ON PLANAR CONTINUOUS FAMILIES OF CURVES
TUDOR ZAMFIRESCU

1. Introduction. In a recent paper (3), Griinbaum has found a general
and unifying setting for a number of properties of some special lines associated
with a planar convex body. Besides various interesting results, two conjectures
are stated and two kinds of convexity and polygonal connectedness are
introduced.

In the present paper, we shall prove one of Griinbaum’s conjectures (§ 3,
Theorem 1); we consider the other in § 4 and establish some related results
in §§ 5 and 6. Six-partite problems are studied in this general setting (§ 7)
and a question raised by Ceder (2) is answered. We give a generalization of
the notion of a continuous family of curves in § 8, and discuss some new
kinds of connectedness in § 9.

2. Definitions and notation. Throughout the paper, C will be a simple
closed curve (topological image of a circle) in the plane and D the bounded
domain with boundary C. Following (3), a family ¥ of simple arcs (topological
images of a segment) is called a continuous family of curves in D provided:

(i) Each curve of ¥ is contained in D, except for the extremities which
belong to C;
(i1) Each point p € C is an endpoint of one and only one curve L(p) € ¢
(throughout, L(p) denotes the curve in £ with an endpoint at p € C);
(iii) The curve L(p) depends continuously on p € C;
(iv) If Ly, Ly € L and Ly # Ly, then L; M L, is a single point.

Let us remark that from axioms (i)—(iii) it follows that for different
Ly, L, € &, the endpoints of L; separate on C those of L.. Consequently,
Ly N\ Ly % @, and axiom (iv) only points out that card(L; M L) = 1. In
§§ 8 and 9 we shall use the term ‘‘generalized continuous family of curves”
for a continuous family of curves, in the preceding sense, satisfying the
following weaker condition instead of axiom (iv):

(iv’') If Ly, Lo € &, then Ly M L, is connected.

The set of all points in D that belong to at least ¢ different curves in € is
denoted by M,(®). The set of those points each of which belongs to all the
curves in & having endpoints in some non-degenerate arc of C is denoted
by M. (2). Obviously,

D=M®EDME®QD...DOM,®& D...DM,®%).
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An arc in D consisting of # arcs of curves in { is called an #z-curve. By a
polygon we mean a connected open set in D bounded by finitely many arcs
on C or on curves in &, its intersections with these curves being empty. An
m-gon is a polygon bounded by m arcs of curves in € or of C, but not also by
some m — 1 arcs. For example, the bounded component of the complement
of three non-concurrent curves in ¥ is called a triangle (3-gon).

In the following we shall also use the following notation:

(1) —p for the other endpoint of L(p);

(2) «xy for the arc of a curve in &, joining x and v, or, if x, y € C, for one of
the arcs of C with endpoints x and y;

3) (a0, ...,a,) for the m-curve consisting of arcs aoay, ..., @10, of
curves in ¢;
(4) [bo,...,bn] for the (m 4+ 1)-polygon bounded by arcs by, ...,

Dm—1bm, bmbo of curves in { or of C;
(5) xy for the line through x and y.

3. A conjecture of Griinbaum. The following theorem improves a
result and proves a conjecture in (3). It involves the notion of an L.(Y)-set:
P is an L,(R)-set provided that for each pair x, y € P there is a 2-curve
connecting x and ¥, and included in P (see also § 9).

THEOREM 1. Let & be a continuous family of curves. Then M;(R) is an Lo (R)-set.

Proof. Let us consider the point x € M3(¢) and the curves L(p;), L(p.),
and L(p3) which pass through x. We may suppose, without loss of generality,
that

(1) the order of the endpoints of L(p1), L(p2), L(ps) on C is the following:
P1, P2, P3, —P1, —pa2, —pPs, and

(2) another arbitrary point ¥ € M3(R) lies in the triangle [py, x, p2] (see
the notation (4) in § 2) or on its sides p1x or pax.

Let L(qi), L(g2), and L(gs;) be three (other) curves in { containing
y € M;(®). Now one has to distinguish between three essentially different
cases.

The order of endpoints of the six curves considered in € on the arc — p1p,
of C containing p, is the following:

(@) p1, qu, P2, g2, P3, ¢3. Using the Jordan curve theorem, L(g;) must intersect
either p1x or pax at a point 2 situated between x and either L(p1) M L(g,) or
L(p2) M L(gs). The arcs yz (if not degenerate) of L(g:) and zx (if not de-
generate) of L(p1) or L(ps) are included in {x, y} added to the triangle whose
boundary consists of arcs of L(qs), L(p3), L(gs). Hence, the union T of all
triangles with arcs of curves in { as sides contains (xz \U zy) — {x, y}.

(b) 1, q1, g2, g3, P2, P3. At least one of the arcs psx and —psx of L(ps)
contains at least two points of L(q1) \U L(g:) \J L(g;). We may suppose,
without loss of generality, that

L(ps) M (L(gz) Y L(gs)) C —psx.
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Setting {2} = L(gz) M L(ps), the triangle formed by L(g1), L(p:), L(gs)
contains yz — {y} and the triangle formed by L(p1), L(ps), L(gs) contains
2x — {x} (if x # 2). It follows that

xz\Uzy CT VU {x,y}.

(¢) p1, qu, @2, P2, g3, Ps. In thiscase, let {z} = L(g2) M (p1x\J pax). Equalities
x = zory = g are possible. The arcs yz of L(gs) and zx of L(p1) or L(p2) are
contained (except for x and y) in the triangle formed by L{g1), L(ps), L(gs)-
Therefore,

xz\Jzy CT VU {x, v},

Now, by (3, Lemma 2), T C M;(®); it follows that in every case xz\U zy
is a 2-curve completely included in M;(2). Hence, M;(R) is an L»(R)-set.

4. Topological properties of 1/,(¢) for even and odd n. Let € be a
continuous family of curves.

THEOREM 2. Let n be an even number.
(1) int(M,(¥) — M1 (®)) = 0,
(2) if M,(&) — M_(R) £ 0, then int M, 1(R) # 0.

Proof. Let ’
x € M,(Q) — M,(2).

There exist at least # curves L(po), ..., L(p,—1) € € that pass through wx.
If p, = —po, then we may consider, without loss of generality, that py, ... ,p,
lie in this order on C. Let us consider the points g; in the arcs p;p ;41 with
disjoint interiors of C (z = 0, 2, 3,...,n — 2), such that the triangles 7°; and
T/ formed by L(q;), L(p1), L(p2), and L(py), L(g:), L(pn_1), respectively,
do not degenerate; this is possible since x ¢ M. (R). It is easy to verify that
either 7o M\ T or Ty M T'/ is not void; denote it by U; (1 = 2,...,n — 2).
Then x is a boundary point of each U,;. There must exist 37 — 1 polygons U,
with non-void intersection since

{U;: U, C Ty} 5 @ implies {U;: U; C Ty} # 0,
{U: U, C 1Y} = 0@ implies {NU;: U, C T} =0,

and if {U;: U, C Ty} and {U;: U, C Ty} have cardinality at most in — 2,
then card{U,} = # — 4, which is absurd. Let U,; be these polygons with
non-void intersection (j = 1,...,4n — 1). Their union is evidently either
included in 7% or in Ty, and x is a boundary point of

Through each point of 7', \U T/ pass two curves of £, one with an endpoint
in the arc p,g; and the other with an endpoint in the arc ¢;p ;1. It follows
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that each point of U; (2 = 2,...,n — 2) belongs to four curves of ¥ with
endpoints on the arcs pogo, qoP1, £:qi, ¢:iP++1. Finally, each point of 17 lies on
Pogo, @oP1, Pirqins QuPuitts - s Pign1@ign-1s Ligno1P isne1+1s and on p1p2if 1 C T

or on p,_1p, if VC T¢. Thus, VC M,;1(®). Since V is open, (2) is proved.
For each pointx € M,(8) — M (®) (n even) we found an open set M,1(x)
included in M,.1(%), such that x € bd M,,;(x). Therefore, x € int M,1(2),
and
Mn(g) - Mm(g) C int Mn+l(g);
whence,
M, (®) — My (®) C bd int M,41(2),

which proves part (1) of the theorem.

5. Condition implying non-empty M;(®). When a non-degenerate
triangle with sides on curves in  exists, int M3(R) = 0. We seek a similar
condition implying int M,,(®) # @ where, of course, m > 3 is odd. Now,
let m = 5.

In this section we shall answer the following natural question: Which is the
smallest number # such that the existence of an n#-gon implies int M;(®) = @?
We are now concerned only with polygons having arcs of curves in { as sides.

LeEMMA 1. The existence of a hexagon (a 6-gon) does not imply int M5(R) #= 0,

Proof. The proof will be given by means of an example. Let p1, P2, 3, P4, 5, Do
be the vertices of a customary convex hexagon (with segments as sides) in the
plane, with the property that it is included in the triangle with vertices
P1bz M Paps, Paps (N Psps, Pspa !\ Psp1 (see notation (5) in § 2). Now, con-
struct the circle C containing the preceding triangle in its interior, denote by
L, and L;/ (say i < j) those components of C — Uj—; prprs: which have
all their endpoints on pp;41 and P,p;41 (7 = p1), and associate with every
point p € L,;the chord L(p) of C passing through pand p;; = ppiy1 N PPj+1-
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Defined in this way, & = {L(p)} is a continuous family of curves, and the
union of all open triangles with sides on members of & equals M;(®) — M4(?);
thus, M;(R) = {p:;} and int M;(®) = 0.

Let C be again an arbitrary simple closed curve, D the bounded component
of its complement, and £ a continuous family of curves in D.

LemMA 2. If Ly, ..., L, € & then D — U1 L, has at most 3(n> + n + 2)
components.

Proof. If any three curves in € have void intersection, then the planar graph
formed by

CUU L,
i=1

obviously has (3) + 2n vertices, and #? + 2n edges. Now, from Euler's
formula, it follows that there are 3(#? + # 4+ 2) components in D. If there
exist triples of curves in € with non-void intersection, then the number of
components in D is clearly less than 3 (n? + n + 2).

I am indebted to the referee for suggesting this more elegant proof.

Next we shall associate s “‘crosses’” to each component of D — %1 L(p:),
where L(p1),...,L(p,) € & having incidence order s, i.e. included in
M ('), where & is any continuous family admitting L(pi1),..., L(p,) as
elements and s is the largest possible. It appears to be more useful to find
“global” estimations of the sum of all such associated crosses than of the
particular incidence orders of isolated components, in order to establish the
existence of components of higher incidence order.
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LemMA 3. Let L(p1), ..., L(ps) € &, each quadruple of these curves having
void intersection, and let py, . . ., p, be consecutive points on C. If t is the number
of triples of curves among L(p1), ..., L(p,) having non-void intersection, then

the total number of crosses is at least n* — 3t.

Proof. Let By, By be the pair of opposite components of D — (L (p1) \U L(p2))
whose boundaries contain pips and —pi(—p2), respectively (pip2 and
—p1(—p2) are arcs on C not containing —p; and p;). Suppose that

L(p1) N L(p2) N E3L(P1) = 0.
If

U @G ML) N BV B =8,

1,5=3;
i
then there are exactly # components of D — U’i—; L(p;) in B; U B,. If not,
the number of these components is greater than #. Each point in B; \U B,

belongs to a curve of § with an endpoint in the arc p1p» of C. We may associate

with every component of (B;\U B;) — U'—1 L(p;) one cross and add in the
same fashion other crosses, when the other n — 1 arcs pops, . . ., Pr—1Pny —P1Pn
on C are considered. Thus, the total number of crosses is at least #? and one
obviously loses three crosses when a triangle degenerates.

LeMMA 4. If there exists a 2m-gon, then the total number of crosses is at least
Tm? — 9m + 6.

Proof. Let P be a 2m-gon in D, with sides on Ly, ..., Ly, € & Consider
again the pair of opposite components By, By of D — (L \J L), such that
the boundary of B; contains the arc pi1p2 C C (p1, p2 are consecutive endpoints
Of Ll, L2 on C)
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There are no triples of concurrent curves in {Ly, . .., Ls,}. Therefore,

2m

leLzm U L'L = ﬂ
i=3
If
2m
card U L:NL;) N (B1\Y By) =g,

1, j=3;
i#]

then there are exactly 2m + ¢ components of D — U, L, in B, \U B..

Since P has sides on curves in &, there exists a triangle containing it, and
therefore, there are at least three domains like B; or B, that include P. Suppose
that P C Bi; let K be the boundary of P and K;, K, the components of
K — (L, \J L,), where K, may be void. Let

My={U L NL):i#j, L,NK,#0, L, K, # 0},
AMQ = {U (Lsz]):1¢j,leK2 #ﬂ, ijK2 #ﬂ},
my = card{s: L; N\ K;) # @}, and my = card{j: L; N\ K, # 0}.

Since
my + me = 2m — 2,

card My + card M, = <7;1> + <”;2> = 2<m ; 1) .

Repeating these arguments for the other two domains containing P and
using Lemma 3, it follows that we have at least

we have

@m)® + 6<’” 5 1> = Tm® — 9m + 6

crosses.
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LeEmMA 5. If there exists a (2m + 1)-gon, then there are at least Tm? — 2m + 4
crosses.

Proof. All the arguments are just the same as in Lemma 4, except for

m1+m2=2m——1

ant e, = () +(7) 2 (5) + (7).

THEOREM 3. If there exists a heptagon (a T-gon), then int M;(R) # 0.

and

Proof. Let Ly, ..., L7 be the curves in & that form the heptagon. Let
Dy, ..., Dy be the components of D — \Uj_; L; which have arcs of C on
their boundaries. It is easily seen that one cross is associated with each of
these fourteen domains. Following Lemma 2, D — UZ=1 L, has at most
29 components (in fact, exactly 29 components, since no triple of concurrent
curves in {Li, ..., Lq} exists). Following Lemma 5, the total number of
crosses is at least 61. Since Dy, . . ., D4 have only fourteen crosses, it follows
that the other fifteen components of D — UZ=1 L; have at least 47 crosses,
and therefore there exists at least one component, say D;;, with at least
four crosses. Hence, Dy; C M4(2). If Dys C M5(R), then obviously

int ﬂ15(8> DO D5 # 0.

If Dis N\ M4(®) — M5(®) 5 @, then int M;(®) # @ by Theorem 2.
Hence, following Lemma 1 and Theorem 3, the least number 7 such that the
existence of an n-gon implies int M;(®) = Bisn = 7.

6. More information about M;(®) — M4(®). Our next aim is to obtain
some information about the structure of M;(®) — M4(®) when an #n-gon
exists and int M7(®) = 0.

LemMA 6. If int M7(R) = @ and if there exisis a 4m-gon with sides on
Ly, ..., Ly, €8, then the number of disjoint polygons with sides on U7~y L,
not included in My(R), is less than 2(3m? — 1).

Proof. As in the proof of Theorem 3, it is easy to see that 8m domains
formed by Li,...,Ls and C have only 8m crosses. Using Lemma 2,
D — U7 L; has 8m? 4+ 2m + 1 components, and following Lemma 4, there
are at least 28m? — 18m -+ 6 crosses.

Now, suppose that there are 2(3m? — 1) polygons not included in M ().
They have exactly 6(3m2 — 1) crosses, and therefore 8m + 2(3m? — 1)
domains have exactly 8m + 6(3m? — 1) crosses. Then the other 2m? — 6m + 3
components of D — UY%, L, have at least 10m? — 26m + 12 crosses. Since

10m* — 26m + 12
om* — 6m + 3

> 5,
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there is a polygon with at least six crosses. It follows (as in the proof of
Theorem 3) that int M+(R) # @, contrary to the hypothesis.

LeMMA 7. If int M1(R) = 0 and if there exisis a (4m + 2)-gon with sides on
Ly, ..., Limis € R, then the number of disjoint polygons with sides on Uttt L,
not included in M4(R), is less than 6m? + 4m + 1.

LemMA 8. If int M7(R) = 0 and if there exists ¢ (2m + 1)-gon with sides on

Ly, ..., Lop1 € & then the number of disjoint polygons with sides on UL,

not included tn M4(R), s less than 3m (3m + 1).

The proofs of Lemmas 7 and 8 being similar to that of Lemma 6 will be
omitted.

Combining Lemmas 6, 7, and 8, we obtain the following theorem.
THEOREM 4. Let

tn—1)Bn — 1) if nis odd,

f(n) = {3(3n° — 16) if nis a multiple of 4,
18n* —4n+4) ifn=2 (mod4).
If int M7:(®) = @ and if there exists an n-gon with sides on Ly, ..., L, € g,

then the number of disjoint polygons with sides on \U%i—1 L;, not included in
M4 (R), is less than f(n).

Remark. 1 believe that Theorem 4 provides a good evaluation for f(n), but
I have not proved that it is the best. To prove or disprove this in the odd case,
it may be useful to note that there are a 5-gon and a 7-gon with sides on
Li,...,Ls € &, and L/, ..., Ly € ¥, respectively, such that the number of
disjoint polygons with sides on WS L, (ULI L), not included in
M) (M4 (¥)) is 6 (13), while f(5) = 7 and f(7) = 15.

7. Six-partite problems. As stated by Ceder (2), the so-called six-
partite problems are involved in his work in a generalized manner, many
earlier results being, in fact, corollaries of Ceder’s theorems. We shall give
here further generalizations in the same direction, replacing the families of
lines admitting continuous selections by continuous families of curves.
“Continuous selections” for families of curves could easily be introduced, but
no essentially new facts would be obtained.

Let C be a simple closed curve and £ a continuous family of curves. All
six-partite problems (including the results of this section) have as origin the
following very simple theorem.

THEOREM 5. If fi, fo:  — R are continuous functions, then there exists a curve
L ¢ R such that

LN fi(L) N fa(L) # 9.
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Proof. 1f fi(L) = fo(Lo) for some L, € g, then obviously
Lo M fi1(Lo) M fa(Lo) # 0.

If not, let p be a point varying on C. L(p), f1(L(p)), fo(L(p)), and q(p) =
FH(L(P)) N f2(L(p)) are continuous functions of p. Suppose that ¢(p) lies in
the right component of D — L(p), viewed from p. Then clearly ¢(—p) lies in
the left component of D — L(—p), as viewed from —p. Thus (by the con-
tinuity of q(p)), there exists a point p* on C such that ¢(p*) € L(p*).

THEOREM 6. Let 0 < a < b < ¢ and let
g @Xe—{(ZL L):Lecy)—(0,0¢)

be a real continuous function with the following properties:
(1) g(L, L") — 0 when L' — L clockwise;
(2) g(L, L") — ¢ when L' — L counter-clockwise;
(3) if Ay is an arc of C having the same endpoints as L, then (gL, L(p)) is a
strictly monotone function of p on A — L.
Then there exists three concurrent curves Ly, Lo, Ly € & such that g(Ly, L) = a
and g(Ly, L;) = b.

Proof. The function g(L, L(p)) of p being continuous and one-to-one is a
homeomorphism between 4, — L and (0, ¢). It follows that

h: (@ X —{(L,L): Leg)—LX(0,0),

defined by A(Li, Ls) = (L1, g(L1, Ly)) is also a homeomorphism. Now,
obviously A~*(L, a) and A~!(L, b) are continuous functions on L.

Let f1, f::  — @ be defined by A 1(L,a) = (L, f1(L)) and A~1(L, D) =
(L, f2(L)). Since f; and f, are continuous, we may use Theorem 5, and

Ly N fi(Ly) N fo(Ly) # 0

for a curve L; € Q.
Since
(L, g(Ly, f1(L1))) = h(Ly, f1(L1)) = (L, @)
and
(L1, g(Ly, f2(L1))) = k(Ly, f2(L1)) = (L1, b),

the concurrent curves Ly, Ly = f1(L1) and L; = f»(L;) satisfy both conditions
g(Ly, Ly) = a and g(Ly, L;) = b, and the theorem is proved.

Now, we formulate applications of Theorem 6, which are generalizations of
(2, Theorems 1 and 2) and (partially) of (2, Theorem 3).

TuEOREM 7. If
(1) D has finite measure* c,

*By measure we mean a regular measure for which curves in € have measure zero.
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(2) for any triangle T with sides on Ly, Ly, Ly € &, the measure of the com-
ponent of D — (L1 \J Ls) containing T plus the measure of the opposite
component is greater than twice the measure of T,

B)0<a<b<eg,

then there exists three comcurrent curves Li, Lo, Ly € R, such that the union of
two opposite components of D — (L \J Ly) has measure a and the union of two
opposite components of D — (L1 \J L) has measure b.

Proof. We indeed have the continuous function
g @Xe—{(L,L):Leg)—(0,0),

where g(L1, Ls) is the sum of measures of two components B; and B, of
D — (L, \J L) chosen such that L M C consists of two boundary points of
B; \U B,, when L varies counter-clockwise from L; to L,. Obviously, con-
ditions (1) and (2) of the preceding theorem are verified. We prove next that
g(L, L(p)) is strictly monotone on 4 ;, — L (using the notation of Theorem 6).

Let p, —p be the first and the last point of A , when C is described counter-
clockwise and let x < y if x,y € A, and y can be obtained from x varying
counter-clockwise on A4 ;. Also, consider pi, p2 € Az, p1 < ps, and put
¢ = L(p) N L(p1), go = L(p1) M L(ps), gs = L(p2) M L(p). Suppose, for
example, that ¢» belongs to the bounded domain with boundary L(p) \U 4 ..
Then, if u is the given regular measure,

plp, b2y sl + wl—2, g5, —p2] = ulp, p1, 1] + pl—p, —p1, ¢1]
+ wl=p1, q1, g3, —P2] — wlgy, @2, ¢s] + wlgs, P2, P11 = wlp, 1, ¢1]
+ wl=p, —p1, ¢l + wlge, — P2, —p1l + wlge, P2, p1l
—2ulgy, g2, @51 > wlp, p1, ] + wl—p, —p1, 1l

following condition (2) in the statement. Thus, g(L, L(p)) satisfies all con-
ditions of Theorem 6, and hence there exists three concurrent curves
Ly, Ly, Ly € & such that g(Li, L) = @ and g(Li, L3) = b, which proves
Theorem 7.

Theorem 8 is an application of Theorem 7 and a generalization of case I in
the proof of (2, Theorem 3).

THEOREM 8. If
(1) D has finite measure c,
(2) all curves in R are area bisectors (divide D in pairs of domains of
measure c),
(3) au, as, and as are non-negative numbers whose sum 1is ic,
then there exists three concurrent curves in & dividing D into six parts of measures
a1, A2, A3, X1, A2, and as, 7’65?861%1)61)’.

Proof. Show that the conditions of Theorem 7 are verified.
Conditions (1) of both Theorems 7 and 8 are identical.
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Condition (2): For any triangle 7" with sides on L;, L, L3, the measure of
the component of D — (L; \U L) containing T equals the measure of the
opposite component; whence, their sum is greater than 2u7, as required.

Condition (3): Take a = 2a;1, b = 20; + 2as.

The conclusion of Theorem 8 then follows from that of Theorem 7.

THEOREM 9. If

(1) C is rectifiable, of length c,

2)0<a<d<eg,
then there exists three comcurrent curves Ly, Lo, Ly € & such that the sum of
lengths of two opposite components of C — (L \J L,) equals a and the sum of
lengths of two opposite components of C — Ly — Lj equals b.

Proof. This is another application of Theorem 6. For, we can consider the
continuous function

g (@ XL—={(L,L):Leg)—(0,c),

where g(Li, L,) is the sum of lengths of two components C; and C. of
C — (L;\U Ly) chosen such that L N\ C C C; U Cy, when L varies counter-
clockwise from L; to L.. Obviously, all conditions of Theorem 6 are verified,
and hence there are Ly, Ly, Ly € ¥ such that Ly M Ly M Ly 5% @, g(Ly, L) = a,
and g(Ll, L3) = b.

The easy consequence of Theorem 9 below leads immediately to Ceder’s
result (2, Theorem 2).

TreoreM 10. If
(1) C is rectifiable, of length c,
(2) all curves in & are arc bisectors (divide C in pairs of arcs of length %c),
3) a1, az, and ay are non-negative numbers whose sum s 3c,
then there exists three concurrent curves in & diwviding C into six parts of lengths
ay, ag, oz, ay, s, and as, respectively.

Proof. It suffices to observe that the lengths of opposite components of
C — (L1 \J L,) are equal (L, Ly € ), and to take ¢ = 203, b = 201 + 2as.

At the end of Ceder’s paper (2), one finds the following unsolved six-partite
problem: Given six numbers whose sum is the arc length of a convex curve,
are there always three concurrent lines dividing the curve into six parts
having lengths equal to the given six numbers?

This question posed for a circle receives a negative answer immediately.
Consequently, by continuity, even for a larger class of convex curves, the
answer remains negative.

8. Generalized continuous families of curves. As noticed in § 2, the
notion of a continuous family of curves can be generalized by admitting
connected intersections of couples of curves in € instead of only single point
intersections. Although a suitable further generalization could be obtained
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including in ¥ not only Jordan arcs but also arbitrary simply connected arcs,
we shall limit ourselves here to treat generalized families of curves as defined
in § 2.

Our aim in this section is to prove by an example how results on continuous
families of curves can be extended to the generalized families.

Most of the results of (3) remain valid if continuous families of curves
(in Griinbaum’s sense) are replaced by generalized continuous families of
curves. For instance, although the proof of (3, Theorem 1) uses axiom (iv),
we shall now show that this theorem is still valid if (iv’) holds instead of (iv).
Notice that, however, our proof is, in general, similar to that of Griinbaum.

THEOREM 11. Let & be a generalized continuous family of curves. With at most
one exception, each curve in & contains a point of M;(R).

Proof. Let Lo, L(p) € &, the endpoint p of L(p) varying on one of the two
arcs in which L, divides C.

Choose arbitrarily the point q(Lo, p) € Lo M L(p); if ¢(Lo, p) is a strictly
monotone function on p (for every choice of ¢(Lq, p) in Ly M L(p)), then L,
is said to be of type (a). It is easily seen that if L €  is not of type (a), then

LM M) # 0.

We shall prove that two different curves of type (a) do not exist in ¢.

Assume, on the contrary, that the curves L(p;) and L(p,) are both of
type (a). Let us say, for instance, that if p varies counter-clockwise on C, then
q(L(p1), p) varies on L(p1) from p1 to —py and q(L(p2), p) on L(p:) from
P2 to —pe. With these orderings w; and w; of L(p1) and L(p.) (the increasing
sense being from p; to —p;), we set

g1 = min L(p1) M L(ps), g2 = max L(p1) M L(p).

If p is a point on the component —psp; of C — (L(p1) \U L(p2)), then L(p)
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must intersect at least one of the arcs pig1 C L(p1) and —pagi C L(ps).
However, the inequalities

L(p) N p1q1 # 0, L(p) N —pogs # 0
contradict

L(p) N L(py) > g L) L@ < gy

respectively. The proof is now complete; it is valid for both cases:

g1 < g2 and q1 > @o.

9. Some types of connectedness in D. In this section, & will be a
generalized continuous family of curves in D. We shall be concerned with the
notion of polygonal -connectedness introduced by Griinbaum (3). This is an
appropriate modification of a generalization of convex sets due to Horn and
Valentine (4). A set P C D is said to be polygonally 2-connected if for each
couple x,y € P, there is an m-curve, with arbitrary m (see the definitions in
§ 2) in P, connecting x and y. P is an L,(®)-set provided that for each pair
x,y € P, there is an n-curve in P connecting x and y (note that every m-curve
with m < n, is also an n-curve). P is called ®-convex if and only if L \ P is
connected (or void) for each curve L € L.

Now, let us add the following definitions: The subset P of D is finitely
Q-convexly connected provided that for every curve L € €, L M\ P has a finite
number of components (or is void); P is said to be nth order {-convexly
connected if L M P has at most # components for each L € . First-order
Q-convexly connectedness means precisely L-convexity.

We shall denote by £, (P) the set of all points in P that can be joined to the
point x € P by an m-curve (m depending on x) lying entirely in P, and by
f:(P) the set of all points in P that can be joined to x by an #-curve in-
cluded in P. Furthermore, let us define the {-kernel of a set P in D as the
subset of P of all points that can be joined to every point x of P by an m-curve
(m depending on x). The nth order R-kernel of P C D is the subset of P of
all points that can be joined to every x € P by an n-curve.

It is interesting to compare our results below with the following lemma of
A. M. Bruckner and J. B. Bruckner (1), in which K,*(P) and L,-sets are
defined in a similar way, replacing only ‘“‘z-curve’” by “n-sided polygonal line”
1).

If P is a compact simply connected set in the plane and x € P, then K,*(P)
is a compact, simply connected Lz,-set.

Before giving other results, we note that &,(P) and &,(P) are, respectively,
an Ly, (R)-set and polygonally f-connected.

The proof of the following lemma is straightforward.

LemMMA 9. If P C D is closed, then R,"(P) is compact.
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CoNJECTURE. If P C D is compact and simply connected, then R;(P) is
simply connected.

The following theorem results immediately from Lemma 9, since the nth
order L-kernel of P is N;cp K7 (P).

THEOREM 12. The nth order Q-kernel of a compact set P C D is compact.

Lemma 10. If P C D is nth order Q-convexly comnected, then R,(p) is nih
order R-convexly connected.

Proof. Suppose that there exists a curve L € € such that L N &,(P) has
at least #» + 1 components. Then there are the consecutive points

as, bly Qaa, b?y ooy Ay, bny an-}—l E L

such that all ¢; € R,(P) and all b; ¢ R,(P). Since a; € P and P is nth order
f-convexly connected, there is an arc a,a;41 of L included in P. Now, the
union of a;b;, with the m-curve joining @; and x is an (m 4+ 1)-curve with
endpoints b; and x. Hence, b, € §,(P) and the contradiction shows that
f;(P) is nth order L-convexly connected.

Let us note, without proof, the following simple remarks.

Remarks. (1) Let Py, ..., P, be convexly connected sets of finite order
(not only finitely ¢-convexly connected), the orders being not necessarily
equal. Then there exists a natural number m such that N1 P; is mth order
L-convexly connected.

(2) If {P,},=1 is a sequence of second-order L-convexly connected sets,
then M, =1 P, is not necessarily finitely £-convexly connected.

LemMaA 11. If P C D s simply connected, and finitely {-convexly connected,
then 8,(P) is simply connected. 8,(P) is not necessarily compact, even if P 1is
compact.

Proof. Suppose that there exists a bounded component 4 of the complement
of R,(P) in the plane. Since ®,(P) C P and P is simply connected, 4 C P.
Take a € A. Since

P C D = M1<8)r
there exists a curve L € & passing through a.
Let By, . . ., B, be the components of L — P, and b; € B,. There is a point

y; € 8:(P) between a and b; on L, since otherwise, owing to the connectedness
and maximality of 4,

would imply that ab; C 4, and 4 would include the (unbounded) complement
of P. Choose b; from {by, ..., b,} such that there is no b; between a and b,
on L. In this case, obviously ab; M P is connected; whence ay; C P.
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Now, since y; € £ (P), we also have a € §,(P), contradicting a € 4.
Hence, §,(P) is simply connected. It is easy to find an example proving the
existence of a compact set P such that &,(P) is not compact for a suitable
point x € P, even in the case of a continuous family of curves in Griinbaum’s
sense.

The following theorem results from Lemma 10 for » = 1, since any inter-
section of ¥-convex sets in D is ¥-convex, and the %-kernel of P C D equals

mzéP @Z(P)

TuEOREM 13. The {-kernel of an L-convex set in D is &-convex.

Theorem 14 below is a consequence of Lemma 11, of Theorem 13, and of
the obvious fact that each {-convex set is finitely ®-convexly connected.

THEOREM 14. The S-kernel of a simply connected, R-convex set in D is simply
connected and L-convex.

The following theorem follows from Lemma 11.

THEOREM 15. The L-kernel of a simply connected, finitely R-convexly connected
set in D is simply connected.

Remark that in Theorems 13, 14, and 15, the ®-kernel may well be void.

10. Final remarks. The study of these families of curves is of obvious
interest in connection with planar convex bodies and families of lines as-
sociated with them. A generalization of continuous families of curves applying
to higher dimensional convex bodies would be most desirable, but this seems
to be rather difficult, even for the three-dimensional case. On the other hand,
it seems possible to give further topological generalizations of concepts first
appearing in plane convexity.

https://doi.org/10.4153/CJM-1969-059-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-059-1

230 TUDOR ZAMFIRESCU

During the publication of the present paper the following result (5) was
added to (3, Theorem 1):

If the intersection of all curves in the continuous family R is void, then on all
curves of &, with at most three exceptions, each of their dense subsets intersects
M3(2).

Further, some kinds of closed curves can be associated with a continuous
family, generalizing analogous curves already introduced for convex bodies
in the plane.

REFERENCES

1. A. M. Bruckner and J. B. Bruckner, Generalized convex kernels, Israel J. Math. 2 (1964),
27-32.

. J. Ceder, Generalized sixpartite problems, Bol. Soc. Mat. Mexicana 9 (1964), 28-32.

3. B. Griinbaum, Continuous famalies of curves, Can. J. Math. 18 (1966), 529-537.

. A. Horn and F. A. Valentine, Some properties of L-sets in the plane, Duke Math. J. 16 (1949),
131-140.

5. T. Zamfirescu, Sur les familles continues de courbes (Note I), Rend. Classe Sci. Fis. Mat.

Naturali Accad. Naz. dei Lincei 42 (1967), 771-774.

[

'S

Institutul de Matematica,
Bucharest, Romania;
Ruhr-Universitit Bochum,
Bochum, West Germany

https://doi.org/10.4153/CJM-1969-059-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-059-1

