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THE TOPOLOGICAL DEGREE OF A-PROPER MAPPING
IN THE MENGER PN-SPACE (II)

ZHu CHUANXI AND HuaNG XIAOQIN

In the paper “The topological degree of A-proper mapping in the Menger PN-space
(I)”, the new concept of A-proper topological degree has been given. Now, utilising the
new concept, we give the corresponding definitions of convex A-proper, P,-compact
and P,-compact in Menger PN-space. As an application of these new concepts, we
prove the existence of solution for some equations.

1. INTRODUCTION

In this paper, utilising A-proper properties, we discuss the existence of solution for
some equations. For the sake of convenience, we recall some definitions and properties of
PN-space.
DeFINITION 1: (Chang [1].) A probabilistic normed space (shortly a PN-space) is
an ordered pair (E,F), where E is a real linear space, F is a mapping of E into D (D is
the set of all distribution functions. We shall denote the distribution function F(z) by
F;, F,(t) denotes the value F; for t € R.) satisfying the following conditions:
(PN-1) F3(0) =0;
(PN-2) F;(t) = H(t) for all t € R if and only if z = §, where H(t)=0 when ¢ < 0,
and H(t)=1 when t > 0;

(PN-3) For all a # 0, Fo(t) = F;(t/|al);

(PN-4) Foranyr,y € E and ¢),t; € R, if F;(t,) =1 and Fy(¢;) = 1, then we have
Frpy(ti+22) =1.

LEMMA 1. (Chang {1).) Let (E,F,A) be a Menger PN-space with a continuous
t-norm A, then z, C E is said to be convergent to x € E if for any t > 0, we have
I‘Lm F._(t)=H().

n—o0

LEMMA 2. The generalised topological degree Deg(f,§?,p) has the following prop-
erties:

(i) Deg{I,Q,p) =1,Yp € Q, where I is an identity operator;

Received 21st March, 2005
The work was supported by Chinese National Natural Science Foundation under grant No. 10461007.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/06 $A2.00+0.00.

169

https://doi.org/10.1017/50004972700038752 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038752

170

(i)
(i)

(iv)

v)

(vi)
(vii)

C. Zhu and X. Huang 2]

If Deg(f, 2, p) # {0}, then the equation f(z) = p has a solution in Q;
IfL : [0,1)xQ — E is continuous and for any fixedt € [0,1], L(t,.) : @ — E
is an A-proper mapping satisfying

lim iniFL(t,z)—L(to,z)(E) = H(E), Ve > 0.
t-tg TEN

Let p ¢ h(09), 0 < t < 1, where hy(z) = L(t,z), then we have
Deg(h¢, 2, p) = Deg(ho,Q,p), VOt
If Qy is an open subset of  and p ¢ f(Q\), then we have
Deg(/,2, p) = Deg(f,%%, p);
If Q) and Qz) are two disjoint open subsets of 2 and

p ¢ f(Q\ (QuUQy)),
then
Deg(f, 2, p) C Deg(f, ), p) + Deg(f, Qz), p)-
If either Deg( f, ), p) or Deg(f, ), p) is single-valued, then
Deg(f, 2, p) = Deg(f, Qq), p) + Deg(f, Uz, p);

Ifp ¢ f(052), then Deg(f,Q,p) = Deg(f — p,Q,0);

If p varies on every connected component of E \ f(0Q), then Deg(f,Q, p)
is a constant.

2. MAIN REsuLTS

LEMMA 3. Let (E,F,A) be a projected complete Menger PN-space, A is a con-
tinuous t-norm, and f : @ — E is an A-proper mapping. Then )\f is also an A-proper
mapping ( A #0).

PRoOF: For any sequence {z,,} € Qy,, we have

Jim Fq,, af(zn,)-quw(t) = H() V>0

Because y € E, E is a linear space and A # 0, then we have y/A € E. Hence the above

is equal to

kliyngo Fanf(Iﬂk)_an(y/A)(t/A) = H(t) = H(t/A)

Because f is an A-proper mapping, then by the definition, there exists a convergent
subsequence {zn, } of {2, } such that z,, — z € Q, f(z) = y/X. So Af(z) = .
Therefore Af is an A-proper mapping. 0
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LEMMA 4. Let (E, F,A) be a projected complete Menger PN-space, A be a contin-
uous t-norm, f : @ — E be an A-proper mapping, C : @ — E be a continuous compact
mapping, and (f + C)(z) = f(z) + C(z). Then f + C is an A-proper mapping.

PROOF: If for any sequence {z,, } € Qy,, we have

lim

k—ro00 FQ“k (C(znk)‘l’f(znk )) -Qn, (v) (t) = H(t) Vi>0

Because C is a continuous compact mapping and z,, € 0, C (), then there exists a
subsequence( shortly, we assume that it is {z,,} itself) such that C(z,,) — yo € E.
Because @, is continuous and linear, then we have Qn,C(z,,) = Qn, (yo). Because

Fan (Zng)~Qny (y-wo) (t) = FQ,.,, H(Zny )+Qny, C(z"k )=Qn C(2ny ) —@n, (¥y—10) (t)
t t
P a (Fqng f(zn, )+Q"k C(zny)~Qnyy (E) ! Fanyo-an Clzny) (5) ) ’

taking limit between the two sides, we have

. t
lim FQ,.,‘f(z,.k)—an(y—yo)(t) = H(E) = H(t)'

k—o0

By the A-proper properties of f, there must exist a convergent subsequence {z,, } of
{Zn,} such that z,, — = € Q and f(z) = y — yo. By the continuity of C, we have
C(zn,,) = C(z). Therefore C(z) = yo and f(z) + C(z) = y. Hence f +C is an A-proper
mapping. 0

LEMMA 5. I is an A-proper mapping.

PRrOOF: If for any sequence {z,,} € Qy,, we have klg{olo FQu, K(za,)-Qu, (v () = H(2),
then lxm (an (Tn,) — Qn,(y)) = 0. Because Q,z — z,(n — 00), then we have hm (z,,,‘
—y)= 0 ) that i is, l1m 0 Zn, =Y, hence there exists a subsequence {z,, } of {z,,} such that
Tn,, = Y- Because I (y) =y, then I is an A-proper mapping. 0

LEMMA 6. A and B are two nonempty number sets. If for any z € A and y € B,

we have £ < y, then SupA < inf B. In particular, when A = {a} the conclusion still
holds.

PRoOOF: It is obvious. 0

THEOREM 1. Let (E,F,A) be a projected complete Menger PN-space, A be a
continuous t-norm, f : @ — E be an A-proper mapping, C : § = E be a continuous
compact mapping and (f — C)(z) = f(z) — C(z), p € f(69), p ¢ C(89). For any ¢ > 0,
A € R, z € 09, Fyzysacz)(€) = Fy(€). Then Deg(f,Q,p) = Deg(C,Q,p).

PROOF: Let L(t,z) = tf(z) + (1 — t)C(z). Because f and C are continuous, then
L(t, z) is also continuous. Because f is an A-proper mapping, by Lemma 3, tf is an A-
proper mapping. Because C is continuous and compact, then (1 — t)C is still continuous
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and compact. By Lemma 4, tf(z) + (1 — ¢t)C(z) is an A-proper mapping. Because f is
an A-proper mapping and C is continuous and compact, then f — C is continuous and
bounded. Hence when t — to, we have t(f(z) — C(z)) — to(f(z) — C(z)). Hence

lim Fype)-cn-tots@-can(e) = H(e), Ve >0, VzeQ.

Then for any A > 0, we have Fi(s(z)-C(z))-to(f(z)-C(z))(€) > 1 = A (t = o). By Lemma 6,
we have inf Fy(s(z)-c(z))-to(f(z)-C(z)) (E) = 1 — A. By the arbitrariness of A, we have
zeN

ig_gFt(f(z)—C(z))—:o(f(z)—C(x))(6) =1 (t = to).
x

Therefore
lim inf Fy(f(z)-c(a)-to((z)-C(2)) (€) = H(€)-

t—tg ZEN
Next, we prove p € hy(99). Using reduction to absurdity, we assume there exist
Zo € 852 and to € [0, 1] such that hy(zo) = p. Because p ¢ f(0), then ¢, # 1. Because
p ¢ C(09), then ty # 0. Hence tg € (0,1). By p = tof(zo) + (1 — to)C(zs), we have
p/to = f(xo) + (1 — o)/ (t0)C (o). Taking A = (1 — £p)/(to), we have

Fir(zo)+2¢(20)(€) = Ff(z0)+(1-t0)/(to)Clz0) (€) = Fipto)(€) = Fp(eta) < Fp(e).

It contradicts known conditions. Hence we have p ¢ h,(0Q). By the Lemma 2 (iii), we
have Deg(h1, 2, p) = Deg(ho, 2, p). Hence Deg(f, 2, p) = Deg(C, 2, p). 0

DEFINITION 2: Let (E, F,A) be a projected complete Menger PN-space. A is a
continuous t-norm. §2 is the bounded open set of E"
(i) Ifforany A >0, f + A : Q@ — E is A-proper, then f is called P,-compact
mapping;
(i) For given 4 > 0, if for any A > v, f — A : Q@ — E is A-proper, then f is
called P,-compact mapping.

DEFINITION 3: Let (E, F,A) be a projected complete Menger PN-space. A is a
continuous t-norm. § is a bounded open neighbourhood of E, which is symmetric about
0 € Q. f:Q — E is said to be a convex A-proper mapping, if for L : [0,1] x = E, we
have L(t,z) = hy(z) = (1/1+t) f(z) — (t/1 + ¢t) f(—x) is A-proper.

THEOREM 2. Let (E,F,A) be a projected complete Menger PN-space. A is a
continuous t-norm. ) is a bounded open set of E, f : Q — E is a P,-compact mapping,
6 € Q, we assume that Fy_gz)(€) > Fx(€)Ve > 0,Vz € 00, then there must exist an
z* € Q such that f(z*) = 6.

PROOF: Let hy(z) = L(t,z) = (1—t)f(z)+tz, then L : [0,1] xQ — E is continuous.
When t #1, we have b, = (1 —¢t)f+tI = (1 — t)(f + (¢/1 — t)]). Because (t/1—t) > 0,
by the P,—compact property of f, h, : @ = E is A-proper. Because h;, = I is A-proper,
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then for any t € [0, 1], h; is A-proper. Because f is a P,—compact mapping, then f(z) is
bounded. Because Q is a bounded closed set, I(z) is bounded. Hence f(z)—z is bounded.
Thus for any t,t, € [0,1)], z € ©, when t — tg, we have t(f(z) — ) —= to(f(z) — z). Thus
tll»nt}) Ft(f(,)_,)_to(,(,)_,)(s) = H(E) By Lemma 6, we have

Hm inf Fys(z)-2)-to(1(z)-2)(€) = H ().
t—tg TEQ

In the following, we prove 8 ¢ hy(09) (¢ € [0,1]). Assuming there exist an zo € 00
and a ty € [0,1] such that hy(zo) = 6 that is, (1 — to) f(zo) + tozo = 6. Because 0 € Q,
then ty # 1. Thus

f(@o) = (to/to — 1)Zo, Fro—f(z0)(€) = Fro—(tofto—1)zo(€) = Flaj1-to)zo(€) = Fzo ((1 — to)e).

Because t5 € [0,1), then (1 — t3)e < e. By the properties of distribution function, we
have Fyo((1 - to)e) < Fzo(€). It contradicts known conditions. Thus 6 ¢ h.(892). By the
Lemma 2 (iii), we have

Deg(f, 2, 6) = Deg(ho, ?,0) = Deg(h1,2, ) = Deg(1,,0) = {1}.
Therefore, there exists an z* € Q such that f(z*) = 4. 0

THEOREM 3. Let (F, F,A) be a projected complete Menger PN-space. A is a
continuous t-norm.  is a bounded open neighbourhood of E, which is symmetric about
€ Q. If f:Q = E is an A-proper mapping and

f(=z) = —f(a), f(z) #6, V€ dQ,
then there exists an zo € Q such that f(zq) = 6.

PROOF: Because f(—z) = —f(z), then f(—z) + f(z) = 0. Because Q,, is con-
tinuous and linear, then Q,, (f(—z) + f(z)) = 0 and Qn, f(—2) = —Qn, f(z). Hence
Q.. f is an odd mapping. By the properties of topological degree in finite dimensional
space, deg(Qa, f,n,,0) is an odd integer (see Chang [2]). By the definition Deg( f, 2,9)
= {y € Z* | there exists a subsequence {ng}of {n} such that degy(Q@n, f,n,,0) = 7},
then there exists an zy € Q such that f(zo) = 4. 0
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