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Abstract

An extension of Rademacher’s theorem is proved for Lipschitz mappings between Banach spaces without
the Radon—Nikodym property.
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1. Introduction

Rademacher’s well-known theorem states that a Lipschitz function from an open
subset G of R” into R™ is Stoltz differentiable almost everywhere (Federer [9, page
216], Nekvinda and Zaijcek [13], Rademacher [16]). The extension of this theorem to
Lipschitz maps between infinite-dimensional Banach spaces X and Y has been widely
investigated by various authors (Aronszajn [1], Borwein and Moors [3], Christensen
[5], Mankiewicz [12], Phelps [14], Preiss and Zaji¢ek [15] and others).

Since there is no analogue of Lebesgue measure in spaces of infinite dimension
(Skorohod; see [17, page 108]), different classes of null sets were introduced to
extend Rademacher’s theorem. These include the Haar null sets (Christensen [4])
defined on an arbitrary Banach space (more precisely, on a complete metrizable
Abelian topological group), the A-null sets (Aronszajn [1]), the cube null sets
(Mankiewicz [12]), the Gaussian null sets (Phelps [14]) and the A-null sets (Preiss
and Zajicek [15]) all defined on a separable Banach space. At present the biggest class
of null sets is the one introduced by Christensen, while the smallest known class of
null sets is that introduced by Preiss and Zajicek. The latter is a slight modification
of the Aronszajn one that is equivalent to those introduced by Mankiewicz and Phelps
(Csornyei [6]).
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Although the most direct extension of the Stoltz differential is the Fréchet
differential, other notions of differentiability (such as Gateaux differentiability or
strict differentiability) were used to extend Rademacher’s theorem since it is possible
to define a Lipschitz real function that is nowhere Fréchet differentiable on each
separable Banach space with nonseparable dual (see [2, Proposition 4.12]). Moreover,
it was necessary to assume that the target space Y satisfied the Radon—Nikodym
property (Diestel and Uhl [7]), because the function f: [0, 1] — L'([0, 1]) defined by
f(@®) = x10. 1s Lipschitz and nowhere Gateaux differentiable.

Finally, Rademacher’s theorem was extended (see Aronszajn [1], Mankiewicz [12],
Phelps [14], Preiss and Zajicek [15] and others) for Gateaux differentiability of
Lipschitz maps from an open subset G of a separable Banach space X into a Banach
space Y with the Radon—Nikodym property; while, in the particular case where Y = R,
a stronger version of Rademacher’s theorem was proved (see Borwein and Moors [3])
for strict differentiability of locally Lipschitz functions defined on an open subset of a
separable Banach space X. Here the null sets are the ones introduced by Christensen.

We recall the following facts:

e A mapping f: X — Ris said to be strictly differentiable at x € X provided that

the limit
t —
lim flz+ ut) f(@)
Do

exists for each direction u € X.
e A mapping f: X — Y is said to be Gateaux differentiable at x € X provided that

the limit
4 = tim L 10 = 10O
t—0 t
exists for each u € X \ {0} and d f,(-) is a bounded linear operator.
On the other hand, when Y is an arbitrary Banach space, Kirchheim proved
(see [11]) thatif f: R" — Y is Lipschitz, then the limit of the norm

wd fo() = ITSHM

exists for all u € X\ {0} at almost all points x € R" and ,df,(-) is a continuous
seminorm. The number ,df,(u), when it exists, is called the metric directional
derivative of f at x in direction u, and if ,,,d f,() is a continuous seminorm, then we say
that f is metrically Gateaux differentiable at x.

Duda (see [8]) extended Kirchheim’s result to mappings defined on an infinite-
dimensional separable Banach space, proving the following theorem.

THeEorREM 1.1. Let X and Y be Banach spaces. If X is separable and f: X —> Y is
Lipschitz, then there exists an Aronszajn null set E such that f is metrically Gdteaux
differentiable at each point x € X \ E.

The aim of this paper is to prove that the set £ of Theorem 1.1 can be taken to be null
in the sense of Preiss and Zajicek. This gives us a generalization of Theorem 1.1 since
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there are Aronszajn null sets that are not Preiss—Zajicek null (see [15, Proposition 13]).
Moreover, since by [10, Proposition 3.5] any metric space embeds isometrically in a
Banach space, our result also applies to maps with values in a metric space.

2. Preliminaries

Throughout this paper we let R denote the set of all real numbers and £(-) denote
the Lebesgue measure on R. We assume that X and Y are real Banach spaces and let
Bx(0, 1) denote the closed unit ball of X. _

For each u € X \ {0} and £ > 0 we define A(u, ) to be the family of all Borel sets
E C X with

LiteR:p(t)e E}=0

for all ¢: R — X such that the function  — ¢(#) — tu has Lipschitz constant at most
&. We use A(u) to denote the system of all sets B such that B = J;_,; By where By €

A(u, &) for some g, > 0. Moreover, if {u,} C X is a sequence of nonzero elements, we
define

Aun}) = {EEX:E: UEn}

where each E,, € ﬁ(un). _

The Preiss—Zajicek family of null sets A is defined to be the intersection of the
families A({u,}) over all possible complete sequences {u,} of X, that is, over all
possible sequences {u,} of nonzero elements of X whose linear span is dense in X.

DeriniTioN 2.1. Let M be a subset of X and let x be a point of X. Then:

(i) M is said to be porous at x if there exists a constant ¢ > 0 such that for each £ > 0
there exists y € X with ||y — x|| < e and 0 < r < c|ly — x|| with M N B(y, r) = 0;

(i) M is said to be porous at x in the direction v if it is porous at x, and y satisfying
the conditions of (i) can be always found having the form y = x + #v where # > 0;

(ili) M is said to be directionally porous at x if there exists v € X such that M is porous
at x in direction v;

(iv) M is said to be porous (respectively, porous in the direction v, directionally
porous) if it is porous (respectively, porous in the direction v, directionally
porous) at each of its points;

(v) M is said to be o-porous (respectively, o-porous in the direction v, o-
directionally porous) if it is a countable union of porous sets (respectively, sets
porous in the direction v, directionally porous sets).

Let G be an open subset of X and f: G — Y. For any u,ve X \ {0}, w,z>0 and
g,0>0welet A(u, v; w, z; €, 0) denote the set of all x € G such that:
G HIf e+ 2w) = fOOll = lel w | < &lr] and
[f(x+1v) = fOll = |t] z | < le] for all 7] < 6;
and
) Hf e+ 2@+ v) = fOOll =t (w + 2) | > 3elt]

for arbitrarily small ||.
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Given a subset U of X \ {0} we define Ay to be the union of all sets A(u, v; w, z; €, 0)
obtained by choosing u, v in U, rational numbers w, z > 0 and &, 6 > 0.

DeriniTION 2.2, We say that f is metrically Gateaux differentiable at x if the limit

1fCx + tu) — f(oll
It

md f(u) =lim
t—0

exists for all u € X \ {0} and ,,df;(:) is a continuous seminorm.

Lemma 2.3. Let U = {u, v} where u, v € X \ {0}. If x € X \ Ay and the metric directional
derivatives ,,df.(u) and ,df.(v) exist, then ,,df,.(u + v) also exists and satisfies

mdfi(u +v) < pd fi(u) + pdf(v).

Proor. Given a rational € > 0 there are rational numbers w, z > 0 and § > 0 such that

w—pdfil<e/2, |z—ndfr(v)I<e/2, (2.1)
and
LG+ 1) = FCOI = It fa0)] < &el/2, 02
IO+ 2v) = FOOll = ltlmd fx(V)] < €ltl/2, .
for all |#| < é. It follows from (2.1) and (2.2) that
[HIfCx+ ) = fFOOIl = |tlwl < eltl /2 + [tllw — pd fr()] < |tle,
[+ tv) = fFOl = ezl < eltl/2 + |tllz — md fr(w)] < |tle
for all |7] < 6.
Now since x ¢ A(u, v; w, z; &, 0) and (j) holds, there exists n > 0 such that
[LFGe+ 1+ 1) = FOONl = 10w + )] < 3 el (23)

for all 0 < |#| < . Consequently,
‘ ”f(x +iu+v) - f(x)

_ ”f(x +s(u+v) - f(x)

1t s
S'Hf(x+t(u+tv))—f(x) w2
+ Hf(X‘FS(M:V))—f(X) —|t|(w+z)‘
<6e¢

for all 0 <[], |s| <n. By Cauchy’s criterion this implies the existence of the metric
directional derivative ,,,d f,(# + v). Moreover, by (2.1) and (2.3),

mdfx(u+v)<3e+ (y+2) <de+ pdf(u) + ,dfi(v).
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Hence, since ¢ is arbitrary,

md fe(u+v) < pd fo(u) + nd f(v)
as required. O

Lemma 2.4. If f is Lipschitz, then for each countable dense subset U of X \ {0} the set
Ay is o-directionally porous.

Proor. By definition of Ay it is enough to prove that for  and v in U, rational numbers
w,z>0 and &, 0 > 0, the set A(u, v;w, z; &, 0) is porous at each of its points in the
direction v.

Let xe A(u,v;w, z; €,6), and define ¢ = %Lip(f) where Lip(f) is the Lipschitz
constant of f. For given 0 < &’ < 2¢ let r € R satisfy ||tv|| < & and define y = x + tv,
r=cltv||[/2. Take g € B(y, r) and assume that g € A(u, v; w, z; &, 6). Then, by the
definition of A(u, v; w, 7; €, 6),

£ (g + 1) — F@I — thw > 11 Cx + 1+ ) — FCx + )] - lelw
—2Lip(Pllg - (x + )l
> |f(x+ tu+v) = fOll = [tl(w + 2)
UG+ ) = FOOl = i) — £

2
> gltl.

But this contradicts (j). Therefore g ¢ A(u, v; w, z; €, §), as required. m|

Lemma 2.5. Let f be Lipschitz and let x € G. If the metric directional derivative
md fx(u) exists in all directions u from a set U, whose linear span is dense in X, then
the metric directional derivative ,,d f(v) exists for each v € X \ {0} and

lnd f3(u) = md (V)| < Lip(f)llee — V| (2.4)
foreachu,ve X\ {0}

Proor. By Lemma 2.3 the metric directional derivative ,,d f,(u) exists in all directions
u from the linear span V, of U,. Now let ve X \ {0}. Since V, is dense in X, given
&> 0 we can find u € V, such that

= vll < ZLip(p).

Moreover, by the existence of ,,,d f,(u), there is 6 > 0 such that

‘ Hf<x+ ) - f]| Hf(x+ su) = f(x)
t N

<g/2

for each 0 < |1, |s] < 6.
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Now since

Jx+1v) - f(x)
|
t

S ‘

‘f(x+tu)—f(x)
t

+ Lip(f)llu — vll,

Jx + su) — f(x)
|
N

S ‘

‘f(X+SV)—f(X)
N

+ Lip(f)llu = vll,

it follows that
' Jax+o) - f) Hf(x + 5v) — f(x)
s

t
‘f(x + 1) — f(x)
t
for each O < [, |s] < 6. Exchanging s and ¢ gives
' Hf(X+IV)—f(X) B ‘ S +sv) - f(0)
t S
for each 0 <[, |s| <. So, by Cauchy’s criterion, the metric directional derivative

md fr(v) exists.
Finally, condition (2.4) is a simple consequence of the inequality

fx+tu) — f(x) fx+tv)— f(x) fx+tu) — f(x+1tv)
t t t
and our result is established. O

S ‘

J(x+ su) - f(x)
s

+2-Lip(Hllu—vll<e

<&

<

< Lip(f)llue = vl

TuEOREM 2.6. If X is separable and f is Lipschitz, then the following implication holds
at each point x € G outside a o-directionally porous set.

o If . df.(u) exists in all directions u from a set U, whose linear span is dense in X,
then f is metrically Gateaux differentiable at x.

Proor. The result is trivial if f is a constant mapping, so we may assume that
Lip(f) > 0. Let G* be the set of all x € G at which the metric directional derivative
»dfx(u) exists in all directions u from a set U, whose linear span is dense in X. Since
X is separable, we can assume that U, is countable. Let V, be the linear span of U,
with rational coefficients. Then V, is a countable dense subset of X.

Next we let G4 be a countable dense subset of G* and define U to be the union of
all sets V, obtained by choosing x in Gy. Since U is a countable dense subset of X, the
set Ay is o-directionally porous by Lemma 2.4. To complete the proof, it is enough to
show that f is metrically Gateaux differentiable at each point of G* \ Ay.

Let x € G* \ Ay. By Lemma 2.5 the metric directional derivative ,,d f.(u) exists for
each u € X \ {0} and:

(1) mdfi(u) <Lip(f)llull for each u € X'\ {0};
(2)  mdf(Au) = Timy [I(FCx + £du) — FCR)/i]
= Timyoo [ANICFGx + 22u) = £/ = 1] d fi)

foreachu € X \ {0} and 1 € R;
(3) wmdfi(u+v) <,df(u) + ,df,.(v) for each u, v € U by Lemma 2.3.
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Now let ug, vo € X \ {0}. Since U is dense in X, for each & > 0 there are u,ve U
such that |[u — uy|| < € and ||v — vg|| < &. Therefore, by (2.4) and (i),

md fx(uo +vo) < Lip(f)(lu — uoll + [Ilv — voll) + nd fr(u +v)
< 2e Lip(f) + ndfi(u) + ndf(v)
< de Lip(f) + mdfi(uo) + nd f(vo).

Hence, since € was chosen arbitrarily, it follows that

mdfx(uo + VO) < mdfx(MO) + mdfx(VO)'
Moreover, (i;) implies that ,df,(-) is a continuous seminorm. So f is metrically
Gateaux differentiable at x and our result is established. O
3. Rademacher’s theorem in generic Banach spaces

As in the previous section, we assume that G is an open subset of X. Let {u,} C X
and let 1: X — R. We define A to be the set of all x € G at which A is not metrically

Gateaux differentiable. Forn=1,2, ..., we define A, to be the set of all x € G for
which ,,dh,(u,) does not exist and Affn to be the set of all x € G for which dh,(u,) does
not exist.

The next theorem is an extension of [15, Theorem 10] to metrically Gateaux
differentiable Lipschitz mappings. Although the proof is the same, apart from using
Theorem 2.6 instead of [15, Theorem 2], we include it for completeness.

TueoreM 3.1. If X is separable and f: G € X — Y is Lipschitz, then for every complete
sequence {u,} in X the set A belongs to the Borel o-ideal generated by the sets of the
formA,,n=1,2,..., and Afjn, n=1,2,...,where h: X — R is Lipschitz.

Proor. Let N =A\ U, A,,. By Theorem 2.6, N is o-directionally porous and so by
[15, Theorem 1] we can write N = |J,;~;(N,; UN,) where N, and N, are Borel sets
which are o-porous in directions u, and —u,, respectively. Let N:;k and N, be sets
which are porous in directions u, and —u,, respectively and such that N} = ;" Ny
and N; =L N, .-

The functions ¢, (x) = dist(x, N’:k) and ¥, (x) = dist(x, N;k) are real-valued
Lipschitz functions on X. Moreover, N;,k is a proper subset of the set of all x e X
such that d(¢,x)x(1,) does not exist and N’;k is a proper subset of the set of all x € X
such that d(¥, x).(u,) does not exist. Our result follows. O

We now extend ideas from [15, Lemma 11] to metrically Gateaux differentiable
Lipschitz mappings. For x € G, u € X \ {0} and € > 0 we set

Jx+m) - fO Hf(x +su) — f(x)
t s

g°(f. x,u)= sup

O<lel.lsl<e

and
8(f, % w) = lim g°(f, x, u).
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Lemma 3.2. For each u € X \ {0} and ¢ > 0 the set
G.={xeG:g(f, x,u)>c}

is Borel.

Proor. For h, k € N we set
1
Gé”k = {xe G: gl/k(f, X, u)>c+ E}

It is easy to check that

G, = O ﬁ Gk,

h=1 k=1

We prove that G?’k is an open set. It will then follow that G, is a G, set.

If x € G there is 0 < |1, |so| < 1/k such that
’ ”f(x + o) — fF(O]| ”f(x + sou) — f(x) ' o en 1.
fo S0 h

Since the function

O+ 101) = FO)| _ [ 0+ s0) = fO)
| B L

is continuous, there exists > 0 such that

’ ”f(y + fou) — f(y)H _ Hf(y + sou) — f(y)H ‘ sesl
To S0 h

for each y € B(x, r). This implies that B(x, r) C G?’k, that is, G?’k is an open set, as
required. o

The following lemma is an immediate consequence of our definitions.

Lemmva 3.3. If f: G — Y is Lipschitz, then the metric directional derivative ,df.(u)
exists if and only if g(f, x, u) = 0.

Lemma 3.4, Let f: G — Y be Lipschitz, u € X \ {0}, r € R and assume that there exists
¢: R — X such that:

(1) Y t— () — tuis Lipschitz;

(i)  Lip(f) - Lip(¥) < g(f, ¢(r), u)/4.

Then the mapping f o ¢ is not metrically Gdteaux differentiable at the point r.

Proor. By Lemma 3.3 it is enough to prove that g(f o ¢, r, 1) > 0. Define x = ¢(r). By
the definition of g(f, x, u) it follows that for any given £ > 0 we can find O < |1, |s] < &

such that
” fatm) = fQ)  fGxtsu) = f(x)
t

N

> % g(f, x, u).
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Then using (i) and (ii) we calculate

Hf(x+tu)—fo<p(r+t)
t

H <Li (f)”go(r) +tu—@(r+ Z)H

- Lip(f)HwH
< Lip(f) - Lip@) < W.

By a similar argument we may deduce that

‘f(x+ su) — foe(r+s)
s

g(f, p(r), u)
< n .

Consequently,

’f°¢(r+t1—f°<p(r) _f°<p(r+s;—f°so(r)
Z‘f(XHMt)_f(X) B f(x+SL;)—f(X)

~ Hf(x+tu) —tfogo(r+t)H
_‘f(x+su)—foso(r+s)

N

8 ). u)
4

So we may deduce that

s(Fog r Dz ELEDD S ip ) Lipw) 2 0

as required. O

Tueorem 3.5. If X is separable, G C X is open and f: G — Y is Lipschitz, then the set
A of points x € G at which f is not metrically Gateaux differentiable belongs to A.

Proor. Let {u,} be a complete sequence in X. We need to prove that A € ﬁ({un}). By
Theorem 3.1, A belongs to the Borel o-ideal generated by the sets of the forms A,
and Azn where 1: X — R is Lipschitz and n =1, 2, . . . . Therefore, since A’,j" € A(u,)

by [15, Theorem 12], it is enough to prove that A, € ﬁ(u) for each u € X \ {0}.
We define )
Lip(f)
k

GkZ{xeG:g(f,x,u)> } keN.

By Lemma 3.2, the sets Gy are Borel sets, and by Lemma 3.3,

A, = O Gy.
k=1
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Let ¢: R — X be such that the function : t — ¢(f) — tu is Lipschitz and Lip(y) <
1/4k. If t € R is such that ¢(¢) € Gy, then

8(f, ¢(1), u) > Lip(f)/k = 4 Lip(f) Lip())

and so, by Lemma 3.4, the function f o ¢ is not metrically Gateaux differentiable at .
Hence

{teR:o(t) € Gy}

is a subset of the set of all points # € R at which f o ¢ is not metrically Gateaux
differentiable.
Now f o ¢ is a Lipschitz map from R into Y. It follows by [11, Theorem 3.5] that

L{teR: o) e Gy} =0.

Hence Gy € ﬁ(u, 1/4k) and consequently A, € ﬁ(u). O

4. Extension to metric spaces

Let (S, d) be a metric space and let f: G — S where, as usual, G is an open subset
of a Banach space X. We say that f is Gateaux differentiable at x € G if the limit

d(f(x + 1), f(x))
I

wd f() = lim
t—0

exists for all u € X \ {0} and ,,df;() is a continuous seminorm.

Tueorem 4.1. If X is a separable Banach space, (S, d) is a metric space and f: G — S
is Lipschitz, then the set A of points x € G at which f is not Gateaux differentiable
belongs to A.

Proor. By [10, Proposition 3.5] there exist a compact Hausdorff space K and an
isometry T: (S, d) — (C(K), || - |l). The mapping f =T o f is a Lipschitz mapping
from G into the Banach space (C(K), || - ||~). So, by Theorem 3.5, f is metrically
Gateaux differentiable outside a set A belonging to A.

Moreover, for each x € G, u € X \ {0} and # # 0,

d(f(x+ 1), f(x)) _ Hf(x + 1) = f(x)
| t

(o)

Thus, if x € G\ A, the directional derivative ,,df,(u) exists and ,,df.(u) = ,d fx(u).
This implies that ,,d f,(-) is a continuous seminorm; hence f is Gateaux differentiable
at x. O
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