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Abstract

A simple approximate formula, expressing the maximum moment of inertia of a neutron star as
a function of the mass and radius of the configuration with a maximum allowable mass, is shown to
be a quite precise representation of the results obtained for a broad set of equations of state of dense
matter. The resulting possible observational constraints in the mass-radius plane for neutron star

models are discussed.

The moment of inertia of a neutron star plays
an important role in phenomenological models of
pulsars. The total energy expenditure per unit
time, Eiot, including the observed luminosity and
the power needed to accelerate the material of the
surrounding nebula, is accounted for by the slowing
down of the neutron-star rotation. In the standard
case of the rigid rotation, Ei, can be related to
the measured rotation frequency, {2, and its time
derivative, 0, by Fioy = —Epot = —I2, where I is
the moment of inertia for rigid rotation. This leads
to an observational estimate I b = —_Em /922, pro-
vided we have a reliable estimate of Fy,.

Even in the case of slow! rigid rotation, the
calculation of the moment of inertia of a neutron
star is complicated by general relativistic effects,
such as dragging of the local inertial frames. An
important feature stemming from general relativ-
ity is the existence, for a fixed equation of state
(EOS) of superdense matter, of the maximum mo-
ment of inertia, Ipnax. This maximum value is
reached for a neutron-star mass below the maxi-
mum allowable mass, M .x. The parameters of the
neutron-star configuration corresponding to Ipay
(or Mpmax) are determined by the properties of su-
perdense matter well above the normal nuclear den-
sity, po = 2.5 x 10 gcm™3. Unfortunately, the ac-
tual properties of matter for, say, p > 2pg, are un-
known, and thus it is of the utmost importance to
look for constraints on the parameters of neutron
stars, which have a universal character and are inde-
pendent of the particular form of the EOS of dense
matter.

Generally, the scatter of the values of Iay, Ob-
tained for various EOS of dense matter, is much
larger than that for the values of My,,.. This fea-
ture of neutron-star models was pointed out seven-
teen years ago by Carter and Quintana (1973), who
confronted the then existing EOS of dense matter

10?2 « (¢/R)®*GM/RA, R < c, conditions which are
satisfied for pulsar period greater than 1 ms

(which are now considered to be very unrealistic
from the point of view of the theory of dense mat-
ter) with the scarce data then available about the
energetics of the Crab pulsar. In this way they were
able to eliminate the softest EOS of their set. Up-
per bounds on the neutron-star moment of inertia,
based only on general relativity and causality, have
been derived by Hartle (1978). These theoretical
upper bounds are, however, too large to be of prac-
tical significance.

In the present note we discuss an approximate
but surprisingly precise relation between I,,,, and
the mass and radius of the configuration with
the maximum allowable mass, Mpy.x, and Rpax:
Inax =~ aM,,, R%,,, where a does not depend on
the EOS, and can be calculated by fitting this re-
lation to the existing numerical results for vari-
ous EOS of dense matter. Our fit has been car-
ried out for a set of nineteen EOS, which included
a broad set of EOS studied by Arnett and Bow-
ers (1977), EOS with first order phase transitions
above py (Haensel and Prészynski 1982), EOS with
a large percentage of hyperons (Glendenning 1985),
and strange stars built of self-bound quark mat-
ter (Haensel, Zdunik, and Schaeffer 1986). A
least squares fit by minimization of the sum of
the squares of the relative deviations yields, with
x? = 0.032, the formula

Imax, 45 = 0.984

Minax (Rm.x )’ )
M@ 10km/ ’
where Iys is the moment of inertia in units of
10*3 gcm?. This formula reproduces the values of
I'nax typically within a few percent (figure 1). The
quality of the fit is surprisingly good, especially in
view of the fact that the values of I sy, 45 change by
an order of magnitude when passing from very soft
EOS (Imax, 45 ~ 0.5) to very stiff ones (Imax, 45 ~ 5).
It should be stressed that I,y in eq.(1) refers to a

different neutron star configuration than that with
Mpax and Rpax. Had we tried to fit . with
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Figure 1 The least squares fit to the dependence of Imax
on M, R2,,. Each point corresponds to one of the EOS,
listed in the text.

the actual values of M and R of the configura-
tion with the maximum value of I, the fit would
be rather poor, with the numerical coefficient equal
to 0.83, x? = 0.26, and the relative deviations typ-
ically ~10% and sometimes as large as 20%. In
view of this we think that eq.(1) has some feature
of universality.

Eq.(1) allows us to formulate a practical con-
straint on the M—R relation for neutron stars, re-
sulting from the detection of a pulsar with moment
of inertia I,,s. To be consistent with this observa-
tional fact, an EOS should satisfy

Rimax -
> 1.02 Iobs,45 (m)

anx
Mo

(2)

Until now, the only observational estimates of
I,us are those for the Crab pulsar Icrap. The total
power emitted by the Crab Nebula in the form of
optical, ultraviolet and X-ray radiation has been
recently estimated as

Eraqa =2 x 10%8(d/2.0kpc)? ergs™!,

where d is the distance of the nebula (Lozinskaya
1986). This luminosity should be accounted for by
the loss of rotational energy of the Crab pulsar,
Erot = IciapNY. Using QQ = ~4.59 x 1077573,
we thus obtain Icrab, 45 > 0.4 (d/2.0 kpc)?, so that
assuming the widely accepted value of the distance,

d = 2.0kpc, we get a lower bound I(lr).b s = 04
More detailed analysis of the energetics of the Crab
Nebula (see, e.g., Manchester and Taylor 1977) al-
lows one, in principle, to set the lower limit on Iy«
much higher. The usually quoted value of the total
power required to support the accelerated expan-
sion of the Crab Nebula’ Eeyp is 4 x 10% ergs™!
(Manchester and Taylor 1977). However, such an
estimate of Eexp, obtained using the very crude
approximation of spherical symmetry, is based on
many assumptions. The most important of these
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Figure 2 Allowed regions in the M-R plane for non-
rotating neutron star models. Examples of configura-
tions with the maximum allowable mass are denoted by
crosses. Configurations lying to the left of the heavy
solid line are prohibited by general relativity and causal-
ity. The M(R) curves for the various EOS are: MFT—
mean field theory, model 0.17 of Haensel et al. (1981);
BJI—model I of Bethe and Johnson (Malone, Johnson, and
Bethe 1975); PN—Pandharipande EOS for neutron mat-
ter (Pandharipande 1971a); PH—Pandharipande EOS for
hyperonic matter (Pandharipande 1971b); S—model SQ of
strange quark stars (Haensel, Zdunik, and Schaeffer 1986).
The dotted horizontal segment corresponds to the mass of
PSR 1913+16. For the further explanation, see the text.

assumptions are: d = 2.0kpc, the value of the ac-
celeration of the expansion taken as the average
over the whole expansion period (1073 cm/s?), the
mass of the nebula taken to be 1 Mg, the present
radius of the expanding shell taken as 1pc, the
velocity of expansion 1500km/s, and the density
of the interstellar medium swept by the expand-
ing envelope assumed to be nyg = 0. 2cm"3 With
these parameters, assuming E’,og = —E,,d E',xp,

we get Iémb’45 = 1.2, As can be seen in figure 1,
this estimate of Icpap excludes a significant num-
ber of very soft EOS of dense matter. The ac-
tua.l uncertamty in the value of Ic,ap obtained from
Erot = —Epaq — Eexp, however, is expected to be
very large. For example, the uncertainty in d is
rather large (see, e.g., Davidson and Fesen 1985).
Also, the total mass of the nebula is very poorly
known.

In getting the estimate Ig)_b, the value of 1 Mg
for the mass of the Crab nebula (not including the
pulsar) has been assumed; this was a “standard”
estimate of the nebula mass by the end of sixties
(see, e.g., Minkowski 1968). More recent analysis
based on absolute emission-line fluxes from the neb-
ula suggests that the mass of the nebula, out to a ra-
dius of 1.6 pc (and not counting the pulsar), is more
likely 2-3 M (Davidson and Fesen 1985). Using the
same values of the remaining parameters as those
used to get Ig,).b, we obtain Icrab, 45 = 1.9-2.5. This

would suggest Icrab, 45 > Ig)‘b = 1.9, eliminating
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Maximum moment of inertia of neutron stars

a significant fraction of EOS represented by points
in figure 1. Constraints resulting from several es-
timates of Icrapb are shown in figure 2. The al-
lowed region in the M-R plane is bounded from the
left by the line corresponding to the maximum red-
shift of non-rotating neutron-star models, based on
a causal EOS [velocity of sound = (dP/dp)'/? < ]
(Lindblom 1984). This absolute limit corresponds
to 2GM/Rc* < 0.72. A neutron star should be suf-
ficiently compact to rotate stably at the period of
the most rapid millisecond pulsar, PSR 19374214
(Shapiro, Teukolsky, and Wasserman 1983). This
excludes neutron-star configurations lying below
the heavy dashed line marked “1.6 ms”, leading to a
rather weak constraint on neutron-star models. If a
pulsar with I,ps has been observed, then the config-
urations with maximum allowable mass should lie
above the line M = 1.02 Iobs, 45(R/10km)~2. The
constraints resulting from several estimates of Icrab
are represented by dashed segments of hyperbolas,
the confidence in the constraint increasing with the
line thickness. The lower bound on Ic;ab, I((er):b
[heavy dashed line (2) in figure 2], does not yield
a significant constraint on the neutron-star models.
On the contrary, the estimate Ig)'b [medium heavy
dashed line (2) in figure 2] yields quite a strong
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constraint on the softness of the EOS of dense mat-
ter. Specifically, for Rpax < 9.2km the value of

r2) . -

I5,.p Puts a stronger constraint on the minimum
stiffness of the EOS than that resulting from the
measured mass of PSR 1913+16 (Mmpax > 1.44 Mg,

Taylor and Weisberg 1989). A still larger estimate,

Ig).b (thin dashed line (3) in figure 2), puts a rather
strong constraint on the EQS, allowing only stiff
ones. It should be stressed, however, that the actual
uncertainty in our estimates of Ic,,p is expected to
be very large. Despite the very scarce present in-
formation about the moments of inertia of neutron
stars, we hope that the constraint derived in the
present note can be potentially useful in constrain-
ing the EOS of dense matter. When passing from
the softest EOS to the stiffest one, Mp,,x increases
by a factor of two, whereas Ip,.x increases by a fac-
tor of ten. Clearly, Iinax is much more sensitive
to the EOS than Mp,.x. This is why future deter-
minations of the moments of inertia of pulsars can
lead to rather strong constraints on the theories of
superdense matter.
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