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ORDINARY D I F F E R E N T I A L EQUATIONS* 
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1. In t roduct ion . In studying d i f ferent ia l equa t ions , the usua l 
t a sk is to d e t e r m i n e p r o p e r t i e s of the solut ions of such equat ions f rom 
a knowledge of the coefficient func t ions . The c o n v e r s e ques t ion , namely , 
of d e t e r m i n i n g the coefficient functions f rom p r o p e r t i e s of so lu t ions , 
a l so has s ign i f i cance . It has been studied e spec ia l ly in the c a s e of 
S t u r m - L i o u v i l l e equa t ions . 

A d i s c u s s i o n of the i n v e r s e S t u r m - L i o u v i l l e p r o b l e m can be found 
in [8, Chapter 8], w h e r e r e f e r e n c e s a r e given to the work of 
W.A. A m b a r z u m i a m , G. Borg , I . M . Gelfand, M . G . Kre in , B . M . Levi tan , 
N. Levinson and W.A. Marchenko on this p r o b l e m . Work of a quite 
dif ferent c h a r a c t e r , but deal ing a l so with ques t ions of a c o n v e r s e type 
a r i s i n g f r o m S t u r m - L i o u v i l l e equa t ions , has been done by O. Boruvka 
and his co l l eagues and s tudents [2] . 

H e r e we a r e concerned with far m o r e e l e m e n t a r y c o n s i d e r a t i o n s 
than the fo rego ing . The p r o b l e m s d i s c u s s e d a r i s e f rom [6] and [7 ] , 
T h e r e it was n e c e s s a r y to p rove [6, §9] that two l i nea r ly independent 
so lu t ions , y (x), y (x), of a S t u r m - L i o u v i l l e equat ion y" + f (x)y = 0 

2 2 
could have y (x) + y (x) equal to a cons tan t only if f(x) w e r e a l so 
cons tan t** . The proof given [6, p . 72] was based on the g e n e r a l method 
used throughout that pape r and was quite br ief . 

*The r e s u l t s a r o s e f r o m d i s c u s s i o n s in a s e m i n a r on d i f ferent ia l equat ions 
at Aa rhus Unive r s i ty , D e n m a r k , dur ing 1964-65 . The p a r t i c i p a n t s w e r e 
Jyt te B r e t l a u , Villy K. Chr i s t ensen , Jens J^ rgen Hoist , M a r g r e t h e J^ rgen -
sen, Tove Lund J^ rgensen , K a r e n Skov L a r s e n , Lee Lorch , 
Nie ls Wendell P e d e r s e n , P e r Amdal Steffensen, Leif Hautop S^rensen , 
and P r e b e n Dahl V e s t e r g a a r d . 

2 2 
**In [6, p . 72] it is s ta ted that if y + y equals a (non-zero) cons tan t X , 

-2 2 
then f(x) = X . Actual ly, it should be said ins tead that f(x) = (W/x ) , 

w h e r e W = y y ' - y y' , the Wronskian of y , y , is a cons tan t 

[3, p . 16] . See §2 , R e m a r k 3 . 
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A s t i l l s i m p l e r proof can be based on a d i f ferent app roach , n a m e l y 
Appe l l ' s d i f fe ren t ia l equat ion [1 ; 9, p . 298, example 10]* , This 
d i f fe ren t i a l equat ion is sa t i s f ied , under c e r t a i n condi t ions ( see T h e o r e m 2 

2 2 
below), by z(x) = Ay + By y + Cy , w h e r e A, B , C a r e a r b i t r a r y 
c o n s t a n t s . T h e s e condi t ions a r e sa t is f ied t r i v i a l l y in the app l i ca t ions 
of the r e s u l t involved to [6; 7], so that the Appel l equa t ion can be used 
to show in an obvious fash ion that f(x) is cons tan t when z(x) is 
cons tan t (see § 2, R e m a r k 2 following T h e o r e m 2) . 

This a p p r o a c h s u g g e s t s the add i t iona l p r o b l e m s which a r e 
inves t iga ted h e r e , and in which we c o n s i d e r p a r t l y the g e n e r a l second 
o r d e r l inear homogeneous d i f fe ren t i a l equat ion r a t h e r than only the 
S t u r m - L i o u v i l l e equa t ion . 

We e s t a b l i s h f i r s t (§2) c i r c u m s t a n c e s under which the Appel l 
equat ion is valid (Appell a s s u m e d , appa ren t l y , that a l l d e r i v a t i v e s used 
exis t ; l e s s s t r i n g e n t hypo theses suffice), and apply th is equat ion to the 
c a s e of cons t an t z . The c a s e of po lynomia l z is d i s c u s s e d for S t u r m -
Liouvi l le equat ions in § 3 . F o r qui te g e n e r a l z, f u r t h e r c o n v e r s e 
ques t ions a r e c o n s i d e r e d in § 4 . 

2 . The Appel l d i f fe ren t ia l equa t ion . Cons ide r the d i f fe ren t i a l equat ion 

(1) y» + ? i y » +PZY = 0, 

in an i n t e r v a l I, w h e r e the r e a l funct ions p . (x ) and p (x) a r e con t inuous . 

F o r A, B and C a r b i t r a r y ( r ea l ) n u m b e r s , and y , y so lu t ions of (1), 

we define 

(2) z(x) = Ay^ + B Y i y 2 + Cy^ , 

and get our f i r s t r e m a r k : 

THEOREM 1. In the nota t ion of (1) and (2) we have 

(3) P 2 z = A(y^)2 + B y ^ + C ( y î / - \ p ^ ' - \ z I *M 

and 

(4) p 2 z 2 = i ( z ' ) 2 - i P l z z ' - \ z z " - | ( B 2 - 4 A Q W 2 

* We b e c a m e a w a r e of the Appel l equat ion f r o m a r e f e r e n c e to it by 
P . H a r t m a n [4, p . 182]. 
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w h e r e W is the Wronsk ian of y and y. 

Proof , C lea r ly , z " e x i s t s . Computing it f rom (2) and r e p l a c i n g 
à y'1 by m e a n s ( 

ca l cu la t ion shows that 

y'1 and y" by m e a n s of (1), we get (3). F u r t h e r m o r e , d i r e c t 

4z[A(y^)2 + Byjy!, + C(y!,)2] = (z 1 ) 2 - ( B 2 - 4AC)W2 , 

and, us ing (3) we get (4). 

R e m a r k s . 1. The function p (x) is comple te ly d e t e r m i n e d by 
2 2 

z(x) and p (x), except poss ib ly for the t e r m - \ (B - 4AC)(W/z) , 
p rovided z(x) is not ident ica l ly z e r o . 

2 . In a S t u r m - L i o u v i l l e equat ion (i. e. , w h e r e p (x) = 0 for x e I), 

p (x) is comple t e ly d e t e r m i n e d , except for a cons tan t , by z(x), provided 

z(x) i s not iden t ica l ly z e r o . 

3 . When z(x) = 0, nothing can be in fe r red concern ing p (x). 

T h e s e r e m a r k s a r e obvious f rom (4), except for va lues of x for 
which z(x) = 0. Suppose that z(£) = 0, £ e I. It wil l be shown that £, 
i s not a l im i t -po in t of z e r o s of z(x) . Suppose it w e r e . Then 

z(£) = z f(£) = 0 and, f rom (4), ( B 2 - 4AC)W2 = 0. Thus , e i the r 

(i) B 2 - 4AC = 0, or (ji) W = 0. 

2 
In c a s e (i), w h e r e B - 4AC = 0, z(x) is a pe r f ec t s q u a r e , say 

2 
(a. y + # 7 y 9 ) , and so equals the s q u a r e of a solut ion Y(x) of (1). 

C lea r ly , the z e r o s of Y(x) coincide with those of z(x) so that £, i s 
a l imi t -point a l so of z e r o s of Y(x), and so Y(£) = Y'(£) = 0. Hence 
Y(x), as a solut ion of (1), is iden t ica l ly z e r o [3, p . 13, §6] , and so 
a l so is z(x), c o n t r a r y to the h y p o t h e s i s . 

In c a s e (ii), whe re W = 0, the solu t ions y (x), y (x) of (1) a r e 

l i n e a r l y dependent . Hence z(x) is a mu l t ip l e of the s q u a r e of one of 
t h e m . Thus it fol lows, as in c a s e (i), that £ is an i so la ted z e r o of z(x). 

Knowing now that any z e r o , £ , in I, of z(x) is i so la ted , we 
o b s e r v e that p (x) is de t e rmined by z(x) (up to a constant ) for a l l x 

sufficiently c lose to £ , x ^ £ . Thus, p (£ ), being equal to 

^•un P0(x) , is d e t e r m i n e d as we l l . 
x->£ Z 
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F r o m (4) we ob ta in : 

COROLLARY 1. (a) If p*(x) and_ {p (x)z1} « exis t , then 

z , , ! (x) e x i s t s . 

(b) If p ' ( x ) jind z ! I I (x ) ex i s t , then {p (x)z '} f e x i s t s . 

(c) At points w h e r e z(x) 4- 0, the ex i s t ence of {p (x)z1}1 and of 

z ! l l (x ) jo in t ly imply the ex i s t ence of p ' ( x ) . 

In the i m p o r t a n t s p e c i a l c a s e of S t u r m - L i o u v i l l e equa t ions , w h e r e 
p (x) = 0 , x G I, P a r t (b) of C o r o l l a r y 1 b e c o m e s v a c u o u s . P a r t s (a^ 

and (c) b e c o m e 

COROLLARY 2 . In a S t u r m - L i o u v i l l e equat ion, the e x i s t e n c e of 
p1 (x) i m p l i e s that of z , f , ( x ) and, when z(x) 4 0, c o n v e r s e l y . 

It is n a t u r a l to ask if the r e q u i r e m e n t z(x) 4- 0 can be e l imina ted 
f r o m P a r t (c) of Co ro l l a ry 1 and f r o m the c o n v e r s e p a r t of C o r o l l a r y 2 . 
The a n s w e r is no: 

E x a m p l e . The d i f fe ren t ia l equat ion 

3 -
y n - | { 2 5 x + | x | 2 } y = 0, - co < x < + oo , 

in which p1 (0) does not exis t , has l i n e a r l y independent so lu t ions 

5 
1• 1 ) X 

y 1 (x) = exp | | x | . , y 2 (x) = y ^ x ) J 
exp } - 2 i t iM d t . 

If ve put z(x) = y (x), we s e e that z M , ( x ) and {p (x)z '} ' both 

ex i s t for a l l x, so that the f a i l u r e of p ' (0) to ex i s t m u s t be b lamed on 

the fact that z(0) = 0. 

COROLLARY 3 . If the function z(x) is a n o n - z e r o cons tan t , say 
X » then 

p j x ) = - i x"2(B - 4AC)W (x ) exp { -2 fX p . ( t ) d t {
y x e I 

Z o ] J l / o 
x J 

o J 
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In p a r t i c u l a r , for the S t u r m - L i o u v i l l e equation where p (x) = 0, x e I , 

p (x) = -£ x " 2 ( B 2 - 4AC)W2 = cons tan t . 

Next follow condi t ions under which the Appel l d i f fe rent ia l equat ion 
is va l id : 

THEOREM 2 . If p ' ( x ) ex i s t s and if e i the r (p.z*)1 _or z " f e x i s t s , 

then z(x) s a t i s f i e s the Appel l equat ion in the f o r m 

(5) z m + 2p z , ! + (p z1) ' + (2p 2 + 4p )z» 
1 1 1 Z 

+ (2p!> + 4 P l P 2 ) z = 0 . 

If, in addit ion, p ' (x) ex i s t s , then (5) m a y be wr i t t en in the m o r e 

u sua l f o r m 

(6) z 1 " + 3 P l z " + (p^ + 2p2
d + 4p2)z» + (2p^ + 4 P l p 2 ) z = 0. 

Proof . F r o m Coro l l a ry 3 it follows that, if e i ther (p z1)1 or 

z , , ! e x i s t s , so too m u s t the o t h e r . 

Different ia t ing (3), then r ep l ac ing y 1 ' , y1' f r o m (1) gives 

z ' » + 2 p 2 [ 2 A y l Y ^ + B ( y i y 2 ) « + Z C y ^ ï J 

+ 4P l[A(y» ) 2 + B y ^ + C(y^)2] 

+ (p1z^)1 + 2p^z + 2p2z» - 0. 

The f i r s t b r a c k e t equals z ' . The second is seen, using (3), to be 
Z1 + p 2 

1 2 
| z " + | -p^z ' + p^z . These subs t i tu t ions m a d e , (5) and (6) follow 

R e m a r k s 1. F o r the S t u r m - L i o u v i l l e d i f fe ren t ia l equat ion 
y " ^"PQ(x)y = 0, Co ro l l a ry 3 shows that if z(x) is a cons tan t 4- 0, then 

so too is p (x). This p r o v i d e s an a l t e r n a t i v e proof of the r e s u l t in 

[6, §9, p . 72], which t r e a t s the s p e c i a l c a s e of z(x) in which 
A = C = 1, B = 0. 
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2. F o r the c a s e s to which the r e s u l t of [6, § 9] is ac tua l ly appl ied 
in [6, 7], a v e r y s i m p l e d i r e c t proof of tha t r e s u l t can be given via 

Appe l l ' s equat ion, s ince , in t h e s e c a s e s , p ' ( x ) = f'(x) i s known a p r i o r i 
2 2 

to existe D i r e c t ca l cu la t ion then shows that z(x) = y (x) + y (x) sa t i s f i es 
(6) . With z(x) cons t an t ^ 0 and p . (x ) = 0, it is then obvious that 

p f (x) = 0, and the proof is c o m p l e t e . 

3 . The value of the cons t an t c, to which p 9 (x) of the p r e v i o u s 
2 2 

r e m a r k is equal , is c l e a r l y s e e n by C o r o l l a r y 3 to be (W/x) (cf. foot
note **) . This cons t an t va lue of p (x) i s p o s i t i v e . But p (x) could 
a l so be e i t he r ( ident ica l ly) z e r o or a nega t ive cons tan t , depending on the 

2 2 
s ign of the d i s c r i m i n a n t B - 4AC. If z(x) = y = cons tan t , then 
p (x) = 0 . If z(x) = y y = cons tan t , then p (x) is a nega t ive co n s t an t . 

3 . The S t u r m - Liouvi l le equat ion with po lynomia l z . H e r e we 
cons ide r the spec i a l c a s e of (1) with p . ( x ) = 0 and d e t e r m i n e the f o r m 

of p (x) when z(x) is a p r e s c r i b e d p o l y n o m i a l . This i s a n a t u r a l 

g e n e r a l i z a t i o n of the c a s e in which z(x) i s cons tan t , d i s c u s s e d in § 2 . 

THEOREM 3 . Suppose that p (x) = 0 , x G I , and that z is a 

po lynomia l , i . e . , z(x) = a + a , x + . . . + a x , w h e r e a + . . . + a > 0. -c 7 o 1 n o n 

Then 

(7) p (x) = z" 2 [d + c x + . . . + c x 2 n " 2 ] 
2 . o 2n-3 

for those x for which z(x) ^ 0, w h e r e the cons t an t d has the value 

- | ( B 2 - 4AC)W 2 + i a 2 - | a Q a 2 , and_ 

A P 
c = - i (p+l) S (p-i+3)(p-i+2)(p-i+l)a.a _ . + 3 , 

i=0 

w h e r e a. = 0 for i > n , p = 0 , . . . , 2 n - 3 . 

P roof . This is a s t r a i g h t f o r w a r d consequence of T h e o r e m 1. The 
coeff ic ients c can be d e t e r m i n e d by noting 

P 

d + c x + . . . + c x 2 n " 2 = - ^ ( B 2 - 4AC)W 2 - f z z " + i ( z » ) 2 . 
o 2n-3 * 
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Different ia t ing both s ides g ives 

c + 2c x + . . . + (2n-2)c x 2 n ~ 3 = - ±zzm 

o 1 2n-3 c 

| [ a + a x +. . . + a x n ] [6a + . . . + n ( n - l ) ( n - 2 ) a x1 1"3] 
o 1 n 3 n 

and c can now be obtained by equating coeff ic ients , following (Cauchy) 
P 

mu l t i p l i c a t i on of the las t m e m b e r . 

R e m a r k s . 1. If z(x) is quadra t i c or l e s s , i . e . , if 
-2 

a , r a = . . . = a = 0 , then p fz) = dz , i . e . , c = c , = . . . = c „ = 0. 
3 4 n 2 o 1 2n-3 

This shows aga in that p (z) is a cons tan t when z(x) i s . 

2 . F o r z(x) of d e g r e e n, with n at l eas t 3, then the n u m e r a t o r 
2 

of p (x) is of d e g r e e 2 n - 2 . In fact , c = - \ n(n- l ) (n- 2)a 4- 0. 

4 . P o s s i b l e f o r m s of z . H e r e we cons ide r the r e l a t i ons be tween 
so lu t ions of (1) and (6) and note that z(x) can r a n g e over the e n t i r e c l a s s 
of non-van i sh ing , twice d i f ferent iab le func t ions . But f i r s t a l e m m a is 
needed; it can be ver i f ied by d i r e c t ca lcu la t ion . 

LEMMA 1. Let W ( q , , . . . , q ; x) denote , as usua l , the Wronsk ian 
— ^1 ^n 

of the n functions q, , . . . , q , each of which is a s s u m e d to be differ en t iab le 
- i ^ - i n 

n - 1 t i m e s . _If u(x), v(x) a r e a r b i t r a r y twice d i f ferent iab le funct ions , then 

W(u 2 , uv , v 2 ;x ) = 2[W(u, v ;x ) ] 3 . 
THEOREM 4 . Let z(x) be a given twice diff e r en t i ab l e function, 

such that z(x) ^ 0 , x e I . Then t h e r e ex i s t s a function p 9 (x) such that 

for any pa i r u(x), v(x) of l i nea r ly independent solut ions of the S t u r m -
Liouvi l le d i f fe ren t ia l equat ion 

(8) yM + p 2 (x)y = 0, x G I 

t h e r e ex is t cons tan t s A, B, C such that 

2 2 
z = Au + Buv + Cv , x G I 
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Proof . Define 

(9) p 2 (x ) = - | z " 2 [ z z " - i ( z ' ) 2 ] • 

The (non-vanish ing) function z(x) m a y c l e a r l y be a s s u m e d to be 

pos i t ive , so we m a y define w(x) = [z(x)]2 . Thus w(x) is a solut ion of 
(8) with p (x) defined by (9) and t h e r e f o r e w(x) = A u(x) + B v(x) . 

Hence 

2 2 2 2 2 2 
z = A u + 2 A B u v + B v = Au + Buv + Cv . q . e . d . 

1 1 1 1 ^ 

R e m a r k . Obviously A > 0, C > 0 and B = 2(AC)2 with z p o s i t i v e . 

A c o n v e r s e to T h e o r e m 2 is a l so va l id : 

THEOREM 5 . _If u(x), v(x) a r e t h r e e - t i m e s d i f fe ren t iab le funct ions 
2 2 

such that u , uv and v a r e l i nea r ly independent so lu t ions of the Appel l 
equat ion (6), then u and v a r e l i n e a r l y independent so lu t ions of (1), 
x G I . 

2 
Proof . In (6), put f i r s t z = u . On su i t ab le r e a r r a n g e m e n t of the 

r e s u l t i n g e x p r e s s i o n , th is b e c o m e s 

(10) u[(u" +p u1 +p u)1] + (3u ! +2p u) (uM +p uf +p u) = 0 . 

S imi l a r l y , we obta in a l so 

(11) v [ ( v " + p v1 +p v)1] + (3v' + 2p v) (vn +p v1 +p v) = 0 . 

Pu t t ing z = uv in (6) g ives 

( 1 2 ) (v[(u« l + P l u » + p 2 u ) ' ] + u[(v» + p d v +p2v)»] 

/+ (3v ! +2p v ) ( u n +p u1 +p u) + (3u ! +2p u) (v n +p v1 +p v) = 0 . 

Mult iplying (12) by u • v , and us ing (10) and (11) g ives 

(13) 3(uv ! - u 'v) [v(uM +P.U1 +P 2 u) - u (v n +p v1 +P 2 v) ] = 0 . 

7 1 0 
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F r o m the l e m m a 

2[W(u, v;x)] = W(u , uv, v 2 ; x) i 0 

v(u" +p u' +p u) = u ( v " + p v 1 + p v) 

A s s u m e now that the z e r o s of, say, u have a l imi t point x ins ide I. 
o 

00 

That i s , t h e r e ex i s t s a sequence {x } . such that x -*• x , a s n-*- oo, 
n n n=l n o 

and u(x ) = 0 for a l l n . 
n 

Then u(x ) = u ' (x ) = 0 , and W(u, v;x ) = u(x )v'(x ) - u ' (x ) v(x ) = 0 
o o o o o o o 

2 2 2 2 
and so W(u , uv, v ;x ) = 0 . But this is imposs ib l e , s ince u , uv and v 

o 
a r e l inea r ly independent solut ions of the d i f fe ren t ia l equat ion (6). 

Thus , the z e r o s of both u(x) and v(x) a r e i so l a t ed . 

Cons ider now those i n t e r v a l s whe re u and v a r e different f rom 
z e r o . In these i n t e r v a l s we define the function k(x) as fo l lows: 

u«'(x)+p (x)u'(x)+p (x)u(x) v"(x)+p (x)v'(x)+p (x)v(x) 
(14) k(x) = * = î —-—-* ' 

u(x) v(x) 

C lea r ly k(x) i s d i f ferent iab le in these i n t e r v a l s . We show now that 
k(x) - 0 for a l l x for which it is defined. 

F r o m (14) we ge t : 

u11 + p . u ' + p u = ku 
1 2 

v " + p v 1 + p^v = kv 

Subst i tute th is in (10), (11) and (12): 

|^2k(u2)» + (k1 +2p k)u 2 = 0 

( 1 5 ) { 2k(v2)» + (k1 + 2 P l k ) v 2 = 0 

(2k(uv) f + ( k f + 2 p k)uv = 0 

T h e r e a r e two c a s e s to c o n s i d e r : 
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1 : T h e r e e x i s t s an x such that k(x ) ^ 0 and 
o o 

k ' (x ) + 2 p , ( x )k(x ) * 0 . 
o 1 o o 

2 ° : F o r a l l x , e i the r k(x) = 0 or k '(x) + 2p (x)k(x) = 0. 

o 
In c a s e 1 : 

so that 

F r o m (15) we ge t : 

2k(x )[u2(x )] ' = - [ k ' ( x ) + 2 p , ( x )k(x ) ] u 2 ( x ) 
o o o l o o o 

2k(x ) [ v 2 ( x )] ' = - [ k ' ( x ) + 2p , (x )k(x ) ]v 2 (x ) 
o o o l o o o 

[u2(xo)]> u 2 (x Q ) 

[v 2 (x ) ] ' v 2 ( x ) 
o o 

u ' (x ) u(x ) 
o o 

v ' (x ) v(x ) 
o o 

But th is s ays that v ' (x )u(x ) -u ' (x )v(x ) = \¥(u, v; x ) = 0, w h i c h , as the 
o o o o o 

2 2 
l e m m a shows, c o n t r a d i c t s the l inea r independence of u , uv, v . 

In c a s e 2 : 

Let us suppose that t h e r e ex i s t s an x such that 

k(x ) t 0 . Then 

Then f r o m (15), 

k , ( x 1 ) + 2 p l ( x i ) k ( x 1 ) = 0 

2 k ( x 1 ) [ u 2 ( x 1 ) ] ' - 0 o r [ u 2 ( X l ) ] ' = 0 , 

2 k ( x 1 ) [ v 2 ( x 1 ) ] ' = 0 or [ v 2 ( X l ) ] ' = 0 , 

2k (x 1 ) [u (x 1 )v (x 1 ) ] ' = 0 or [ u ^ M x ^ ] ' = 0 
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2 2 
Thus, we have again that W(u , uv, v ; x ) = 0, a con t r ad i c t i on . 
Thus, k(x) = 0 for a l l x such that u(x)v(x) ^ 0, that i s , for such 
x we have 

(16) u"(x) +p 1 (x)u I (x) +p (x)u(x) = v"(x) + P l ( x ) v ' ( x ) +p (x)v(x) = 0. 

By cont inui ty (u" and v " a r e both cont inuous, s ince they a r e both 
d i f f e r e n t i a t e ) we see now that (16) is t r u e for a l l x . But this shows 
that u and v a r e so lu t ions of (1), as a s s e r t e d . 

2 2 
R e m a r k . In supposing that u , uv, v a r e solut ions of (6) we 

have, of c o u r s e , a s s u m e d that p ' , p* ex i s t . T h e o r e m 5 r e m a i n s val id 

if we a s s u m e somewha t l e s s and work with equat ion (5) ins tead of (6). 
T h e r e f o r e our ca lcu la t ions r e m a i n valid if we r e q u i r e only that 
( p l u ) ' , (p 1 v) ' and p^ e x i s t . 

F ina l ly , we e s t a b l i s h a c o n v e r s e to T h e o r e m 1: 

THEOREM 6. Let u(x) e C1 for x in the open i n t e rva l I. Suppose 

L"(X) ex i s t s for x e I whene 
sa t i s f i e s the d i f ferent ia l equat ion 

2 
that u"(x) ex i s t s for x e I whenever u(x) ^ 0 and that z(x) = u (x) 

2 2 
P2(x)z = | ( z ' ) - | p (x)zz ' - \ z z n , x e l , 

whenever u(x) ^ 0, w h e r e p (x), p 9 (x) a r e cont inuous for x ç I. Then 

u(x) s a t i s f i e s the d i f ferent ia l equat ion (1) for a l l x e I. 

P roof . A s t r a igh t fo rward ca lcu la t ion shows that 
3 

u [ u " + p (x)u' +p (x)u] = 0, so that the a s s e r t i o n is e s tab l i shed for 

those x G I for which u(x) ^ 0. To show that it holds a l so for those 
x e I for which u(x) - 0, we m u s t d e m o n s t r a t e that u"(x) ex i s t s and 
equals -p (x)u ' (x)-p (x)u(x) for such x . 

Two l e m m a s a r e needed . 

LEMMA 2. Suppose that g(x) i s cont inuous, a _< x <ç b, that 

g'(x) ex i s t s for a < x < b except poss ib ly for x = £, a < £ < b , and 
that g'(£ +) = l im g'(x) and g'(£ -) = l im g'(x) both ex is t and a r e 

x->£ + x->^ -
equa l . Then g'(^ ) ex i s t s and equals this common v a lu e . 

A proof of this l e m m a is given in [5, T h e o r e m 190, p p . 132-133] . 
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The next l e m m a can be e s t ab l i shed for a c l a s s of d i f fe ren t i a l 
equat ions b r o a d e r than (1), as A. M e i r r e m a r k e d in c o n v e r s a t i o n , and 
is p h r a s e d in a g e n e r a l f o r m . 

LEMMA 3o Let_ u(x) e C , x e I and suppose that u"(x) ex i s t s 
and equals f(x, u, u1 ) whenever u(x) ^ 0. Suppose fu r the r that 
f(x, 0, 0) = 0, x e I ; tha t f(x, w, w1 ) is cont inuous in x, w, w1 

and such that the d i f fe ren t i a l equat ion w" = f(x, w, w1 ) has a unique 
solu t ion when w(£) , w'(£) a r e specif ied for a fixed £, e I . Then 
u"(x) ex i s t s and equals f(x, u, u ' ) for a l l x e I . 

R e m a r k . The un iqueness condi t ion ob ta ins , e . g . , when f(x, w, w') 
s a t i s f i e s a L ipsch i t z condi t ion in w and w ' s e p a r a t e l y [3, p . 12, T h e o r e m 
3] , and, al l the m o r e , when, as in our intended appl ica t ion , f(x, w, w1) = 
- p (x)w' - p (x)w, with p (x), p (x) cont inuous [3, p . 13, § 6 ] . 

Proof of L e m m a 3 . The t r i v i a l c a s e u(x) = 0 , x e I , a s ide , it wi l l 
be shown (i) that each z e r o of u(x) in I is i so la ted and (ii), that at an 
i so la ted z e r o of u(x), the function has a second d e r i v a t i v e and s a t i s f i e s 
the d i f fe ren t ia l equat ion . 

(i) T h e r e e x i s t s x e l such that u(x ) ^ 0 . Define 
o o 

£ = l . u . b . { x | x > x , u ( x ) i 0, x e I } . 
o o 

If £, is an endpoint of I , then nothing m o r e need be proved for 

the sub in te r val x > x , x e I . Let £ be an i n t e r i o r point of I . Then 
= o o 

u(£, ) = 0 , s ince u(x) , being differ ent iab le, is con t inuous . If u'(£, ) 

w e r e a l so z e r o , then it would follow f r o m our un iqueness a s s u m p t i o n 
that u(x) = 

u»(e ) i o . 

that u(x) = 0, x < x < £ . But u(x) /= 0 , x < x < £ . Hence 
o = — ^ o = o 

Thus , ^ is not a l im i t -po in t of z e r o s of u(x) . It can t h e r e f o r e 

be s u r r o u n d e d by a ne ighbourhood th roughout which u(x) 4 0 for x ^ £ . 
o 

In th is neighbourhood we can s e l e c t x > £ , u(x ) 4 0, and, r e p e a t i n g 

the above cons t ruc t ion , a r r i v e at t > x , > ? , w h e r e £ , is e i the r the 
1 1 o 1 

r igh t -hand endpoint of I or is an i so la ted z e r o . Thus , we see that any 
z e r o of u(x) g r e a t e r than x in I is i so l a t ed . 

A s i m i l a r a r g u m e n t e s t a b l i s h e s the s a m e p r o p e r t y for any z e r o 
of u(x) l e s s than x in I. 

o 
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(ii) Let ^ G I be an i so la ted z e r o of u(x). Then 

l im {u"(x)} - l im f(x, u, u 1 ) = f (£, ufê), u»(£)) 
x-> 5+ x —£ + 

= l im f(x, u, u1) = l im {u"(x)} , 
x - > £ - x - > £ -

s ince u! l = f(x, u, u ') when u(x) ^ 0 , and f(x, u, u ' ) , u(x) and u'(x) 
a r e a l l con t inuous . 

Applying L e m m a 2 now, with g(x) = u'(x) , shows that u"(£) 
ex i s t s and equals f(£ , u(£), u'(£)) . This p r o v e s L e m m a 3. 

The proof of T h e o r e m 6 is comple ted on noting that the d i f fe ren t ia l 
equat ion (1) p o s s e s s e s the un iqueness p r o p e r t y hypothes ized in L e m m a 3, 
[3, p . 13, § 6 ] . 
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