation { = g(z, ¢"*)
may be determined so that it has the property

(42) g(Wz, ) = We(z, e™)
while the corresponding Hamiltonian K (z, e'*) has the property
(4.3) Kz, ) = K(Wz, ).

Proor. The leading idea in Birkhoff’s construction is to use an auxiliary
function S to define the contact transformation. If S = £ u,+Eut- . ..
is a formal power series in the {,, %, with coefficients which are Laurent
series in ¢t then the equations

(k=1,2)
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are uniquely soluble for the {,, v, in terms of the z,, #, and so define a
contact transformation.

Now it turns out that the coefficients in S can be successively deter-
mined so that the only terms which remain in K have the form Az{1uf1z5
uls(ert)e with

Moay—py)+ve =0
(which means that, when A/» is rational, K contains only powers of the
variables (4.1)). In this way the coefficient of every term (f1ufiz5wfls(et)e
in S is uniquely determined unless the indices satisfy the above condition.

At this stage we determine the coefficients of the excepted terms also
by imposing a condition used by Siegel [9; p. 187] that in the expansion of

(4.4) é (zrwp—uels) = 2’ JC

in powers of the z,, %, no powers of the variables (4.1) alone should occur.
The resulting transformation is thus determined uniquely and we take it as
our transformation { = g(z, ¢"%).

Let us now consider the related transformation

(=Wlg(Wz,e?) =2+ -

which may be represented by a function S as above.

Firstly, in view of the lemma, and (3.9), it leads to a system with
Hamiltonian function K(Wz, e=*?) and this function involves only powers
of the variables (4.1) since the replacement of z by Wz and ¢ by —¢ merely
permutes the variables (4.1).

Secondly the expression corresponding to (4.4) is now

2 JW-g(Wz, e7v¥).
Since W'JW = —J this is equal to
—(Wz2) Jg(Wz, e™)

which again involves no powers of the variables (4.1) alone.
Thus by uniqueness we get the required property of g,

W-g(Wz, e) = g(z, e¥).

A further application of the lemma now gives K (z, ') = K(Wz, ¢77%),
thereby completing the proof of the theorem.

COROLLARY 1. Because of symmetry the transformation (2.8), 2 = f(z, ¢7%),
has the property

(4.5) Vi(z, e°t) = f(Wz, ),
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and the corresponding Hamiltonian K(o—v, 2, ¢°*) has the property
(4.6) K(o—v, 2, e7t) = K(o—v», Wz, e=7%).

Proor. The result for f is an immediate consequence of theorems 1 and 2.
The result for K is obtained by noting that

(4.7 K(o—v, 2, ¢7%) = F(f(z, ¢°t)) + oM (2, )

where, by the rule {10; § 27] forltransforming Hamiltonian functions, the
remainder function oM (z, ¢**) depends on ¢ only as indicated by the nota-
tion. From (1.2) and (4.5) we see that

(4.8) F(f(Wz, &) = F(f(z, e™).
On the other hand theorem 2 gives
K(0, Wz, &) = K(0, z, ¢").
Substituting these two results in (4.7) with ¢ = » we find that
MWz, %) = M(z, ).
But since this holds identically in ¢ we may replace » by o to get
4.9) MWz, et = M(z, e”%).

From (4.7), (4.8) and (4.9) we see immediately that K(o—v, 7, 7*) =
K(oc—», Wz, e°t) as required.

COROLLARY 2. Because of symmelry the transformation (2.1), z =
P(Z, €™™), has the property

(4.10) Vp(Z, 1) = p(WZ, ")
and the corresponding Hamiltonian L has the property
(4.11) L({g—~v, Z) = L(c—y, WZ).

Proor. Let us write the transformation (2.10) in vector notation as
z = g(Z, &").
Then from (2.1) and the explicit form (3.8) of the matrix W we see that
(4.12) 2 (WZ, e7") = Wy(Z, &)
since the vectors on either side of this equation each have components
—iTU, (") ™%, Z,, TZ,(e7), —U,.
Now p may be expressed in terms of f by tHe equation
B(Z, ) = [(1(Z, &), e).
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Thus
Vp(Z’ elﬂ/l’n) = f(Wx(Z, e”‘/l’o)’ e—a’t) by (4'5)
= /(Z(WZ, e—tﬂlvo)’ e—u’t) by (412)
= p(WZ, &),
Thus (4.10) is proved.

The property of L now follows from the expression for L in terms of K
given in [5; p. 163] in a straightforward way and we omit the details,

5. Solution of the normalized system

We shall now consider the effect of symmetry on the equilibrium solu-
tions Z = Z° of the normalized Hamiltonian system (2.2) which lead to
the branching families.

The procedure by which these solutions are obtained [5; pp. 163—175]
may be summarized as follows. In place of the variables

(6.1) v=2,U;, w=2p, w =Up
new variables g, s, s’ are introduced by putting
(5.2) g=1ilv, s=w+(@"w', s =i(w—(Gl"w)

where I' = 41, as in section 3. In place of the Hamiltonian L a function H,
which is a real valued function of its arguments, is introduced by putting

(5.3) H(i(e—»), 48,5, Z,,Uy) = L(Z, 0—).

The series expansion of H, which we shall require later, is of the form

H = i(o—v) (0, 2o+ apgtogstoys'+ - - °)
—12“‘22'{'51qu+ﬂas+ﬁ4s'+%ﬂsqz

+Beqs+B:95"+Bs Zos+-Bo Z,s
+3B10s2 1B s+ - -

(5.4)

where the «’s and f’s are real constants. We have not given any terms in U,
as these will not be required in the sequel. The following equations are then
solved for g, s, s’, Z,, U, as functions of ¢(c—») which vanish therewith:

(5.5.1) s24s2—4g% =0

J0H  oH

s— 0
os sas'

(6.5.2)
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oH oH

s E +2vyg70? e 0 (s #0)

(5.5.3)
— + 2y, g*0—t oH _ 0 (s’ # 0)
or s % Wg T o =

oH
5.6.4 —_—
(5.5.5) U,=0.

From the values of ¢, s, s’ obtained in this way, the corresponding values of
v, w, @’ are determined by using (5.2) and the value of Z,, U, are then ob-
tained from (5.1). The values of the Z,, U, so determined are the required
equilibrium solutions of (2.2). When ¢ is positive and s, s” are real, the corre-
sponding solutions of the original system (1.1} can be shown to be real.

LEMMA. Because of symmetry, H has the property
H(i(o—v),q, 5.8, Zy, Uy) = H(i(o—v), g, (—1)s, (—1)¥s, Z,, —U,)

ProoF. From the explicit form (3.8) of the matrix W we see that the

substitution
Z>WZ

may be written componentwise as
Zy,—»> —iIU,, Zy—~2,, U,—»il'Z,, Uy,— —U,.
From (5.1) and (5.2) we see that this is equivalent to the substitution
g—>q, s—>(—=1)es, s — (—1)ytls', Z,—>2Z;, U;— —U,.

From the definition (5.3) of H we now see that the required property of H
is equivalent to the property L(c—», Z) = L(0—v», WZ) proved already.

We can now prove that the equilibrium solutions have the property
(2.13) which ensures that the corresponding periodic solutions of the original
system are symmetric.

THEOREM 3. Because of symmetry the equilibrium solutions Z = Z°
of (2.2) have in general the property

AR A

PROOF. Suppose first that v, is an odd integer. Then by the lemma H
becomes an even function of s when we put U, =0 (as (5.5.5) requires).
Thus (5.5.2) is explicitly

$'s(Brot* 1) —s(Bst ) =0
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If B, # 0, which we assume to be in general the case (see below), the
only solution which vanishes with o—v is
s=0.
From (5.5.1) and (5.5.3) we now get successively

oH oH
8§ = :t2q"¢/3 and '—a; :’:1’09”"/2—1 X = 0.

The second of these equations and (5.5.4) now give ¢ and Z, in terms of
i(0—»). When », > 4 (the only case for which we give details) these equa-
tions have the form

ai(o—v)+py Zy+-Psg+ =0
oi(o—v)—aZ,+ B9+ - = 0.

If aB;+p% # 0, which is so in general, these equations have the unique solu-

tion
N axy+o By . .
i
_ % fs—wab, _ .
P afs+p Ho=)+

From (5.2) and (5.1) we now get in succession
—(@Nhw =w, w= —is'2, Zj = Figr/?

and hence Z; = (Fi)V/»gt, U, = —iI'(Fi)-1"gt, The various determina-
tions of the »,-th roots in these expressions for Z, and U, lead to the same
periodic solutions of the original system [5; p. 167]. Thus we have only two
essentially different families in the above results, which correspond to
Families IT and III. If we now adopt 3¢ as our determination of 71/ —
which is permissible since », is odd — we get for the two families

(5.6) Z, = Ligh, U, = FIp.

In either case let Z9, U denote the values of the Z,, U, so obtained.
Then from (5.6) and (5.5.5) we get

(5.7) Z}= —iI'U? and Uj=0.

Now from the explicit form (3.8) of the matrix W we see that the vector
WZ° has components

iU, 28, iz, —U.

But by (5.7) these are equal to the respective components 2%, Z3, U3, U
of the vector Z°% Thus WZ° = Z° as required.
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Suppose now that vy is an even integer so that H becomes an even function
of s on putting U, = 0. If we proceed as above we find two families of
equilibrium solutions and for one of these families we find

Z, =1qt, U, = —TIgt
We can then verify the property WZ° = Z° for the family in exactly the
same way as above.

To show that the other family leads to symmetric periodic solutions
of the original system it is necessary to change the origin of ¢ by =ifa,
however, and we shall not give the details here. (The need for changing the
origin of ¢ has a simple geometric interpretation. Let 4 and B denote the
two points at which the orbit of the generating solution crosses the axis of
symmetry orthogonally. Then, when », is even, the orbits in one branching
family have both of their orthogonal crossings near 4, while those of the
other branching family have both of their orthogonal crossings near B.)

When », > 3 the branching families are real on one side of the gener-
ating solution and complex on the other since g changes sign with ¢{c—»)
provided awy~+a, 8, £ 0.

When v, = 3 trivial modifications of the above show that there is only
one branching family in general, but it is real on both sides of the generating
solution.

Non-vanishing of the coefficients. In proving theorem 3 we have assumed
in the case where », is odd that

By #0, ofy+p;#0 and axy+to,p; # 0.
Similar assumptions are used in the case », even. By appropriately modifying
examples given by Cherry we can construct symmetric systems in which
these conditions are satisfied. Arguments can then be given to show that
these conditions are satisfied in general: c.f. [5], footnote to p. 167. Cases in
which the above constants vanish are exceptional.

Results for exceptional cases. The important condition in regard to
symmetry is that on g,. It ensures that the variable s vanishes identically
and this in turn ensures that the corresponding periodic solutions of the
original system are symmetric. The other conditions merely affect the
number of families obtained and their reality.

If B, vanishes, however, then there will be a solution of (5.5.2) besides
the one s = 0. This leads in general to a pair of branching families, Families
IV, and IV,,. Their members are unsymmetric — as can be seen from specific
examples — and Family IV, is composed of the reflections of the members
of Family IV, in the axis of symmetry. It turns out that members of these
two families are in general complex for all real values of the period, 27ivy/o.
Families I, IT and III exist as before, in general, and have symmetric mem-
bers.
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6. The case A,/v, =3

In this case the previous discussion requires modifications which stem
from the fact that for the normal form of the quadratic terms of the Hamil-
tonian we now have

G(L, ") = Ay, —Fali+biie .

By making a few minor changes in sections 3 and 4 we can show that
theorems 1 and 2 remain valid (regardless of whether 4 or & vanishes)
provided that the matrix W is now given by W = Q(¢**) where

Q(e’?) = diag (—e™, 1, ¢, —1).

(The present case has an interesting peculiarity: previously the origin of ¢
could be chosen at either of the two orthogonal crossings of the generating
solution, but in the present case the result just stated for W is valid for
only one of these choices.)

It follows that in corollary 1 (section 4) we must now take W = Q(e°%)
while in both corollary 2 (section 4) and theorem 3 we must take W = Q(1),
which is independent of 2

The normalized Hamiltonian L is in the present case a power series in
the Z,, U, and 7(0—») with real coefficients. It involves Z, and U, only in
the combinations

(6.1) v=2,U, w=2, w=U,

From corollary 2, as modified above, we deduce that L is an even function
of Z, and U, jointly. In terms of the arguments (6.1) this means that L
becomes an even function of v when we put U, = 0. But since v? = ww’
this means that v can be omitted as an argument of L. The conditions
which the Z,, U, must satisfy [5; p. 166] therefore simplify to

oL oL oL

1%7—0; U 0, — =0 U,=0

z 1o0w' ~ " 8Z,

If we put U, = 0 we have an expression of the form
L = (o—v)(cy Zptcswtcow + - - +)
—3aZi L bwtcawZy e w'Z,
+icpwitdcwtto w4 - -

and the above equations are respectively

(6.2.1) Zy(cslo—)+b4-er5 Zp eyt + - 1) = 0
(6.2.2) Ui(co(o—2) 14 Zstcpwtcge’+--+) =0
(6.2.3) calo—v)—aZ,tepwtc '+ ... =0
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Now in general b # 0. From (6.2.1) it follows that in this case the only
solution which vanishes with ¢—» has

Z,=0.

Assuming that a # 0 and ¢, }ac,s 7 0 we find that (6.2) admit the follow-
ing solutions:

I Z, =0, Z=a"co—v)+ -+, Uy=0, Uy=0
— — 501800 e
(I1) Z,=0, Z,= 3, Fatn (o—») -+
acgt-cyc 3
U, = [(~°—‘“E a—v) } U, =0
1 :t Cf;-**acls ( ) + 2

The ambiguity of sign for U, corresponds to two determinations of the same
periodic solution of the original system. Thus (I) and (II) lead back to two
families of periodic solutions of the original system, Families I and II.
From the conditions Z, = 0, U, = 0 it is easy to verify that theorem 3
holds for the equilibrium solutions (I} and (II). Hence Families I and II
are composed of symmetric periodic solutions. Family II is in general real
on one side of the generating solution and complex on the other.

Results for exceptional cases. In exceptional cases coefficients which
are in general non-zero may vanish. We shall consider the case in which
b = 0. Here Z, = 0 is not the only solution of (6.2.1) and we obtain, besides
(I} and (11}, the following solutions of (6.2):

mn  z-x[(- Gt (.,_v))*+ ]

2
13 tacy,
CaC17—Cgly3
2 =g (0= + -
i3 +acy,
U, =0, U,=0

V)  Zy= £[((4JA) (=)} + -], Zy= (4/A)(e—»)+ - -
U,= Z':[((AzlA)(a_”))*’*' +o0], Ug=0

where the A’s are third order determinants involving the ¢’s. We assume that
c3s+acy; # 0 and 4 # 0 in (III) and (IV) respectively. For real periodic
solutions of the original system the Z,, U, and ¢ (¢—v) must be real. Stability
may be studied as in [5]. Our results are as follows.

In the exceptional case b = 0 we obtain the following branching families
of periodic solutions: Families I1, ITI, IV, and IV,. The members of Families
I1 and III are symmetric but those of Families IV, and IV, are unsymmetric.
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Family IV, is composed of the reflections in the axis of symmetry of the
members of Family IVy.

Family II is real on one side of the generating solution (corresponding
to ¢ = ») and complex on the other and the same is true for Family III.
Family IV, (and IVy) is either real on one side of the generating solution
and complex on the other or else complex throughout.

The non-zero characteristic exponents of the members of Family I are
pure imaginary on both sides of the generating solution or else complex
on both sides. For the real members of the branching families the charac-
teristic exponents may be real or pure imaginary (and here the result for
one branching family is independent of that for the others).

£~ (F), F-(F),

i v

>0

Fig. 1. np=2, b=0, a0, c}+acy #0, cls+acy; 3£ 0, acy-+cy6105# 0, Gcy+ca6137# 0,
A5#£0,4,4,> 0.
Along each curve is written the nature of the non-zero exponents of the periodic solutions
represented by its points.
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Variation of a parameter p. Suppose now that the original Hamiltonian
system (1.1) depends analytically on a parameter x and that it is symmetric
for each value of u. Suppose furthermore that for 4 = 0 the system has a
symmetric generating solution with A/ = % and suppose that it gives the
exceptional case b = 0 as above. As in [5; pp. 210—216] we have studied
the periodic solutions near the generating solution when u # 0. The sort
of results we have obtained are illustrated in figure 1, which is analogous
to those given in [5].

Families 1V, and IV, are represented by the same curve. The members
of Families I, II and III remain symmetric when g 7% 0 and those of
Families IV, and IV, remain unsymmetric.

When g # 0 branching occurs at periodic solutions which are represen-
ted by the points 4, B, C and D in the figure. For C and D the characteristic
ratio is 4 and at these points we have instances of the general case, treated
earlier in this section. For A and B, however, the characteristic ratio is
zero and at these points we have instances of a case which is treated later,
in section 7.

It can be shown that when for x = 0 the Families IV are complex
throughout then the periodic solutions represented by the points 4 and B
are both real for 4 < 0 (say) and both complex for x > 0. If, on the other
hand, the Families IV change from real to complex at the generating
solution g = 0 — the situation depicted in figure 1 — then the periodic
solutions represented by 4 and B are real and complex respectively for
& < 0 (say) but complex and real respectively for u > 0.

7. The case 4, =0

The normal form of the quadratic terms of the Hamiltonian is now given
by
G (C) = aé'gw1+]2‘b§§+c§1§g+%d§§
By considering the Jordan normal form of the monodromy matrix of the
equations of variation of the original system (1.1) we find that in regard to
the constants 4, b, ¢ and 4 there are essentially only four cases which can

occur:
(i) ab # 0

(ii) a=c=0, bd#0
(iii) a=c=d=0, b#0
(iv) a=b=c=d=0

A discussion analogous to sections 3 and 4 now gives the following
results. Let V, = diag (1, —1, —1, 1) and let V, = diag (1, 1, —1, —1).
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Then in case (i) theorem 1 and theorem 2 and both corollaries of theorem 2
remain valid if W is replaced by —V,. In case (ii), however, we must be
prepared to replace W by V;, —V, or V, while in cases (iii) and (iv) W must
be replaced by V,;, —V,;,V, or —V,.

We now give the discussion corresponding to section 5. The normalized
Hamiltonian L is now a power series in the Z,, U, and ¢(c—v») with real
coefficients and we have

L = (0—)c, Zy 4¢3 Z,+d, U +d, U,
+aZ, Uy 43023 +-cZ2, 2, 43425+ - - -

with at least one of ¢,, ¢4, 4,, dy non-zero [5; p. 181]. If ¢, £ 0 we obtain the
required equilibrium solutions of the normalized system by putting U, = 0
and then solving the equations

oL oL oL 0

0Z, 9z, aU,

for the Z,, U, as functions of a—».

In case (7) the solution of equations (7.1) which is given in [5; p. 183]
is still valid. Family I is the only family of periodic solutions which contains
the generating solution and its members are easily shown to be symmetric.
(The existence of this case appears to have been overlooked in [7; pp. 78, 74].
An example to illustrate this case is given later.)

Other cases. By analogy with the cases treated in sections 5 and 6 one
might expect case (i) to be the general case and cases (ii), (iii} and (iv) to be
exceptional. It turns out, however, that among the latter cases there are
some which are likely to be of general occurrence for the following reason:
if one of these cases occurs for a system (1.1) then it occurs for all neigh-
bouring systems.

Branching families with unsymmetric members are obtained in some of
the cases just mentioned.

Variation of u. We shall exemplify the preceding remarks by considering
case (it) with W = V,. We suppose that the original symmetric system (1.1)
depends analytically on a parameter x and that for 4 = 0 there is a symme-
tric generating solution S, of zero characteristic ratio. We suppose further
that S, belongs to case (ii) with W = V,. Under these hypotheses we shall
now show that for each (sufficiently small) value of u there is a periodic
solution S, of zero characteristic ratio which belongs to the same case as S,
namely, case (ii) with W = V,.

The Hamiltonian L now involves u and the equations (7.1) are to be
solved for the Z,, U, as series in ¢—» and x which vanish therewith.

From corollary 2 (section 4) as modified above we find that L is an
even function of U, and U, jointly and so either ¢; 7= 0 or ¢, # 0 by [5;

(1.1)
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p- 181]. After interchanging subscripts if necessary we may suppose that
¢y #= 0.
Thus with U, = 0 we have
L = (0—9)(c1 21+ Zy4-cs U - - °)
+ulerZitesZyte Uit -+ 7)
+30Z1+-34 2540, Z,Ui-+e5 2, Uy
U+ -+

The equations (7.1) now become explicitly

erfo—2)teut+dZ,4-c Ui -+ - =0
ca(0—9)+eyput-dZy e Ui+ -+ - =0
2U, (cg(o—v)+egptca 245 Z+2c,UsH -+ +) = 0
These equations may now be solved to give in general the solutions

1) Zy= —blo(o—s)—blcu—--, Uy=0,
Zy= —diey(o—r)—dcu— -+, Uy=0,
(II) Zy=A(o—)+A4A'pt -, U} =C(o—»)+Cut -+
Zy=Ble—+But -+, Up=0,

where A, B and C are constants which depend on the ¢’s.

From (I) we get a family of symmetric periodic solutions of the original
system, Family I, which is real on both sides of the generating solution.
But from (II) we get a pair of branching families with unsymmetric members,
Families II, and II,, which are real on one side of the generating solution
and complex on the other in general. Family II, is composed of the reflec-
tions in the axis of symmetry of the members of Family I1;, and hence these
two families are represented by a single curve in figure 2.

F- (F)n I; - (F#)o
il ]
! ]
et e
.\(@6 @) \\ 1(o-v) \&d O \\ 1(ag-) -
\@’g \\ \Q’Q *
3 ", @ ™,
< AN S .
\\\ N
#=0 B#0

Fig. 2. 4,=0, a=¢c =0, bd£0, W="V,, C#0, Q#£0

https://doi.org/10.1017/51446788700028494 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700028494

(23] On symmetry in periodic solutions of Hamiltonian systems 485

Now provided C # 0 Family I and the Families II have a member in
common for each value of u. It is the member (of either family) for which

o—r=—= ut -

and it is represented in figure 2 by the origin 0. This is the periodic solution
S, whose existence was to be established. It is evident from the figure that
the branching at S, for u # 0 is of the same sort as that which takes place
at S,. This suggests that S, belongs to the same case as S, and this can be
verified by deriving the equations of variation with respect to S,,.

We have calculated the non-zero characteristic exponents 44 of a
typical member of Family I as in [5; p. 183] and obtained an expression
of the form

X = (P(o—v)+Put -+ ) (Q+Rle—)+Ru+ - )

where P, Q and R are constants depending on the ¢’s. From this expression
we have deduced the results for the non-zero characteristic exponents of the
members of the various families in figure 2.

Example of case (i). An example of a symmetric Hamiltonian system
for which case (i) occurs can be obtained by specializing the above discussion.
We consider the special case in which Q = 0 in the expression A2. In this
case A changes sign twice along Family I near the generating solution — once
at S, and again at a periodic solution T, say. We can show by examples
that in general S, # 7', unless u = 0. Thus we have the situation represented
in figure 3 where the point A4 represents T,.

T, is thus a symmetric periodic solution with all its characteristic
exponents zero and it belongs to only one family of periodic solutions. This

F-(F), F- (6,
i
! '
o
\“@Q‘
e
S kY i (G~
Q‘\O 0 \\ 1(6 ‘l’)
\6@ \“
&
“=0 uto
Fig.3. =0, a=¢=0, bd#£0, W=V,, C#0, Q=0
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suggests that T, gives an instance of case (i) and this has in fact been verified
by deriving the equations of variation with respect to T ,.
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