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Abstract. We study an analog over an imaginary quadratic fieldK of Serre’s conjecture for mod-
ular forms. Given a continuous irreducible representationρ:Gal(Q̄/K) → GL2(F̄l) we ask ifρ is
modular. We give three examples of representationsρ obtained by restriction of even representations
of Gal(Q̄/Q). These representations appear to be modular when viewed as representations overK ,
as shown by the computer calculations described at the end of the paper.
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1. Introduction

In his 1987 article ([8]) Serre conjectured that a continuous irreducible odd repres-
entationρ: Gal(Q̄/Q)→ GL2(F̄l) arises from a normalised cuspidal eigenformf ,
in the sense that traceρ(Frobp) = ap and detρ(Frobp) = ε(p)pk−1 for all p - Nl,
whereN, k, ε are respectively the level, weight and character off . Representations
arising in this way are called modular.

He also asserts thatρ should arise from a form of levelN(ρ), weightk(ρ) and
characterε(ρ), where the triple(N(ρ), k(ρ), ε(ρ)) is defined by Serre solely in
terms of the representationρ.

Let K be an imaginary quadratic field. We can define modl cusp forms over
K. In view of Serre’s conjecture, one might ask whether a continuous irreducible
representationρ: Gal(Q̄/K)→ GL2(F̄l) is modular.

This is an interesting question when one considers that a necessary condition
for a representationρ of Gal(Q̄/Q) to be modular is thatρ must be odd, but that
there is no odd/even distinction for representations of Gal(Q̄/K).

One can also ask if a modular representationρ of Gal(Q̄/K) arises with the
level and weight obtained in a manner similar to that of Serre’s conjecture.

An interesting class of examples is provided by continuous representationsρK
of Gal(Q̄/K) obtained by restriction of representationsρQ of Gal(Q̄/Q). If ρQ is
odd then it is (conjecturally) modular and soρK is modular by base change. IfρQ
is even then it is not modular but nothing is known aboutρK .
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In this paper we give three examples of even Galois representations ofρQ to
SL2(F̄3). We calculate the space of cusp forms of weight 2 of suitable level over
the fieldsK = Q(√−d), whered = 1,2,3, and 7 for one of the examples and
d = 1 and 3 for all three examples.

In all cases the representations appear to be modular when viewed as repres-
entations overK. Moreover, the level and character of the corresponding cuspidal
eigenforms are the values expected in analogy to Serre’s conjecture.

2. Reducing to Weight 2

We use the modular symbols method to calculate cusp forms over an imaginary
quadratic fieldK for a given level. This method can only calculate cusp forms of
weight 2.

For representationsρ of GQ = Gal(Q̄/Q) it is a direct consequence of a the-
orem of A. Ash and G. Stevens that ifρ is modular then it arises with weight 2.
More precisely we have the following.

Let N(ρ) and k(ρ) denote, respectively, the level and weight assigned toρ

by Serre (see [8] for the precise definition) and denote byχ the modl cyclotomic
character. The representationρ will always be assumed continuous and irreducible.

LEMMA 1. If ρ is modular arising fromSk(ρ)(N(ρ)) then there is an integerα
such thatρ ⊗ χα arises fromSk′(N(ρ)) for somek′ satisfying26 k′ 6 l + 1.

Proof. It follows from Serre’s definition of the weight that there is always a
powerχα such thatρ ′ = ρ ⊗ χα has weight 26 k(ρ ′) 6 l + 1. Now it suffices to
show thatρ ′ is modular of the same levelN .

Let f ∈ Sk(ρ)(N(ρ)) be the eigenform giving rise toρ. Twisting ρ by χ
corresponds to applying the operatorθ on f and soρ ′ is modular arising from
θαf .

The eigenformθαf has some weightk′, which is probably large, but sinceρ ′ is
modular andk(ρ ′) 6 l + 1 then there is an eigenformg of weightk(ρ ′) and level
N(ρ) giving rise toρ ′ with the same system of eigenvalues asθαf . This follows
from Edixhoven’s theorem on the minimality of the weight (Theorem 4.5 of [4]).2
Now using Theorem 3.5 of [1] we have that

LEMMA 2. If ρ is modular arising fromSk(ρ)(N(ρ)) then ρ also arises from
S2(N(ρ)l

2).
Proof.LetN = N(ρ). There is an integerα such thatρ ′ = ρ ⊗ χα arises from

levelN and weight satisfying 26 k(ρ ′) 6 l + 1. This implies thatρ ′ arises from
some eigenformg in S2(Nl).

We can view the twist operator on modular forms as the twist of a modular form
by the characterχ . This does not change the weight, but changes the level and the
character of the form (see [9, Prop. 3.64]).
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Twisting g by χ−α we get an eigenformg ⊗ χ−α of level lcm(N, l2) = Nl2.
This form corresponds toρ ′ ⊗ χ−α = ρ. 2
This lemma only guarantees that a modular representationρ arises with weight 2
and levelNl2. The following proposition shows exactly whenρ arises with level
Nl. We already know this to be the case when 26 k(ρ) 6 l + 1.

Let us fix some notation first. The notation is the same used in the article [1].
Let H denote the classical Hecke algebra, which acts on the spaceMk(01(N)) of
weightk modular forms over01(N).

For k > 2 let �̃k(01(N)) be the systems of eigenvalues8: H → F̄l occurring
in M̃k(01(N)), the space of modl modular forms of weightk (see [1] for the
precise definition).

PROPOSITION 1.A modular representationρ arises with weight2 and levelNl
if and only if

26 k(ρ̄) 6 l + 1 or 26 k(ρ̄ ⊗ χ(detρ̄)−1) 6 l + 1,

whereρ̄ is the restriction ofρ to the inertia group atl.
Proof. Let g be an integer such that detρ̄ = χg+1 and let us normalizeg such

that 16 g 6 l − 1. We have thatk(ρ̄) ≡ g + 2 mod(l − 1).
Let8 denote the system of eigenvalues corresponding toρ̄. Thenρ arises with

weight 2 and levelNl when8 ∈ �̃2(01(Nl), χ
g). By Theorem 3.5 of [1] we have

that

8 ∈ �̃2(01(Nl), χ
g)⇔ 8 ∈ �̃k(01(N)) or8 ∈ �̃l+1−g(01(N))

(g)

wherek = g + 2.
But8 ∈ �̃k(01(N)) implies that eitherk = l+1 andk(ρ) = 2 ork(ρ) = k, by

the minimality of the weight. Hence this happens if and only if 26 k(ρ̄) 6 l + 1.
If 8 ∈ �̃l+1−g(01(N))

(g) then8 is thegth-twist of a system of eigenvalues in
�̃l+1−g(01(N)). Since twisting8 corresponds to tensoringρ by χ , it follows that

8 ∈ �̃l+1−g(01(N))
(g) ⇔ ρ ⊗ χ−g occurs in �̃l+1−g(01(N)).

This is equivalent, by the minimality of the weight, tok(ρ̄ ⊗ χ−g) = l + 1− g,
which is equivalent tok(ρ̄ ⊗ χ(detρ̄)−1) = l + 1− g. Since 16 g 6 l − 1 it
follows that this is equivalent to 26 k(ρ̄ ⊗ χ(detρ̄)−1) 6 l + 1. 2
3. Modular Symbols for 01(N)

LetK be an imaginary quadratic field and letN be an ideal inOK . Let

01(N) =
{(

a b

c d

)
∈ GL2(OK) | c ∈ N, d ≡ ε modN, for some ε ∈ O∗K

}
.
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The space of weight 2 cusp forms overK for 01(N) is equivalent to the homology
spaceH1(01(N)\(H3 ∪ K ∪ ∞),C) which can be effectively calculated using
modular symbols. For a description of cusp forms of weight 2 overK see [2],
Chapter 3.

The modular symbols method was developed in the seventies by Manin, Birch,
Swinnerton–Dyer and others. It is described for the rational case in [6]. Grune-
wald, Mennicke and others extended the method to calculate the homology of the
spaceH1(00(N)\(H3 ∪ K ∪∞),C) whenK = Q(√−1), Q(

√−2) orQ(
√−3)

andN a prime ideal of degree 1. John Cremona (in [2]) and [3]) extended these
calculations for arbitrary ideals in all five Euclideans:K = Q(

√−d), where
d = 1,2,3,7 and 11.

We are interested in calculating modl cusp forms of weight 2 for01(N) and
a given character of01(N)\00(N). These cannot be defined as corresponding to
cuspidal harmonic differentials as in characteristic 0 because not all classes lift to
characteristic 0 (see comments on section 8). We define here the modl cusp forms
of weight 2 as the homology classes in the homology spaceH1(X

∗, F̄l), whereX∗
is the manifold with cusps01(N)\(H3 ∪K ∪∞).

In order to do the calculations in this thesis I have rewritten Cremona’s program
to work with01(N) and arbitrary character and to work over a finite field.

3.1. THE MODULAR SYMBOLS METHOD

In this section we will recall the modular symbols algorithm for00(N). This is
described in [6] for cusp forms overQ and in [2] and [3] for cusp forms overK.

Let K be one of the class number one fieldsQ(
√−d), with d = 1,2,3,7 or

11. LetOK denote its ring of integers.
Let 0 ⊂ PGL2(OK) be a subgroup of finite index. LetX = 0\H3 and denote

byX∗ its compactification obtained by adjoining the cuspsX∗ = 0\(H3∪K∪∞).
We want to calculate the homology groupH1(X

∗, F̄l). The algorithm is basically
the same as the algorithm to calculate the homology with rational coefficients.

The set of all geodesic paths between cusps form the one-skeleton of a tes-
sellation ofX∗ by a hyperbolic polyhedra (see [2]). Therefore the homology
H1(X

∗, ∂X, F̄l) is generated by such paths. Denote by{α, β}0 the class in the
homology of the path between the two cuspsα, β. By abuse of notation we use
the same symbol to denote a path and its class in the homology.

Given anyγ ∈ PGL2(OK) denote by(γ ) the path{γ (0), γ (∞)}0. We call these
the distinguished classes. Not all paths{α, β} are of this form. But any class{α, β}
is a sum of distinguished classes and therefore the homology is generated by the
distinguished classes. This is proved in [6] in the rational case. The proof overK

is very similar (see [5]). The proof also tells us how to convert arbitrary classes to
sums of distinguished classes.
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The polyhedra of the tessellation ofX∗ obtained by geodesic paths between
cusps are all transforms of a basic polyhedronB, a Dirichlet fundamental domain
for PGL2(OK).

The subgroup of PGL2(OK) identifying in pairs the faces ofB form a group
GP . The precise shape ofB and the groupGP obviously depends on the fieldK
and it has been determined for a number of fields (see [10]).

There are several relations which hold for all paths(γ ). These relations come
from two different considerations: the indeterminacy in the notation(γ ) and the
cycles along the faces ofB, i.e. by moding out by boundaries of 2-cells.

If a matrixM identifies{0,∞} to {0,∞}we must have(γ ) = (γM) since these
two denote the same path. Analogously ifM identifies{0,∞} to {∞,0} we must
have(γ ) = −(γM).

But(
a b

c d

)
: {0,∞} = {0,∞} ⇒ b = 0 and c = 0.

Fix some fundamental unitε of OK . The matrices satisfying the equation above are

generated by
(
ε

0
0
1

)
. Let us denote this matrix byJ .

On the other hand(
a b

c d

)
: {0,∞} = {∞,0} ⇒ a = 0 and d = 0.

These matrices are generated by
(

0
ε

1
0

)
, which we will callS.

Thus the first set of relations is

(γ )+ (γ S) = 0, (γ )− (γ J ) = 0.

The second set of relations come from moding out the set of(γ ) by the bound-
aries of 2-cells, which correspond to the faces ofB. Each face ofB determine
a relation. For example the triangle with vertices at 0, 1 and∞ is a face ofB
for all the fields considered. The edges of this triangle consist of{γ (0), γ (1)} for

γ = I , γ = L and γ = L2, whereL =
(

1
1
−1
0

)
. It follows that the relation

(γ )+ (γL)+ (γL2) holds for all symbolsγ . In general, since the edges ofB are
the transforms of{0,∞} by the groupGP , then we can determine all such relations
by calculating the orbits ofGP on the edges ofB.

Let G = PGL2(OK). Let C(0) be theF̄l-vector space with basis the symbols
(γ ) for eachγ in [G : 0]. The natural right coset action ofG extends by linearity
to an action of the group ringZG onC(0).

Let R0 be the left ideal ofZG generated byI + S, I − J andI +L+L2. Then
the symbols(γ ) generating the homology are in the kernel of the action ofR0. We
are going to consider the idealR generated by the union ofR0 and the rest of the

https://doi.org/10.1023/A:1001739825854 Published online by Cambridge University Press

https://doi.org/10.1023/A:1001739825854


108 L. M. FIGUEIREDO

relations coming from the faces ofB. The exact definition ofR depends on the
field.

In order to determineR one has to describe the groupGP for each field. For
a description ofR for the fields considered here see [3]. In the particular case of
K = Q(√−1) andK = Q(√−3) we haveR = R0.

Let Cusp(0) be the free abelian group on the cusps of0. We have a map
∂:C(0) → Cusp(0) defined by∂: (γ ) 7→ [γ (∞)] − [γ (0)], where[α] denote
the equivalence class of the cuspα.

Now letB(0) = C(0)R. Then it is easy to check thatB(0) is in the kernel of
∂. Denote byZ(0) the kernel of∂ and byH(0) the quotient groupZ(0)/B(0).
The algorithm to calculate the homology comes from the following theorem.

THEOREM 1. The groupH(0) is isomorphic toH1(X
∗, F̄l), the isomorphism

being given by∑
nγ (γ ) 7→

∑
nγ {γ (0), γ (∞)}0.

3.2. MODULAR SYMBOLS FOR01(N)

We first need to identify the cosets of01(N) in PGL2(OK).

LEMMA 3. Letγi =
(
ai
ci

bi
di

)
∈ PGL2(OK) for i = 1,2. Thenγ1 andγ2 are in the

same left coset of01(N) in GL2(OK) if and only if there is as ∈ OK congruent
modN to a unit inO∗K and such thatc1 ≡ sc2 modN, d1 ≡ sd2 modN .

Proof. Let
(
p

r

q

s

)
∈ 01(N) such that

(
p

r

q

s

)
γ2 = γ1. Then s is congruent

modN to someε ∈ O∗K and we havec1 ≡ c2s modN, d1 ≡ d2s modN .
Conversely, assumec1 ≡ c2u modN, d1 ≡ d2u modN for someu ≡ ε mod

N , ε ∈ O∗K . Letp, q be a solution to the systempa2+qc2 = a1, pb2+qd2 = b1.
This has a solution, sinceγ2 is invertible. Now letx, y be a solution to the system

c2Nx + a2Ny = c1− uc2, d2Nx + b2Ny = d1 − ud2.

Then taker = yN ands = u + xN . The matrix
(
p

r

q

s

)
is in 01(N) and takes

γ2 to γ1. 2
Now consider cosets of01(N) in 00(N). Clearly the map from01(N)\00(N) to

(OK/N)
∗ /O∗K defined by

(
a

c

b

d

)
7→ d is an isomorphism. For anyu ∈ (OK/N)

∗/

O∗K denote byγu the matrixγu =
(

1
0

0
u

)
.

The set of allγu with u running through(OK/N)
∗ /O∗K is a set of coset repres-

entatives for01(N) in 00(N).
The matrixγu acts on modular symbols for01(N) by {α, β} → {uα, uβ}.
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Since the homology groupH1(01(N)\H3, F̄l) is generated by paths{α, β} this
action ofγu extends to the homology by linearity. Ifδ is in the homology denote
by γuδ the action ofγu on δ.

Now let ε be a characterε:01(N)\00(N)→ F̄∗l .
Denote byRε the ideal ofZ01(N) generated by the relationsγu − ε(u)I , for

all u ∈ (OK/N)
∗ /O∗K .

A cusp form of weight 2 for01(N) with characterε will be defined as the
coinvariant space ofH1(01(N)\H∗3 , F̄l) by the character relations. In terms of
modular symbols this corresponds to the spaceH(01(N))ε = Rε\H(01(N)). This
is the maximal quotient space ofH(01(N)) whereγu − ε(u)I acts trivially for all
u ∈ (OK/N)

∗ /O∗K .
The Hecke operatorsT℘ for ℘ not dividingN are defined as

Tπ : {α, β} 7→
∑

x modπ

{
α + x
π

,
β + x
π

}
+ ε(π){πα, πβ},

for someπ generating℘.
As with the method for00(N)we calculate the action of the Hecke operatorsT℘

on a modular symbols(γ ) by first applying the operator to the path{γ (0), γ (∞)}
and then converting the paths back to modular symbols using continued fractions.

3.3. CALCULATING THE SPACEH(01(N))ε

We could calculate the spaceH(01(N))ε by first calculating the full space
H(01(N)) and then moding out by the character relationsRε. In practice however
the number of modular symbols for01(N) quickly becomes astronomical and so
we must use a different approach.

It is more practical from a computational point of view to first factor out the
spaceC(01(N)) by the character relationsRε. This way we can map the space of
all 01(N) symbols to the space of00(N) symbols, which is much smaller.

One difficulty then is that the boundary map∂:C(01(N)) → Cusp(01(N)) is
not well defined on the quotientRε\C(01(N)), i.e., the idealRε is not necessarily
contained in the kernel ofδ.

LetZ(0)ε andC(0)ε denote the quotient by the character relations ofZ(0) and
C(0) respectively. LetB(0)ε = RC(0)ε.

Denote by Cusp(0)ε the quotient of Cusp(0) by the relations(ε(u)[c]−[γuc]),
where[c] denote the0 equivalence class of the cuspsK ∪∞.

The space we want isH(0)ε = (Z(0)/B(0))ε = Z(0)ε/im(B(0)), where
im(B(0)) denotes the image of the idealB(0) in C(0)ε.

Now consider the following exact sequence 0→ Kε → C(0)ε
∂→ Cusp(0)ε.

In my program I am really calculating the spaceKε/B(0)ε. Note thatZ(0)ε
maps to the kernelKε which induces a mapZ(0)ε/Im (B(0))→ Kε/B(0)ε. The
two spaces above are the one we want (on the left) and the one we are actually
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110 L. M. FIGUEIREDO

calculating (on the right). Now we have to work out the difference between these
two spaces.

Consider the short exact sequence 0→ ker→ Z(0)ε → Kε → coker→ 0
which induces

0→ ker/ker∩ Im (B(0))→ Z(0)ε/Im (B(0))

→ Kε/B(0)ε → coker/Im (B(0))ε → 0.

So the two spaces we are considering differ by some kernel and some cokernel
which we ought to calculate now.

Consider the exact sequence 0→ Z(0) → C(0) → C̃usp(0) → 0, where
C̃usp(0) ⊂ Cusp(0) is defined as the cokernel ofZ(0) → C(0). This sequence
induces

0→ Z(0)ε → C(0)ε → C̃usp(0)ε → Z(0)ε → C(0)ε → C̃usp(0)ε → 0

where the upperscriptε indicates the invariant space by the character relations. But
we also have an exact sequence

0
QQs

Kε

QQs

C(0)εZ(0)ε ˜Cusp(0)ε

Cusp(0)ε

0-
6

?

- -

QQs

and so we have˜Cusp(0)
ε → Z(0)ε → Kε → ˜Cusp(0)ε which shows that

˜Cusp(0)
ε

� ker

coker↪→ ˜Cusp(0)ε.

That indicates that the ker and coker are only supported on the cusps. There-
fore they should correspond to Eisenstein series and we can ignore them in our
calculations.

4. Galois Representations Given by Polynomials

Let P be an irreducible polynomial inQ[X]. Let E be the splitting field ofP
and assume thatGE = Gal(E/Q) is isomorphic to either PSL2(Fq) or PGL2(Fq),
whereq is a power of a primep. We actually have the following possible cases:
PSL2(F3) = A4, PGL2(F3) = S4, PSL2(F5) = A5, PGL2(F5) = S5, PSL2(F9) =
A6 and PSL2(F7) ⊂ A7.
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Embedding PSL2(Fq) and PGL2(Fq) with q = pa into PGL2(F̄p) we have a
homomorphismGE → PGL2(F̄p), which induces a continuous representation

ρ̄: Gal(Q̄/Q)→ GE → PGL2(F̄p).

We will be constructing Galois representation into GL2(F̄p) by lifting projective
representations̄ρ given by polynomials. Therefore it is important to know when
this representation has a liftingρ to GL2(F̄p), i.e., when there is aρ such that the
following diagram is commutative:

ρ̄:Gal(Q̄/Q) - PGL2(F̄p)
QQQQQ

ρ
s
GL2(F̄p)

6

Furthermore, we need to know when this lifting is an even representation.
The obstruction to lifting the representation̄ρ to SL2(F̄p) is given in terms

of the Witt invariantw2(QE) of the quadratic formQE:E → Q given byx →
traceE/Q(x2) (see Serre’s article [7]).

In this section we prove that the projective representationρ̄ can always be lifted
to GL2(F̄p) and it lifts to anevenrepresentation if and only if all the roots ofP are
real numbers. This result will be crucial in our choice of polynomials to test Serre’s
conjecture over an imaginary quadratic fieldK.

Let e: Gal(Q̄/Q) → Sn denote the homomorphism giving the action of the
absolute Galois group on the set of roots ofP . The mape induces a map on
cohomologye∗:H 2(Sn)→ H 2(GQ), whereH 2(GQ) = H 2(GQ,Z/2Z).

A complete description of the groupsHk(Sn) andHk(An), k = 1,2, is given
by (see Serre’s paper [7], Sect. 1.5):

H 1(Sn) =
{

0 if n = 1,

(Z/2Z) if n > 2,

H 2(Sn) =


0 if n = 1,

(Z/2Z) if n = 2,3,

(Z/2Z)⊕ (Z/2Z) if n > 4,

H 1(An) =
{

0 if n 6= 4,

(Z/2Z)⊕ (Z/2Z) if n = 4,

H 2(An) = (Z/2Z) if n > 4.

The nonzero element ofH 1(Sn), n > 2 is the signatureεn of Sn.
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Let sn be the element ofH 2(Sn) corresponding to the central extension

1→ {±1} → S̃n→ Sn→ 1

whereS̃n is an extension ofSn characterized by the property that all elements ofS̃n
whose image inSn are transpositions (respectively, product of transpositions) have
order 2 (respectively, have order 4).

The cup productεn · εn is distinct fromsn. If n = 2,3 thenεn · εn is the only
nonzero element ofH 2(Sn) (thussn = 0 ), while if n > 3 thensn is always nonzero
and{εn · εn, sn} form a basis ofH 2(Sn).

We have that the image ofsn by Res:H 2(Sn) → H 2(An) is the only nonzero
element ofH 2(An), for n > 4.

Bothe∗sn andw2(QE) are elements ofH 2(GQ) and we have following formula,
which is the main result of [7],w2(QE) = e∗sn + (2)(dE).

Note that(dE) = (dP ), wheredE is the field discriminant anddP is the discrim-
inant ofP , sincedp = a2dE, for somea ∈ K∗.

To use Serre’s calculation of the Witt invariant we need to know which element
in H 2(An) (respectivelyH 2(Sn)) corresponds to the central extension in SL2(F̄p)
of An (respectivelySn) embedded in PSL2(F̄p).

Let us analyze the situation in the 6 possible cases.

(1) S3
∼= PGL2(F2).

In this case the center is trivial, so PGL2(F2) ∼= GL2(F2).
(2) A4

∼= PSL2(F3),A5
∼= PSL2(F5) andA6

∼= PSL2(F9).
Let (n, p) denote one of the pairs(4,3), (5,5) or (6,9). Consider the embed-
ding ofAn in PSL2(F̄p),

Denote byan the element inH 2(An) corresponding to the central extension
of An ↪→ PSL2(F̄p) contained in SL2(F̄p). We have two possibilities:an is
trivial or an =|̀(sn), as this is the only nonzero element ofH 2(An) for n > 4.

If an = 0 then the sequence

0→ {±1} → SL2(F̄p)→ PSL2(F̄p)→ 0

is split in An and soAn embeds into SL2(F̄p). The only elements of order
2 in SL2(F̄p) for p 6= 2 are±I2 which project to identity in PSL2(F̄p). So
elements with order 2 inAn map to identity, contradiction with the fact that
An ∼= PSL2(Fp). It follows thatan = Res(sn).

(3) PGL2(F̄3) ∼= S4 and PGL2(F̄5) ∼= S5.
Let (n, p) be one of the pairs(4,3) or (5,5). Consider the embedding ofSn in
PSL2(F̄p). Let ln denote the element inH 2(Sn) corresponding to the central ex-
tension ofSn in SL2(F̄p). There are four possibilities forln: 0, εn · εn, sn, sn+
εn · εn, as these are the elements ofH 2(Sn) for n > 4.

The first two possibilities have trivial restriction toH 2(An). It follows that
the extension corresponding to them is trivial onAn, which cannot be the case
here, as we have already seen.
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The extension ofSn corresponding tosn is such that transpositions inSn lift
with order 2 by the description of̃Sn given before. But elements of order 2 in
SL2(F̄p) project to identity and so that would imply that transpositions inSn
map to identity in PSL2(F̄p) contradiction withSn ∼= PGL2(Fp).

Therefore we must have that the element inH 2(Sn) corresponding to this
extension issn + εn · εn.

LEMMA 4. Let ρ̄ be the Galois representation toPSL2(F̄p) corresponding to a
polynomialP in the manner described above. In each of the cases where the Galois
group ofP is A4, S4, A5, S5 or A6, wherep = 3,3,5,5 or 9, respectively, the
obstruction to liftingρ̄ to SL2(F̄p) is obs(ρ̄) = w2(QE) + (−2)(dE) whereE is
the splitting field ofP , w2(QE) is the Witt invariant anddE is the discriminant
ofE.

Proof. It follows from the calculations we did above that in each of these cases
the obstruction to liftingρ̄ is obs(ρ̄) = e∗(sn + εn · εn). Note that this is also true
in theAn case since the termεn · εn is trivial in H 2(An).

But e∗(sn) = w2(QE)− (2)(dE). So

obs(ρ̄) = e∗(sn)+ e∗(εn) · e∗(εn) = w2(QE)− (2)(dE)+ (dE)(dE)
= w2(QE)+ (2)(dE)+ (−1)(dE) = w2(QE)+ (−2)(dE). 2

Now the main theorem:

THEOREM 2. Let p > 2 be a prime integer and let̄ρ be a representation
ρ̄: Gal(Q̄/Q) → PGL2(F̄p) induced by the Galois group of the splitting fieldE
of a monic irreducible polynomialP ∈ Z[X]. Then ρ̄ lifts to a represen-
tation ρ: Gal(Q̄/Q) → GL2(F̄p) and this lifting is even if and only ifE is totally
real.

Proof. Given any characterχ : Gal(Q̄/Q) → F̄∗p denote by(ρ̄, χ) the homo-
morphism

(ρ̄, χ): Gal(Q̄/Q)→ {±1}\GL2(F̄p) = PGL2(F̄p)× F̄∗p

defined by(ρ̄, χ)(g) = (ρ̄(g), χ(g)).
Now consider the exact sequence

1→ {±1} → GL2(F̄p)
σ→ PGL2(F̄p)× F̄∗p → 1

whereσ (g) = (π(g),det(g)). We want to lift (ρ̄, χ) to a representationρ to
GL2(F̄) in the sequence above.
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If we can lift ρ̄ to some representationρ of GQ then clearlyρ̄ = projρ and
the map(ρ̄,detρ) lifts to ρ. Conversely, if there is a characterχ such that the map
(ρ̄, χ) lifts to some representationρ of GQ:

Gal(Q̄/Q) (ρ̄,χ)- PGL2(F̄p)× F̄∗p

ρ

@
@
@
@
@R

GL2(F̄p)

6

thenρ is a lifting for ρ̄ with determinantχ . So the question is if we can find a
characterχ such that(ρ̄, χ) lifts.

Now recall that the obstruction to lifting this map is a cohomology class

obs((ρ̄, χ)) ∈ H 2(GQ,Z/2Z) = Br2(GQ).

Denote by obs(ρ̄) the obstruction to liftingρ̄:GQ → PSL2(F̄p) to SL2(F̄p)
and denoted by obs(χ) the obstruction to finding a square root forχ , i.e. finding
a characterφ such thatχ = φ2. This is the lifting problem corresponding to the
diagram

GQ
φ ↓ ↘ χ

1→ {±1} → F̄∗p −→ F̄∗p → 1.
x 7−→ x2

We have that obs((ρ̄, χ)) = obs(ρ̄)+ obs(χ).
It now suffices to prove that there always exist aχ such that obs(ρ̄) = −obs(χ).
Recall thatH 2(GQ,Z/2Z) ↪→ ⊕qH 2(GQq ,Z/2Z) and that the 2-torsion of

the Brauer group ofQq, q 6= ∞, is isomorphic toZ/2Z. Denote by obsq(ρ̄) the
component of obs(ρ̄) in H 2(GQq ,Z/2Z). Denote byS(ρ̄) the finite set of primes
q such that obsq(ρ̄) 6= 0.

LetGab
Q denote the maximal abelian quotient ofGQ. This is the quotient ofGQ

by the closure of{aba−1b−1 | a, b ∈ GQ}. Since the characterχ is a homomorph-
ism thenχ is trivial on this set. Thusχ factors throughGab

Q .
By class field theory one hasGab

Q
∼=∏q Z∗q , for all primesq. Therefore we have

χ = ∏q χq , whereχq :Z∗q → F̄∗p.
In terms of the local componentsχq , obsq(χ) = 0 if and only ifχq has a square

root. Thus we need a characterχ such thatχq has a square root⇔ q 6∈ S(ρ̄).
Forq 6∈ S(ρ̄), it suffices to takeχ to be trivial. Now we only need to prove that

for any primeq there is a characterχq :Z∗q → F̄∗p which does not have a square
root.
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We split the proof in three cases:q = 2, q 6= 2,∞ andq = ∞.

(1) q 6= 2,∞.

ThenZ∗q =
(
1+ qZq

) × (Z/qZ)∗. It suffices to choose a characterχq trivial
in (1+ qZq) and such that

χq |(Z/qZ)∗ does not have a square root.

The set of characters{χ : (Z/qZ)∗ → F̄∗p} is a cyclic group of order divisible by
2 whenp > 2. Choose asχq |(Z/qZ)∗ any odd power of the character generating
that group.

(2) q = 2.

In this caseZ∗2 = Z/2Z× Z2. One takesχ2 such thatχ2(−1) = −1.
(3) q = ∞.

χ∞ is a characterχ∞: {1, c} → F̄∗p, wherec denotes complex conjugation in
GQ. There are only two such characters: the trivial character and the character
defined byχ∞(c) = −1, which does not have a square root.

Note that sinceS(ρ̄) is finite we only haveχq nontrivial for a finite number of
primes so that the product

∏
q χq makes sense. This proves the first claim of the

theorem: that given̄ρ there always exist a characterχ :GQ → F̄∗p such(ρ̄, χ) lifts.
Assumeρ̄ lifts to a representationρ. By definition ρ is even if and only if

detρ(c) = 1. This is equivalent to obs∞(detρ) = 0, which is equivalent to
obs∞(ρ̄) = 0 since obs∞(ρ̄) = obs∞(detρ).

The restriction ofρ̄ to the decomposition group at∞ is a homomorphism
ρ̄∞: {1, c} → PSL2(F̄p), which lifts to SL2(F̄p) if and only if ρ̄∞(c) = 1, since if
ρ∞ is a lifting to SL2(F̄p), ρ∞(c) must have order 2, but all elements of order 2
in SL2(F̄p), p 6= 2, project toI in PSL2(F̄p). It follows that detρ(c) = 1 if and
only if ρ̄(c) = 1, which implies thatc acts trivially onE, the splitting field of the
polynomialP , or equivalently, thatE is a totally real field. 2
5. Examples

In this Section I describe the examples that have been worked out for testing Serre’s
conjecture for representationsρK :GK = Gal(Q̄/K) → GL2(F̄l), whereK =
Q(
√−d), d = 1,2,3 or 7.

5.1. QUESTION

LetK be an imaginary quadratic field. LetGK = Gal(Q̄/K) and letl be a prime
integer. Letρ:GK → GL2(F̄l) be a continuous irreducible representation.

Define the levelN(ρ) as the prime tol part of the Artin conductor ofρ.
For any primeλ of OK lying abovel we will multiply the levelN(ρ) by λ2. We

raise the level in this fashion hoping to find the eigensystem corresponding toρ
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with weight 2. We are using the corresponding fact in the classical case as a guide
(see Lemma 2).

Let detρ = ε(ρ)χh, whereχh is some power of the modl cyclotomic char-
acter andε(ρ) is a characterε(ρ): (OK/Ñ(ρ)OK)

∗/O∗K → F̄∗l and letÑ(ρ) =
N(ρ)

∏
λ|l λ

2.
Then we ask

QUESTION 1. Is there a homology classv ∈ H ∗1 (01(Ñ(ρ), F̄l)ε(ρ) such thatv is
a common eigenvector for the Hecke operators and for all prime℘ not dividing
˜N(ρ)l traceρ(Frob℘) = a℘, wherea℘ is the eigenvalue ofv for the Hecke ope-

rator T℘ .

This question is an analog overK of Serre’s conjecture. There are two main
differences: one that we reduce the problem to weight 2. The other difference is
that we define modl cusp forms as homology classes with coefficients inF̄l, not as
modl reduction of characteristic 0 forms.

It would be nice to work out the precise value ofδλ = 0,1,2 according to the
restriction ofρ to the inertia group atλ, so that the homology class corresponding
to ρ would appear with levelN(ρ)

∏
λ|l λ

δλ (see the discussion in Section 2 of the
classical case).

The examples worked out in this paper for the fieldsQ(
√−1), Q(

√−3),
Q(
√−2) andQ(

√−7) seem to give evidence towards a positive answer to the
question.

The examples are all ofevencontinuous irreducible representationsρ:GQ →
GL2(F̄l) with l > 2. These are guaranteed not to correspond to modl holomorphic
cusp forms overQ. Then we consider the representationρK :GK = Gal(Q̄/K)→
GL2(F̄l) obtained by restrictingρ toGK and we try to check whether it corresponds
to a modl cusp form overK, for the imaginary quadratic fields listed above.

Note thatodd continuous irreducible representations are (conjecturally) mo-
dular and so by base change there is a modl cusp form overK with the same
set of eigenvalues. Therefore testing whether the restricted representationρK is
modular would be nothing else then testing Serre’s conjecture forQ itself, for
which there is already a large amount of evidence. Thus we have only considered
even representationsρ.

We have not considered representations into GL2(F̄2), the reason being that in
F2 there is no even/odd distinction.

The representationsρ of GQ are obtained in the following way. LetP be a
monic irreducible polynomial with coefficients inZ and letE be its splitting field
in Q̄. Let P have as Galois group one of the groups PSL2(Fl), with l = 3,5,7,9
or PGL2(Fl), with p = 3 or 5.

We will be looking for polynomials with the following characteristics:

(1) All roots ofP are real, so that the corresponding representationρ is even.
(2) The splitting fieldE of P has small discriminant, so thatρ is ramified for a

small number of (preferably small) primes and thus have a small conductor.
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(3) The Galois group ofP is not too small. If Gal(E/Q) ⊂ Sn is too small then
the corresponding representationρ is not irreducible.

In order to find such suitable polynomials a search was conducted at the
tables of number fields archived at Bordeaux, available by anonymous ftp from
megrez.math.u − bordeaux.fr.

Once we find a suitable polynomialP we can calculate the Witt invariant ofP
and so determine the bad primes for the problem of liftingρ̄. Then we can choose
a characterχ so that(ρ̄, χ):GQ → PSL2(F̄l) × F̄∗l lifts to an even representation
ρ:GQ→ GL2(F̄l), of determinantχ .

Note that this method do not give us a precise lift. The representationρ is de-
termined only up to twisting by a characterε such thatε2 = 1. In particular, we will
not be able to tell the precise lift in GL2(Fl) of a given conjugacy class in PSL2(Fl)
or PGL2(Fl): In general there will be two possible lifts for each conjugacy class in
PGL2(Fl), which we cannot tell apart without further calculations.

Now we need to produce a table of values of traceρ(Frob℘) for a number of
primes℘ ∈ OK for which ρ is not ramified. For each such prime℘ we can study
the ramification ofp, the prime ofQ lying below℘, in the splitting field ofP and
from there easily guess the order of Frob℘ .

6. Examples

So far I have tested representations of Gal(Q̄/K) arising from the 3 polynomials
P1, P2 andP3 listed below, for the fieldsK = Q(√−1) andK = Q(√−3). The
representation coming fromP1 was also tested for the fieldsK = Q(√−2) and
K = Q(√−7). More examples were tested withQ(

√−1) andQ(
√−3) simply

because the calculations involved are smaller (The relation ideal has less relations
and also these fields have more units).

In all cases the representations appear to be modular and of the level and char-
acter obtained as in Serre’s conjecture.

The three polynomials considered were the following:

P1 = x4 − 7x2 − 3x + 1 disc= 32× 612

P2 = x4 − x3 − 24x2 + x + 11 disc= 34× 792

P3 = x4 − x3 − 7x2 + 2x + 9 disc= 1632

where disc is the discriminant of the number field defined by the polynomial. All
three polynomials have Galois group PSL2(F3).

The conjugacy classes of the group SL2(F3) are given in Table I, along with
the order of each class and the dimension of the subspace ofF32 which is fixed by
an element of that class. Note that I indicated with the same roman numerals the
classes of SL2(F3) which project to the same class of PSL2(F3).

In the three cases the calculation of the Witt invariant reveals that there is no
obstruction to lifting the associated representation and so all three representations
lift to SL2(F3).
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Table I. Conjugacy classes of SL2(F3).

Conjugacy class Representative Order Dimension of

fixed subspace ofF32

I1

(
1 0

0 1

)
1 2

I2

(
−1 0

0 −1

)
2 0

II1

(
0 1

−1 0

)
4 0

III1

(
1 1

0 1

)
3 1

III2

(
−1 −1

0 −1

)
6 0

IV1

(
0 −1

1 −1

)
3 1

IV2

(
0 1

−1 1

)
6 0

Now we have to consider the ramification at the ramified primes to tell what the
Serre conductor of the respective representations are. Let us analyze case by case.

(1) P1. The representation is ramified at 3 and 61 and so the conductor is a power
of 61. The ramification at 61 is tame and therefore the conductor is either 61
or 612.

The image of the decomposition groupD61 of the prime 61 in PSL2(F3) has
order 3, being generated by an element of one of the two conjugacy classes
whose elements have order 3. In either case the two possible lifts are a class
whose elements have order 6 which has no fixed subspace and a class whose
elements have order 3 and fixes a one-dimensional subspace ofF32. The former
case implies 61 has power 2 in the conductor and the latter case that 61 has
power 1 in the conductor.

Despite the fact that we do not know the exact lift to SL2(F3) we can ensure
that there is a lift with power 1 of 61 in the conductor by a simple argument:
if the element generating the image ofD61 in PSL2(F3) lifts to an element of
order 6 then we twist the representation by the quadratic ramified character at
61. That will multiply the element generatingD61 by−1 which then lies in a
class with order 3.

The conductor in this case isN = 61.
(2) P2. The representation is ramified at the primes 3 and 79. The decomposition

group at 79 has order 3 and thus by an analogous argument to the previous case
we have a lifting to SL2(F3) with conductorN = 79.
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(3) P3. The representation is ramified at 163 only. The decomposition group at
163 has order 3 and so there is a lifting with conductorN = 163.

Note that in choosing these polynomials we picked the ones with discriminant
pn or 3pn for some small primep and such that the ramification atp would ensure
that there is a lifting with conductorN = p.

All these three representations lift to SL2(F3) and therefore have determinant 1.
Therefore in all three cases the Serre character isχ−1

3 = χ3.
In Serre’s definition for the weight, the cases where a modl representationρ

has weight 2 all have detρIl = χl.
In our 3 cases, detρ = 1, and so we would not expect to find the system of

eigenvalues corresponding to these representations with weight 2 and levelN , the
conductor of the representation, except possibly overQ(

√−3), whereχ3 is trivial.
In the case of the polynomialP3 we expect to find the system of eigenvalues

with weight 2 and level 3N , since the representation is unramified at 3, which
implies weightl + 1.

For each representation we compiled a table with the values of trace(Frobp) for
the unramified primesp. It turns out that with these mod 3 representations we can
only distinguish two possibilities for the trace of Frobenius.

If the image of Frobp in PSL2(F3) has order 2 then it has only one possible lift
to SL2(F3), which has trace 0. If Frobp has order 3 then it can lift with order 3 or 6,
which have traces 1 or−1. We cannot distinguish between the two cases without
fixing a precise lift. If Frobp has order 1 then it again lifts with trace 1 or−1.

Thus in practice the values of trace(Frobp) is a list of zeros and ones, which we
check against the eigenvalues for the eigenforms with coefficients inF3 that were
found.

There is one more condition for a given eigenform to correspond to a represent-
ationρ induced by a Galois group overQ: it is that the eigenvalues of a primep
and its conjugate are the same. They must both correspond to the trace of Frobenius
of the same rational prime.

In all cases an eigenform was found such that the eigenvalues correspond to the
values of trace(Frobp) of the polynomial inducing the representation and such that
the eigenvalues of each prime and its conjugate are the same.

7. Tables

Tables II and III contain the results for the three polynomials over the fields
Q(
√−1) andQ(

√
3). Each table contains the following:

(1) The list of the first 18 primes℘ in OK .
(2) The order of Frobp in PSL2(F3). This was calculated using PARI.
(3) The calculated eigenvalues of one weight 2 eigenform corresponding to the

system of eigenvalues of the representation corresponding to the poynomial.
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Table II. FieldK = Q(√−1) and polynomialsP1, P2 andP3.

ρ1 N = 183 ρ2 N = 237 ρ3 N = 489

℘ o(Frobp) a℘ a℘ o(Frobp) a℘ a℘ o(Frobp) a℘ a℘

1+ i 3 1 −1 2 0 0 3 1 −1

2+ i 3 1 −1 2 0 0 2 0 0

1+ 2i 1 −1 0 0 0 0

3+ 2i 3 1 1 3 −1 −1 2 0 0

2+ 3i 1 1 −1 −1 0 0

4+ i 3 1 −1 2 0 0 2 0 0

1+ 4i 1 −1 0 0 0 0

5+ 2i 3 −1 1 3 1 −1 3 −1 1

2+ 5i −1 1 1 −1 −1 1

6+ i 2 0 0 3 1 1 2 0 0

1+ 6i 0 0 1 1 0 0

5+ 4i 2 0 0 3 −1 1 3 −1 1

4+ 5i 0 0 −1 1 −1 1

7 3 −1 −1 3 −1 −1 3 −1 −1

7+ 2i 2 0 0 3 1 −1 2 0 0

2+ 7i 0 0 1 −1 0 0

6+ 5i ∗ 3 −1 −1 2 0 0

5+ 6i −1 −1 0 0

The level of the eigenform is indicated at the top of the column. These eigen-
forms have characterχ3, which is trivial in the caseK = Q(√−3).

The correspondence between the system of eigenvalues of the representation
and the eigenform is given by

a℘ =
{

0 if order of Frobp is 2,

±1 if order of Frobp is 1 or 3.

The tables in this paper contain the eigenvalues for the first 18 primes. I actu-
ally calculated and checked the correspondence of eigenvalues for more then 150
primes in each case. I also did the fieldsQ(

√
2) andQ(

√
7) for the polynomialP1.

The results for each field are:

(1) FieldK = Q(√−1).

In this case(OK/3Ok)
∗ /O∗K has order 2 and so there is one nontrivial char-

acter of level 3 going toF∗3.
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Table III. FieldK = Q(√−3). Notationw = (1+√−3)/2.

ρ1 N = 61 ρ2 79+ 79w ρ3 163+ 163w

℘ o(Frobp) a℘(F1) o(Frobp) a℘(F2) o(Frobp) a℘(F3)

2 3 −1 2 1 3 −1

2+ w 3 −1 3 −1 3 1

1+ 2w −1 −1 1

3+ w 3 1 3 −1 2 0

1+ 3w 1 −1 0

3+ 2w 3 1 3 1 3 1

2+ 3w 1 1 1

5 3 −1 1 1 1 1

5+ w 3 1 2 0 2 0

1+ 5w 1 0 0

4+ 3w 2 0 3 1 2 0

3+ 4w 0 1 0

6+ w 3 −1 2 0 3 −1

1+ 6w −1 0 −1

5+ 4w ∗ 1 3 −1 2 0

4+ 5w 1 −1 0

7+ 2w 3 1 3 1 3 −1

2+ 7w 1 1 −1

In all 3 cases the eigenform corresponding to the representation was found
at level 3N , whereN is the Serre conductor of the representation and character
χ3.

A pair of eigenforms was found for each system of eigenvalues. I do not
know why there is a pair for each representation and without fixing a precise
lift both eigenforms could correspond toρi.

(2) K = Q(√−3).

The group(OK/3Ok)
∗ /O∗K has order 1 and so the characterχ3 is trivial.

The representationρ1 appears with weight 2 and level 61,ρ2 appears with
level 79+ 79(1+√−3)/2 andρ3 appear with level 163+ 163(1+√−3)/2.
All with trivial character.

Note that 1+ (1+√−3)/2 is the prime ofQ(
√−3) lying above 3, which

is ramified in this field.

(3) K = Q(√−2) andK = Q(√−7).
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The group(OK/3Ok)
∗ /O∗K has order 2 forK = Q(√−2) and has order 4 for

K = Q(√−7) and so in both cases there is a nontrivial characterχ3.
We tested forP1 only. The representationρ1 appears with level 183 and

characterχ3 for both fields.

The primes marked in the tables with a∗ are the bad primes for the correspond-
ing level. Eigenvalues were not calculated for the bad primes.

8. Final Remarks

An interesting question is whether corresponding modular forms lift to character-
istic 0. With the programs used here we cannot calculateH1(X

∗,C) directly: the
round-off errors using complex coefficients made the calculations very difficult for
the levels considered. Nonetheless we can calculateH1(X

∗,Fp) for any primep.
I found that in the cases considered, for some values ofp there are no eigenforms
in H ∗1 (X

∗,Fp) with the level and character corresponding to our examples. This
shows that the mod 3 eigenforms found do not lift to characteristic zero.

In the calculations above I am only computing traces of Frobenius elements up
to a sign. It would be nice to remove this ambiguity by fixing a lift of the projective
representation.
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