
CONGRUENCE RELATIONSHIPS 

FOR INTEGRAL RECURRENCES 

N. S. M e n d e l s o h n 

A sequence { u } , n = Q , 1, 2, 3 , . . . i s sa id to be an 
n 

i n t e g r a l r e c u r r e n c e of o r d e r r if the t e r m s sa t i s fy the 
equa t ion 

u = a u + a u _ + . . . + a u 
n 1 n - 1 2 n - 2 r n - r 

for n = r + 1 , r+2, . . . , and a , a , . . . , a a r e i n t e g e r s , 
1 2 r 

a 4 0. In t h i s c a s e we wi l l say tha t { u } s a t i s f i e s the 
r n 

r e l a t i o n [a , a , . . . , a 1. The sequence { u } i s uniquely 
1 2 r n 

d e t e r m i n e d when u , u , . . . , u a r e given spec i f i ed v a l u e s . 
1 2 r 

If u , u , . . • , u a r e i n t e g e r s a l l the t e r m s of { u } a r e 

i n t e g e r s . The g e n e r a t i n g function f(t) = u t + u t + . . . t a k e s 

on the f o r m f(t) =—— w h e r e Q(t) depends on the v a l u e s of 
R("t) » o 

r r— 1 r*- d* 
u . u^ , . . . , u and R(t) = t - a t - a^t - . . . - a . 

1 2 r 1 2 r 
We wi l l r e f e r to R(t) a s the c h a r a c t e r i s t i c po lynomia l of the 
r e c u r r e n c e . The m a t r i x 

'o i o o . . . 
0 0 1 0 . . . 

0 0 0 0 . 

V V ai 
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of order r, is the companion m a t r i x of the polynomial R(t). 
r+1 

The determinant of A is (-1) a . Also, a set of r 
r 

sequences {u } , { u } , . . . , { u } satisfying the relation 
n n n 

fa , a , . . . , a ], is said to be a bas i s , if for any sequence {w } 
1 2 r n 

which satisfies the given relation, there exist uniquely determined 

constants b , b , . . . , b such that 
1 2 r 

w = b u ( 1 )
 + b u ( 2 )

+ . . . + b u ( r ) , 
n I n 2 n r n 

for n = 1, 2, 3, . . . . 

Essential ly, we prove the following congruence property 
for sequences satisfying the relation [a . a . . . . , a 1. There 

° 1 2 r 
exists a bas i s of sequences {u } > { u } , - • • > { u. } , 

n n n 
such that for any pr ime p which does not divide a , there 
exist infinitely many integers k with the property that a block 
of r consecutive t e r m s of each sequence of the bas i s start ing 
with the k th t e rm, has (r-1) of these t e r m s divisible by p 
while the remaining t e r m is congruent to 1 mod p. A bound 
for the smallest k is determined. 

The proof of the theorem is the same for all r so we will 
state and prove it in the case r = 3. 

THEOREM. Let u , v , w be three sequences satisfying 
n n n 

the relation [a, b , c] where a, b , c a re in tegers , c 4 0, with 
the following initial conditions: u = 0, u = 0, u = c; v = 1, 

1 2 3 1 
v = 0, v = b ; w =0 , w = 1, w = a. Then for any pr ime p 

ui Ô \ ù j 

such that p *j~ c, there exists infinitely many integers k such 
that u. =v, t = w, ^ = 1 mod p and u = u ^ =.v, = v, ^ 

k k+1 k+2 * k+1 k+2 k k+2 
= w, = w, t =.0 mod p. Also, if k, is the smal les t value of k k k+1 1 
then 

kd | (p + p + 1) (p + p) p (p-1) . 
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Proof : F i r s t note tha t the s e q u e n c e s { u } , { v } , { w } 
n n n 

f o r m a b a s i s for s e q u e n c e s sa t i s fy ing the r e l a t i on [a, b , c ] . 
It i s e a s y to ve r i fy by induct ion that for k = l , 2, 3, . . . , 

A k 

\ Vk Wk 

u v w 
k+1 k+1 k+1 

u v w / 
\ k+2 k+2 k+2 / 

The m a t r i x A i s n o n - s i n g u l a r and we c o n s i d e r i t s e n t r i e s to 
l ie in the field of i n t e g e r s m o d p . The se t of a l l such m a t r i c e s 

2 2 2 3 
f o r m a g roup of o r d e r (p + p + 1) (p + p) p (p-1) . Hence A 

i 2 2 2 3 
h a s o r d e r k , w h e r e k | (p + p + 1) (p + p) p (p-1) , f r o m 
which the r e s u l t fo l lows. 

We m a k e the following r e m a r k s . 

(1) If a, b , c be r a t i o n a l s r a t h e r than i n t e g e r s the r e s u l t 
s t i l l ho lds if we avoid those v a l u e s of p which divide any 
of the d e n o m i n a t o r s of a, b , c when t h e s e a r e e x p r e s s e d 
in t h e i r lowes t t e r m s . 

(2) The c o n g r u e n c e s of ou r t h e o r e m hold if k is r e p l a c e d by 

any m u l t i p l e k t. Now if p , p . . . . , p a r e d i s t inc t 
1 1 2 m 

p r i m e s , and the c o r r e s p o n d i n g v a l u e s of k a r e k , k , 

. . . , k , then for k equa l to the 1. c. m . of k , k . . . . , 
m 1 2 

k , the c o n g r u e n c e s of o u r t h e o r e m hold s i m u l t a n e o u s l y 
m 

for e a c h of the p r i m e s p , p , . . . , p 
m 

(3) If we m e r e l y r e q u i r e of u , v , w tha t they be 

c o n g r u e n t to e a c h o t h e r (but not n e c e s s a r i l y cong ruen t to 1) 
t hen the va lue of k i s usua l ly l o w e r e d and is a l w a y s a 

2 1 2 2 2 
d i v i s o r of (p \ p + 1) (p + p) p (p-1) • T h i s follows by 
c o n s i d e r i n g the g roup of m a t r i c e s modu lo the s c a l a r 
m a t r i c e s . 
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(4) In the case r = 2 f o r a relation [a, 1], the second bas i s 
sequence is mere ly the f irst sequnce shifted a t e rm. The 
theorem then reads . Let {u } be a sequence such that 

n 
u =0 , u = 1, u =au , + u . For any pr ime p, 

1 2 n n-1 n-2 
there exists an integer k, such that k | (p+l) p (p-1) 
and such that u = u ^ = 1 mod p, u =0 mod p. 

k k+2 ^ k+1 
In par t icular , by taking a = 1, the theorem holds for the 
famous Fibonacci sequence. 

This paper was writ ten at the Summer Research Institute 
of the Canadian Mathematical Congress . 
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