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OF WHITE NOISE CALCULUS
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Intreduction

The theory of generalized white noise functionals (white noise calculus) initi-
ated in [2] has been considerably developed in recent years, in particular, toward
applications to quantum physics, see e.g. [5], [7] and references cited therein. On
the other hand, since H. Yoshizawa [4], {23] discussed an infinite dimensional rota-
tion group to broaden the scope of an investigation of Brownian motion, there have
been some attempts to introduce an idea of group theory into the white noise cal-
culus. For example, conformal invariance of Brownian motion with multi-
dimensional parameter space [6], variational calculus of white noise functionals
[14], characterization of the Lévy Laplacian [17] and so on.

The paper aims at establishing the fundamentals of infinite dimensional har-
monic analysis within the framework of white noise calculus, namely, based on the
calculus of differential operators 0; and their dual operators 0/, where f runs
over a time parameter space T. We develop a general theory of operators acting
on white noise functionals and, as a particular case, discuss infinite dimensional
rotations and Laplacians in detail,

Let us now recall some notions of white noise calculus, for more precise in-
formation see Section 1. Let T be a topological space with a Borel measure v. We
consider T as a time parameter space including a multi-time parameter case where
guantum field theory may be formulated. Let £ < L3 (T, v; R) = HC E* be a
Gelfand triple constructed by means of a particular self-adjoint operator A. Let y
be the Gaussian measure on E* and put (L% = L¥(E*, i; C), which is canonical-
ly isomorphic to the Boson Fock space over H¢. We then obtain a Gelfand triple
(E) C (L% < (E)* by means of the second quantized operator I'(4). An element
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of (E) (resp. (E)¥*) is called a test (resp. generalized) white noise functional. For
each t € T we define

0() = lim PETID =D g e ), zepr,
—0

where 0; € E* is the Dirac 0-function at ¢+ € T. Then 8; becomes a continuous
derivation on (£) and 0/ a continuous linear operator on (E)*. They correspond
to the anmihilation and creation operators at a point t € T, respectively, and satisfy
the canonical commutation relation.

In this paper we establish an effective theory of continuous operators on (E)
expressed as superposition of d; and 8 with normal ordering:

(0_1) El,m("f) = fT”m K,'(Sl, ey Sh tly e ,tm) a;': : '6;‘:6;1' ) 'atmdsl' . 'dsldtl' . dtm

By means of duality argument we prove that (0-1) defines a continuous operator
from (E) into (E)* for any £ € (ES"*™)* namely, for any distribution & in
(I + m)-variables (Theorem 2.2). The integral (0-1) is, therefore, understood in a
generalized sense and =, (k) is called an integral kernel operator. Moreover, we
have a criterion for checking when &), (k) defines a continuous operator on (E)
(Theorem 2.6). Since practically most important (usually unbounded) operators
acting on (L?) are expressed as in the form of (0-1), our theory will be effective
to a systematic approach to the operator theory on a Fock space and further ap-
plications as well.

Let O(E; H) denote the infinite dimensional rotation group in the sense of
Yoshizawa, namely, it is the group of orthogonal operators on H which induce
homeomorphisms of E. In other words, it is the automorphism group of the Gel-
fand triple E € H C E* Recalling that x(¢) = 0, + 8 is multiplication operator
by a white noise coordinate (Proposition 4.4), we naturally come to a continuous
operator from (E) into (E)™:

(0-2) x(s)0: — x(t)0s = 85°0; — 0/*0s,

which is a formal analogy of an infinitesimal generator of finite dimensional rota-
tions. Using the general theory established in this paper, we investigate a definite
role of (0-2). Namely, if X is an infinitesimal generator of a regular one-parameter
subgroup of O(E; H), there exists a skew-symmetric distribution ¥ € £ Q E*
such that

dr(X) = fT ks, D@20, — 070 dst,
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where dI is the differential representation (Theorem 4.3).

Infinite dimensional Laplacians have been so far discussed within the
framework of white noise calculus, see e.g, [2], [10], [12], [19]. With our integral
expression (0-1) the Gross Laplacian and the number operator are respectively
expressed as

Ao = f _t(s, Hoddsdr,
N= f _t(s, Horadsat,

where 7€ EQ E* is the trace, namely, defined by {r, EQn> = <&, ),
&, n € E. By means of rotation-invariance we will characterize these operators
among second order operators (Theorems 5.1 and 5.2).

The paper is organized as follows. Assembling some basic notions of white
noise calculus in Section 1, we establish in Section 2 a general theory of integral
kernel operators. In Section 3 we investigate some results on one-parameter
groups of transformations in general. As a corollary we obtain the Taylor formula
for white noise functionals. In Section 4 we prove that an infinitesimal generator
of a one-parameter subgroup of the infinite dimensional rotation group is de-
scribed in terms of 09, — 0/0s. Finally, in Section 5 we discuss infinite dimen-
sional Laplacians in connection with their invariance under the infinite dimension-
al rotation group. The Appendix contains a few useful inequalities.

There have been a few approaches to the Lévy Laplacian [15] from the view-
point of white noise calculus [8], [12], [13], [17]. We now have good hope that the
Lévy Laplacian could also be characterized within our setup.

ACKNOWLEDGEMENTS., The authors welcome this opportunity to express their
sincere gratitude to Professor J. Potthoff for interesting conversations which im-
proved this paper considerably. The main part of the joint work was completed
during the second named author’s stay in Titbingen, Germany. He is very grateful
to Professor H. Heyer and the Alexander von Humboldt Foundation for their warm
hospitality.

§ 1. Standard setup of white noise calculus

We begin with some general notation. For a real vector space X we denote its
complexification by Xc. If ¥ is a topological vector space, the dual space £* is al-
ways assumed to carry the strong dual topology. For two topological vector spaces
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X and 9 let £(X, 9) stand for the space of continuous linear operators from X
into . If X and Y are nuclear spaces, we denote simply by X @ 9 the completion
of the algebraic tensor product ¥ & .Y with respect to the m-topology, or
equivalently the e-topology, see e.g., [20]. If H and K are Hilbert spaces, we de-
note again by H & K the completed Hilbert space tensor product (hence H & K is
again a Hilbert space). The somehow ambiguously used symbol, however, will
cause no confusion in the context. If X is a Hilbert space or a nuclear space, let
X®" C ¥%” denote the closed subspace of symmetric tensor products. We also use
the symbol (}'f@");kym for the same meaning in case of dual spaces.

We then assemble some basic notions and notations of white noise calculus
principally following [7], see also [1], [10], {11], [18] and [22].

Let T be a topological space equipped with a Borel measure dv(t) = dt. Let
H = L*(T, v, R) be the real Hilbert space of square integrable functions on T.
Its norm and inner product will be denoted by |+|o and <-,->, respectively. Let A
be an operator on H with domain Dom(A). We assume that H admits a complete
orthonormal basis {e;}520 © Dom(A4) such that
(A1) Ae, = Aje; for A, € R;
(A2) 1< A4S A4 S > 00;
(A3) 250 472 < oo,
Obviously, A7 is extended to an operator of Hilbert-Schmidt class. Put

L 1/2
o=t =latl 5= (247)" =147 s,

We also note the following apparent inequalities:
0<p<1, p<a.

For p € R let E, be the completion of Dom(A?) with respect to the Hilbertian
norm | &|, = | A?E |y, £ € Dom(A?), where Dom(A?) = H for p < 0. We then
come to a chain of Hilbert spaces:

. CEpC CEqC CE():HC CE_qC CE_pC s
0<qg<p.
Equipped with the Hilbertian norms {|*]5} >0,
E=nNE
p=0

becomes a nuclear Fréchet space and its dual space is obtained as

E*¥= U E_p.

p=0
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It is known that the strong dual topology of E* coincides with the inductive limit
topology. The canonical bilinear form on E* X E is denoted again by <-,-> and it
is extended to a C-bilinear form on E(’Jk X E¢. The symbols ||, and <+, ) are
used for tensor products as well. For instance, it holds that

(1-1) | flo < 0" floss, FEEE", pER.

By construction & € E is a function on T determined up to v-null functions.
We then assume the following three conditions which are suggested by Kubo and
Takenaka [10].
(H1) For every £ € E there exists a unique continuous function on 7 which coin-
cides with & up to v-null functions.
We agree then that E consists of continuous functions.
(H2) For each t € T the evaluation map 0,: &~ &(t), £ € E, is continuous, i.e.,
0; € E*.
(H3) The map t— §, € E*, t € T, is continuous.
Under these conditions one may prove that any function in EG”", n = 1,2,..., is a
continuous function on 7™
Let ¢ be the Gaussian measure on E* which is uniquely determined by the
characteristic functional:

exp (~ 5 1eh) = [ oPdu), ek
We put (I?) = L*(E*, y; C) for simplicity and let || - [lp denote its norm. The
Wiener-Itd decomposition theorem says (L?) is canonically isomorphic to the Fock
space over H¢:
(1-2) 1)) = T & HE"
-

If ¢ € (L? corresponds to (fn)i=o, fn € HE”, we have

lplh= 2 ntl1l5
In that case we may write
(1-3) p2) = T G2 f), fu € HE.

Here: 2®": € (E®") ¥ is defined inductively as follows:

https://doi.org/10.1017/50027763000004220 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000004220

70 TAKEYUKI HIDA, NOBUAKI OBATA AND KIMIAKI SAITO

0
%% =1

®1
xr

8

x®n: — l‘® :x®(n—l): _ (n _ 1) T® :x®(n—2):’ n > 2,

where 7 € (E Q E)¥ . is defined by
(1-4) r= go o ® e
Note that

| o]z, = Jio At < 6.

In (1-3) each <:x®":, f,» is defined only as L?-function and the series is con-
verges in (L% according to (1-2).

Through (1-2) and (1-3) we may introduce a second quantized operator. Let
Dom (I (A)) be the subspace of ¢ € (L? given as in (1-3) such that (i) f, = 0 ex-
cept finitely many #; and (ii) f, € Dom(A4) @y * * * Qe Dom(A) (-times). Then
for ¢ € Dom(I" (A)) we put

(1-5) (I'(A)¢) (x) = .Z_'io Gx® AR

As is easily seen, I'(A) satisfies (A1) and (A3) with replacing A with I"'(A4). As
for (A2) we observe that the smallest eigenvalue of I"(4) is exactly one. We then
apply the method of constructing E from A to the white noise case.

Let (E;) be the completion of I" (A)? with respect to the Hilbertian norm

lol =17 @ls= 2 ntl 1l

where ¢ and (fn)y-o are related as in (1-3). Equipped with the norms {1} =0,

(E) = N (Ep)

=0

becomes a nuclear Fréchet space. Moreover, we note the following result due to
Kubo and Yokoi [11], see also Yokoi [22].

ProposiTioN 1.1. Let ¢ € (L?) be given as in (1-3). Then ¢ € (E) if and only

if fo € EE" for all mn=0,1,2, ... and Spon!| ful2 < 0 for all p = 0. In that

case the vight hand side of (1-3) converges pointwisely and becomes a unique con-
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tinuous function on E* which coincides with ¢ up to u-null functions.

By the above fact we always regard (E) as a space of continuous functions
on E* Let (E)* be the dual space of (E). An element in (E) (resp.(E)¥) is
called a test (resp. generalized) white noise functional. We denote by &+, > the
canonical C-bilinear form on (E)* X (E). When T=R and A=1+ £ —
(d/dt)?, (E) and (E)* are often denoted by (J8) and (J)* respectively.

We now introduce a differential operator 0; which playsAa fundamental role
in the white noise calculus. For G, € (EE™™* and fmin € E&E™™ we denote by
G Qmfmen € E&" uniquely determined by

<Gm ®Fm fm+n> = <Fn, Gm ®mfm+n>, Fn € (Egm)*

n+1

For example, if fo41 € E§‘ ' then
0t Q1 fas1(try. . t) = fasr(t,t1,. . 1)

For ¢ € (E) and y € E* we put
(1-6) Dyp) (x) = % nx®" TV y Qi fo,

where f, € Eéw is given as in (1-3), see also Proposition 1.1. Since

{ y®1fn ‘p < .Oq(n-l) | yl—(p+q) |fn (/qu 17, q = Ov

which is easily verified by Fourier expansion or by Proposition A.1, we obtain

(1-7) IDplly < Milyl-gpeg | 6 lose. ¢ € (E).

where

M, = M (p, q¢) = supvn o™V <o, ¢g>0.

n=0

Therefore D, is a continuous linear operator on (£). It is known that

(1-8) (D) @) = lim PETLZLEL g e ),

We now denote Dj, simply by 0:.
It is often convenient to use so-called exponential vectors. For £ € E¢ define

¢ € (E) by

oo

(1-9) de(x) = 2 %1!* Gx®t BB

n=0
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Then {¢s; £ € Ec) spans a dense subspace of (E). Note that
(1-10) e, $o» = €7, &, 1 € Eg,
(1-11) Dype = <y,& ¢, y € E*, £€ Ec.
In particular,

(1-12) Ope =6, t€ET, £E Ec.

These are easily verified.

§ 2. Integral kernel operators

Having introduced the differential operator 0; in the previous section, we now
develop a general theory of operators which are expressed as an integral of 0; and
8. We begin with

LemMA 2.1, For ¢, ¢ € (E) we put
(2-1) Neo(S1, .. .,81, ty . tw) = <<as=|: 050k O, ¢>>

Then for any p > 0 we have

- 14+m)/2
@2 nwele <o Wm (=520 ) g .

In particular, ng9 € EE"H™.
Proof. For simplicity we put 7 = 74,4 and suppose
¢(l‘) = > <:x®n:,fn> and (1)(1;) = > <:x®n:y gn>,
n=0 =

where fy, g, € Eg". Then, by a simple calculation we have
(2_3) 77(81,-..,31, tl)-'~ytm)
= <<at| Tt atm¢, as,' o 631 ¢>>

i (m+n)!'(l+n)!

n! 77n(31y.~-,317 tly---ytm)y

n=0
where

Y]n(sb oS tl9 . -stﬂl)
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= <(5t1 ® ’ ® 5Im) ®mfm+n, (531 ® ' ® 531) ®I g1+n>

= anfm-m(tmy- N S A -yun)gh-n(sly- .S, U, . -yun)dul' duty,.

Then, using the Schwarz inequality and Corollary A.2, we obtain

(2-4)  [naly=1@AN2""" 4l
<1 (AP @I fun Lo | ((A") 2" @ I®™) gran o
< PZM 1fm+n 11) l Si+n 1P'

Hence from (2-3) and (2-4) we see that

= (m+ !+ n)!
l N [ﬂ < ;0 (Wl n)nf(l ﬂ) l n ‘1’
2 fm Tt U+ . .
S Z \/ (m n' n) \;’ (l nyn) (Ozp V/(m + M)’ lfm+n {p \/(7+ n)! ‘gl+n [p
n=0YV . .

1/2

< M, (io n+ ! fuen ) (io @+ mt] gals)

where
M, = sup \(m s B g <o p> 0,
Hence
(2-5) Inly < Mllgll @1,
and therefore, n = 140 € E?”Mw. Finally, using repeatedly an elementary fact
max xe % = L. B>0,
>0 pe
we obtain
(2-6) M, < p~ﬂ(ﬂm"I)W(_—Zj%@)“M.
Then (2-2) follows from (2-5) and (2-6) immediately. Q.E.D.

® (I+m) . . .
THEOREM 2.2, For any k € (E¢ V¥ there exists a continuous linear operator

k) € LUE), (E)*) such that
(2_7) <<El,m(/f)¢y ¢>> = <K’ 77¢_¢>, ¢1 (10 = (E)s
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where N,y is given in (2-1). Moreover, for any p > 0 with | k|, < 0 it holds that

=b U4+m)/
2-8) 1 Zm®gls < o oy (ghi ) el 191

Proof. Note first that ¢, ¢ = <k, 144, @, ¢ € (E), is a continuous bilinear
form on (£). In fact by Lemma 2.1 we have

(2-9) 1<k, mow | <1k l=s | ns0ls

—-b U+m)/2
< p—p(llmm)l/2< )

—‘2}?}@ Lel-s B lsll @ lls.

Therefore there is a continuous linear operator H,(k) € LUE), (E)* such
that

LEm(K) P, P = <k, nsg?, ¢, ¢ € (E).

Hence (2-9) becomes

-p
| KEm(K) B, §» | < o7 (I'mm) 2 < ?Em

>(I+m)/2

el lols gl
from which (2-8) follows immediately. Q.E.D.
In view of (2-7) we also employ a formal integral expression:
Eun) = [ Kot b )08 0300 O dsidty- .

This is called an integral kernel operator with kernel distribution k.
Here we discuss some basic properties of integral kernel operators. We begin
with the uniqueness of the kernel distribution. For £ € EE"*™ we difine Sim(K)

€ EE“"™ by the formula:

<S;,m(lf), /3 ®"'771®51®‘ fm>

1
= Tt 2 <Iif, How K- “Naw &® N Q- - 'g‘[(m)>;
e ae@@l
7€ m

where &, n; € Ec. Then a direct verification implies the following

ProposiTioN 2.3, For any k € E{'?(Hm) it holds that B u(Sim(k)) = Em(k). If

Ez,m(lf) = 0, then Sl,m(/f) = 0.
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Recall that (E) is a nuclear Fréchet space and hence reflexive. If & &
PUE), (E)*), its adjoint F* belongs to Z((E), (E)*) again. For the adjoint of
an integral kernel operator we have

ProposiTioN 2.4, Let & € EE"™ .  Then Ea)* =5, (tn(£)) where
tmi(k) is defined by

i), nQ O =<k, (Qn, nE€EE", (L €EE.

We next discuss when an integral kernel operator &, (k) belongs to £((E),
(E)) which is a subclass of £((E), (E)*). For that purpose we first recall the
canonical isomorphism between L(EE”, E&' and (E&) ® (EE™*
(ES’"*’”))*, where all the tensor products are topological as we agreed at the
beginning of Section 1. If ¥ € (E&") @ (EE™* and K € $(EE™, EE") are in

correspondence, then
(2-10) e, i Q@ G = i, KGw>, mi € EE', (n € EE™,

for further details, see e.g., [20: Chap.50]. The next result is easily derived.

LeMMa 2.5 Fork € (EE"™)* the Sollowing fwo conditions ave equivalent:

(i) &€ (EC) @ (EE™M™

(ii) for any p =0 there exist C =0 and ¢ =0 such that | <k, n QO | <
Clnlepl Close forn € EE' and { € EE™.

THEOREM 2.6. Let £ € (EE"*™)*. Then Eim(k) € L((E), (E)) if and only
if K € (E&") Q (EE™*.

Proof.  First suppose that k¥ € (EE") ® (EE™* and let K € $(EE™, E&'
be the corresponding operator determined as in (2-10). Let ¢, ¢ € (E) and we
keep to the notations in the proof of Lemma 2.1. We then observe from (2-3) and
(2-4) that

(), ¢y = & mE U+ m!

n!

$k, Nu.

Then, by (2-10) we have

<gl+ny (K® I®n)fm+n> .

(2-11) L&) g, o = io Ont m! L+ )]

Since K is continuous, for a given p = 0 we may find ¢ =20 and C= C(p, ¢q)
> 0 such that | K7 |, < Cl 7 lyse, 7 € EE™. Then, applying Proposition A.1, we

https://doi.org/10.1017/50027763000004220 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000004220

76 TAKEYUKI HIDA, NOBUAKI OBATA AND KIMIAKI SAITO

obtain

(2—12) ] <gl+n, (K® I®n)fm+n> | S | Bi+n l—ﬂ l (K® I®n)fm+n |i>

< Cpqn l fm+n Iﬁ+q , Bi+n ,—P-
In view of (2-11) and (2-12) we obtain

© 1
I <<ulm(/f)¢ ¢>> | Z (m & n)n'(l t ) Co™ | fnen |1z+q ( Si4n |—p

E

\/ m+”) lfm+n’p+qV(l‘*_n)Y ,g!+n' 4

n=

< M, (i AW fuenlied) (5 A ginly)
< Myl @ lpsall @ -,

where

!
M3=M3(l,m,p,q)zsup[m+n) /(l+ﬂ) Cpqn<oo

n=0

for ¢ > 0. Consequently,
” Him(k)d |[l> < M “ ¢ ||1>+q~

This means that &, (k) is a continuous linear operator on (E).
Conversely, suppose that &, (k) € £((E), (E)). Then, for any p = 0 there
exist C 2 0 and ¢ = 0 such that

1 Zmt) ¢l < Clloee ¢ € (E).

Now consider
$(x) = <x®™, O, @) = a2, ),
where 7 € E&' and { € EE™. By definition we have
KE )P, O» = 1m! e, n Q O,

and therefore,

1 ®O 1< el @ls = il 1101 Clone

It then follows from Lemma 2.5 that ¥ € (E&) ® (EE™)* QED.

The action of &, (k) on exponential vectors (see (1-9)) is given explicitly.
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€] )
ProposiTiON 2.7. (1) Let £ € (EE"™™)*. Then

KEmK)Pe, P = <k, n®' R ES™ &7, £ 5 € E.

) Let £ € (ES) @ (EE™* and K € ¥ (EE™

, E&Y the covresponding operator de-
rmined as in (2-10). Then

o

Bim()pe(@) = 5 1 a®'s, (K™ @ £,

) Fory € E* it holds that

D, = Z.@) = [ yadt.

Proof. (1) We need only to combine (2-7), (1-10) and (1-12).

KEm(K)Pe, ¢r» = <k, LBy, - OrmPe, 05, * * Os1 P>

= e, n(s) nDER) - Etn)) L, P
= (e, n® R EE™ olem

) Let ¢(x) be the right hand side of the identity to be verified. By definition,

€ g> = St mt Gy KEH @™, i srn® ™D

CKE®™, n®'><E, 7

=2
=<k, p® R E™) 47,

1
n!
7

view of (1) we conclude that &, (k) ¢: = ¢.
) It follows from (2) and (1-11) that

Ho1(y) e = Z <I®n {y, & E®n> = {y, §>¢5 Dype.

1erefore Ho1(y) = D,. : Q.E.D.

Remark. During the proof of Theorem 2.6 we have observed the following
sult: Let K € (EE™, E&") and k € (EE) ® (EE™* be related as in (2-10).
| Knly < Clnlpse with some p=0,¢>0 and C =0, then | Enk) o, <
K l]p+q with some M = 0. Specializing this result for £k = y € E* and 5,.(y)
D,, we obtain a result due to Yan {21} If | |-, < o and ¢ < p, then || D,¢ |,
Cll ¢ ll5. This is, of course, the same as (1-7).

Combining Proposition 2.4 and Theorem 2.6, we come to the following
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Treorem 2.8. If k € (EE') @ (EE™)*, then
Emi(tmi(£)) = me” K(S1y .0yt by ) 08 00y~ 0dly - - dbydsy - - ds
is extended to a continuous linear operator from (E)* into itself.

If € PU(E), (E)*) can be extended to a continuous linear operator from
(E)* into itself, the extension is denoted by Z. For example, D; is extended to

D: € $((E)*, (E)*) whenever £ € E.

§ 3. One-parameter groups of transformations in general

In this section X denotes a barreled Hausdorff locally convex vector space
with defining seminorms {||* |la}aca. Recall that every Fréchet space is such a
space, for further information see [20]. Let GL(X) be the group of linear
homeomorphisms from X onto itself. We put £(X) = £(X, X) for simplicity.
Obviously, GL(¥X) C £(X).

A one-parameter subgroup {Gelser & GL(X) is called differentiable if
limy—o(GoE — £)/ 8 converges in X for any & € X. If {Gsleer is differentiable, a
linear operator X from X into itself is defined by

(3-1) X& = lim Qﬁgﬁ"—g, gex

6-0
As usual, this operator X is called the infinitesimal genervator of the differentiable
one-parameter subgroup {Ggser © GL(X). The next result is immediate from the
Banach-Steinhaus theorem, e.g., see [20: Theorem 33.1].

ProrositioN 3.1. Let {Gelyer © GL(X) be a differentiable one-parameter sub-
group. Then its infinitesimal genevator X is always continuous, ie, X € £(X).
Moreover, the convergence (3-1) is uniform on every compact subset of X, namely,

=0

a

Gag_‘ "E _
7 X¢

(3-2) lim sup

-0 f€K
for any a@ € A and any compact subset K C X,
Remark. When X is a nuclear Fréchet space, every bounded closed subset of

X is compact. Therefore, in that case the topology of £(X) induced from uniform
convergence on every compact subset of X is equivalent to that of uniform con-
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vergence on every bounded subset of X.
A differetiable one-parameter subgroup is uniquely determined by its
infinitesimal generator, namely, we have

PropoSITION 3.2, Let {Getper and (Hotper be two diffeventiable one-pavameter
subgroups of GL(X) with the same imfinitesimal generator X. Then Gg = Hp for all
< R.

For the proof we need two straightforward results.

Lemva 3.3, Let {Goloer © GL(X) be a differentiable one-parameter subgroup
with infinitesimal genevator X. Then for any 0 € R and any &€ € X we have

GoXE = XGy& = lim CorsE = Gof.

e—0 €
Moreover, the convergence is uniform on every compact subset in X.
Lemva 3.4, Let {Ggloer © GL(X) be a diffeventiable one-pavameter subgroup.
Then,

lim sup ” G«9+5$ - G&‘S “a =0

e—0 &€K

for any @ € A and any compact subset K C X,

Proof of Proposition 3.2. Let & € X be arbitrarily fixed. For simplicity we
put £(8) = H_e&. It becomes a differentiable curve in X and from Lemma 3.3 we
see that

L 6(0) = — XH_ = — XE(0).

Furthermore, {Gs&(8)}ser is also a differentiable curve in ¥. In fact, a simple
verification with Lemma 3.4 leads us to the following

A (GoE(0)) = Go(— XEWB) + XG£(6) =0, 6ER.

Namely, Ge&£(0) = GoE(0) = & for all 8 € R, and therefore Go&y = He&,. Since
&) € X is arbitrary, we conclude that Gy = H,. QED.
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In general, not every X € £(X) can be an infinitesimal generator of a diffe-
rentiable one-parameter subgroup of GL(X). We give here a sufficient condition.

ProrosiTion 3.5. Let X € £(X) and assume that theve exists ¥ > 0 such that
{(r X))/ n!)5-0 is equicontinuous, namely, for every o € A theve exist C = C(a) 2 0
and B8 = B(a) € A such that

sup i | X6l < Cléle, €.

Then there exists a differentiable one-parameter subgroup {Gglger < GL(X) with
mfinitesimal genevator X.

Proof. By assumpiton, the series

(3-3) Gt=SUixe, cex lo1<y,
n=0 :

is convergent in ¥ and | Gelle < CA —|01/7)7 | Ells, namely, Gy € £(X)
for | 8| < 7. Furthermore, Go =1 and Go,+0, = Go,Go, whenever 16,1, 16,
| 6, + 6,] < 7. We now define Gy for all 8 € R. For a given 8 € R choose a posi-
tive integer # such that | /7| < 7 and put Gs = (Gem)". As is easily seen, this

definition is independent of the choice of %, and therefore Geve, = Go,Ge, for all
6., 8, € R. Since

647 x| = 514 e
<tolcr (1= L2 ep, 1ol <,

{Ge}oer is a differentiable one-parameter subgroup of GL(X) with infinitesimal
generator X. Q.E.D.

During the above proof a somewhat stronger property of {Gslser has been
observed, cf. (3-2): for any & € A there exists 8 € A such that

= 0.

a

Go§ — & _
00 XS

lim sup
-0 J|gllp<1

If a differentiable one-parameter subgroup has this property, we call it regular.
This notion will be useful when we consider the second quantization of the action
of the infinite dimensional rotation group, see the next section.
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Remark. For X € ¥(X) consider the following condition: for any o € A
there exist constant numbers C 2> 0, 0 < § <1 and 8 € A such that

lx"& e < Cu)? N Els, & € Z.

This condition is apparently stronger than that in Proposition 3.5. Under this con-
dition G is defined by (3-3) for all 8 € R.

We end this section with an example. For y € E* we defined a differential
operator Dy, on (E) by the formula (1-6). In a similar way as in (1-7), for p = 0
and ¢ > 0 we obtain

” Dy¢ ||1: < Cm) ‘ Yy [n—(ﬁ+q) ” o) ||1>+q,

where

Y
C(n) = sup %p‘”‘ < oo,

k=0

By a simple calculation C(#) < #™? whenever ¢ = (— 2log p)™*. Taking ¢ > 0
large enough to hold | y |_(p+q> < o0 too, we obtain

” Dj¢ ”ﬂ < n? I Y |'i(p+q> " ¢ ”p+q < C(n!)? ” ¢ “ﬁ+q

for some C 2 0 and 0 < ¢ < 1. (In fact, by the Stirling formula we may take any
Jd with 1/2 < § < 1.) Therefore D, is an infinitesimal generator of a regular
one-parameter subgroup of GL((E)). As is expected from (1-8), the
one-parameter subgroup is given by {T4,)ser, where

(Tog) (x) = ¢(x+ Oy), ¢ € (E).

Furthermore, as a direct consequence of the above Remark, we obtain the Taylor
formula for white noise functionals due to Potthoff and Yan [18].

THEOREM 3.6, For any y € E* it holds that
-1 .
T,p= 2 i Did, ¢ < (E),
n=0 .
where the series is convergent in (E).
8§ 4. Infinite dimensional rotations

For X € #(E) we introduce two operators I (X) and - dI'(X) on (E). Let
¢ € (E) be given by
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(4-1) $(x) = 2 G2 fy, z€E* f, € EE"
n=0

as before, see Proposition 1.1. Then we define

(4-2) TP @) = 3 ¢ X" D,

(4-3) @r X)) () = i n L (X QI ..

It is not difficult to prove that both I'(X) and dI'(X) belong to £((E)). Howev-
er, it is not clear whether {I"(Gg)} becomes a differentiable one-parameter
subgroup of GL((E)) for any differentiable one-parameter subgroup {Gs}ser of
GL(E). In this connection we have

TueoreMm 4.1, Let {Ggleer be a vegular one-parameter subgroup of GL(E) with
infinitesimal generator X. Then, {I"(Gg)}ser is a regular one-parameter subgroup of
GL((E)) with infinitesimal generator dI' (X).

For the proof we need some inequalities. Suppose that p = 0 is given. From
the regularity of {Gg}ser there exists ¢ = 0 such that

(4-4) lim sup —G—e%:é — X& , = Q.

=0 [£,,,<1
Moreover, we may assume that with some C 2 0,
(4-5) | X6 1, < Cl&lpsan
(4-6) 0p*t + 2p%2 < 1.

Suppose next € > 0 is given. In view of (4-4) there exists €o > 0 such that
G —
(1-7) G758 —Xe| <elEl 16]<00

Furthermore, by (4-6) we may assume

(4-8) dple + C)8y + dp**t + 20742 < 1.
We then obtain

(4-9) Gt —El, < (e +O) [ 01185

and
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(4-10) | Gol |y < Myl &g,

where | 8] < 8 and M, = (¢ + C) 8, + o

Proof of Theoremn 4.1. For simplicity we put

[mX) =SSP RQX®IF, g2,
k=0

By a simple calculation we have

i nil {[®k ® X® (Geg,(nq—k) _ [®(n~1—k>)}y
k=0

and therefore, for f, € E&" it holds that

(4-11) lgfi%,;&, — 7a(X) fa ,
< :% <1®k R (,G,%j _ X> ® Gl;@(n—l—m) 7, p

n—1
+ Z J (I®/g ®X® (Gég(n~1~—k) _ 1®<n-—1-—k)))fn lp.
k=0
In view of (4-7), (4-10) and Corollary A.4, we obtain

(8 (o5~ oar )

< e M4n——1—kpl+<q+1)k6n—1—k |fn (P+’1+1
= 80(5M4)n_1_k.0(q+1)k lfn Ip+q+1-

?

Hence,

(4-12) S <[®k ® <Q9‘(9:A1, _ > ® G;b(n—1—~k)> I3 P

g E(OMSnﬂl lfn |1>+q+1
< ep*(oMs)"! 'fn |p+q+27

where Ms = 0M, + p?*'. On the other hand, by (4-9), (4-10) and Corollary A.5
we get

(4-13) NG =127y wl, < ple + OOMZ 2401 | 0 lpager.
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In view of (4-5), (4-13) and Corollary A.4, we obtain

| IR X® (G;B(n—-l—k) _ I®(n—1—k)))fn .
< Corp(e+ C) MZ>¥| 0] 0" 79 2hG | £ lpigre
= Cop’(e + C) M5! (,OMS)n—l_kP(HZ)k' 6| 'fn |p+q+2
< Coo™"* (e + C) (oMs)" ¥ 0 [ 0| | fu |p+qs2,

where we used Ms! < ™%, Therefore we have

(4-14) ”21 I QX (G0 — I®(n—1—k)))fn 1,
< Cop™ (e + C) (oMs + 0" 01| fulprase

From (4-11), (4-12) and (4-14) we see that

n

Cols =t — 3 GO £ < 0" @M |l
+ Cop~ (e + C) (oM; + 5" o] In |p+q+2-
Since pMs < pM; + p*%2 < 1 by (4-8), the last quantity is bounded by

{e0*(oMz)™" + Cop™ (e + C) (oMs + o™ B O} | fu lpsqse
< (o™ "+ Co+ C) 072 01) | fulpsasas
where Mg! < p7%7! is used again. Since dI'(X) = 225_072(X), we conclude that

“ ELGL);‘L‘J — dr(X)¢ “p < (o + 161 Cle + 0307 | ¢ lpsrasa,

whenever | 8] < 6,. Consequently,

lim sup F(Ga)g —2 —drX)¢ “ =0,
6=0 {|¢|lprgr2<1 »
which completes the proof. Q.E.D.

We are now going to a discussion on the infinite rotation group. Following
Yoshizawa [23] a linear homeomorphism g € GL(E) is called a rotation of E if
| g€lo= 1€y, ie., if it can be extended to an orthogonal operator on H =
L? (T, v; R). Let O(E; H) denote the group of all rotations of E. Obviously, it is
a subgroup of GL(E).

It is noted that (I", (I?)) is a unitary representation of O(E; H). In fact,

(@) (@) = ¢g¥x), ¢ & (L), zE€E",
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where g*r is defined by
{r, g& =<g*x, &, z€ E* £ €E.

Let U((E); (L?) be the group of unitary operators on (L?) which is defined
similarly as O(E; H). 1t then follows that I'(g) € U{(E); (L?)) for any
g€ O(E; H).

Let {Gg}oer be a differentiable one-parameter subgroup of O(E; H) with in-
finitesimal generator X. As is easily seen, X is skew-symmetric in the sense that

(4-15) XE, > =—X& X, E,n€EE.

ProposiTion 4.2.  Let X be a continuous operator on E which is skew-symmetric in
the sense of (4-15). Then there exists a skew-symmetric distvibution kK € E Q E*
such that

(4-16) arx) = fT”/c(s, 1) (050, — 0/0y) dsdt.

Proof. Consider

1

(4-17) K=5 {e,, Xee, Qe

[\
§DMs

?

7=0

Since X is continuous, there exist ¢ = 0 and C > 0 such that | Xé|, < C| &|,.
Hence,

|<ei, Xej>|glei|0|Xej‘0£c|ej|q= C/Lq'

and £ € (E Q E)*. Moreover, by a direct calculation, we have
(4-18) Gk, n® O =1 G, XD

This shows that £ € EQ E™ and that x is skew-symmetric. The right hand side
of (4-15) is, therefore, equal to 25, (k) which is a continuous operator on (E) by
Theorem 2.6. Since dI'(X) is also continuous, we need only to show that
251 (k)p: = dI' (X)) pe for exponential vectors ¢: € (E) defined as in (1-9). By
(4-3) we have

@r0$) @) = £ oodgyy o™, (X0 @ €2

n=1

and therefore
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= 1 n-— n
<<dF(X)¢g, ¢n>> = né n! m (X X E®( “, 7]® >
-y 1 n-1
- = (n _— 1)! <X§, 77> <§y 77>
On the other hand, in view of Proposition 2.7 and (4-18) we have
24E0(K) pe, du = 2{k, N R & &7 = (3, X&) 7,
This completes the proof. QE.D.

In view of Theorem 4.1 and Proposition 4.2 we obtain the following

THEOREM 4.3. Let X be an infinitesimal genevator of a vegular one-parameter
subgroup of O(E; H). Then, there exists a skew-symmetric distvibution £ € EQ E*
such that

dr' (X) = fT _K(s, (870, — 070, dsd.

For a fixed t € T we define @, € (E)* by
KD,y ¢» = f1(2)

for ¢ € (E) given as in (4-1). It is convenient to use a somewhat formal notation
x (t) = @,(x) which is regarded as a coordinate function in white noise calculus.
Note that a product @@ = ¢@ € (E)* is defined for ® € (E)* and ¢ € (E) in a
usual manner.

ProposITION 4.4. x(B)P(x) = (3, + 0F) P (x) for any ¢ € (E).

The proof is direct, see e.g., [10], [12]. We can thereby regard
as*at - at*as = (as* + as)at - (al* + at)as = .Z’(S)at - x(t)as

as a direct analog of an infinitesimal generator of finite dimensional rotations.
Therefore Theorem 4.3 is a direct extension of a well-known fact on finite dimen-
sional rotations to the white noise case.

§ 5. Infinite dimensional Laplacians

We now discuss rotation-invariance of infinite dimensional Laplacians as a
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simple application of a general theory established in the previous sections.
The distribution 7 € (E & E)* is already defined in (1-4) and, in view of
Theorem 2.6, we see that

Eore) = [ (s, 005, dsdt = A

becomes a continuous operator on (E). On the other hand, note that 7 € E X E*
In fact, since <z, n Q@ > =<y, { for n, { € E, the corresponding operator in
Y(E) is nothing but the identity (see (2-10)). Hence, using Theorem 2.6 again, we
observe that

Filr) = f _t(s, O0¥0,dsdt = N

is also a continuous operator on (E). These operators are called the Gross Lapla-
cian and the number operator, respectively. Note that 4 = — N is often called the
Beltrami Laplacian, see e.g. [12]. In fact, with the help of Proposition 2.7, for an ex-
ponential vector ¢¢, & € E¢, we obtain

Boa@ge(@) = T or (o, &, @D §°
= (&, & ¢e(x) = doge(x)
and
B (7) ge () = Z?W <:x®(n+1):’ §®(n+1)>
= "Zgn <:r®":, Sn! > = Nee.

In this section we characterize 4¢ and N among quadratic forms of operators 0
and 9 in terms of rotation invariance. The main assertions are the following.

THEOREM 5.1. If
Bt = [ _A(s, D0, dsdt. 3 € (Ec® Eo)*,
is invariant under O (E; H), then it is a constant multiple of the Gross Laplacian.

THEOREM 5.2. If
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EaW = [ A, 0039 dsdt, 1€ Ec® E8,
is tmvariant under O(E; H), then it is a constant multiple of the number operator.
First note that if a continuous operator = on (£) is invariant under
O(E; H) then
(6-1) [Z,drX)]1 =0

for any infinitesimal genarator X of a regular one-parameter subgroup {Ge}secr <
O(E; H). In fact, with the help of Theorem 4.1 one can differentiate at § = 0 the
identity I'(Ge) 5 = EI'(Go) ¢, ¢ € (E), to obtain (5-1).

LemMa 5.3. Let A € (EcQEQ)* and X an infinitesimal generator of a
regulay one-parameter subgroup of O(E; H). Then, for an exponential vector e,
& € Ec, we have

[502(4), dT (X)]1¢, = 2{4, XER & ¢,
where A is the symmetrization of A.
LemMa 5.4. Let 2 € Ec Q@ E& and X an infinitesimal genevator of a vegular
one-parameter subgroup of O (E; H). Then, we have
(511 (D), dI'(X)] = — dI' (IX, L),
where L is a continuous operator on Ec defined by <A, EQn> = <&, Lyy ,

&, n € Ec.

First we note that dI'(X) = 251:1(k), where £k € EQ E* is given as in
(4-15). Then, for the proofs of the above lemmas we need only to apply Proposi-
tion 2.7. It is noteworthy that &1,:(4) = dI"'(L) for A and L being the same as in
Lemma 5.4.

Proof of Theorem 5.1. Suppose that Zy2(4) is invariant under O (E; H). It
then follows from Lemma 5.3 that

A, XERE =0, £€ Eq,

for any infinitesimal generator of a regular one-parameter subgroup of O(E; H).
Suppose that { # j are arbitrarily fixed non-negative integers and define X as
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Xe, = ¢;
(5-2) Xej = e
Xe, =0, k #1,.

Then we obtain

=, Xe, ey =<4, ¢, e
and

0= Xe+e)R@i+e) =4 Xe,Re, + Xe; R e
= </i, 8j®ej> - </i, e,-®et->.

Hence <A, &, ® e,y = ¢ is independent of 1 = 0,1,2,... and A, & @ ¢ = 0 for
it ¥ 7. Therefore A = ¢t and we conclude that Zo2(1) = 5p,(A) = Folcr) = cde.
Q.E.D.

Proof of Theorem 5.2. Suppose that H;(4) is invariant under O(E; H). It
then follows from Lemma 5.4 that dI'([ X, L]) = 0, and therefore [X, L] = 0.
Let X be the same as in (5-2). Then, for k # 1, j we have

0=LXe, = XLey = 5 {Lex, e Xe,
=0

= <L€k, €i> Xe, + <Lek, €j> Xe,
= {Le, e ¢; — {Ley, e e;.

Therefore, {Lex, ¢ = {Le, ¢,> = 0. In other words,
A, eQe> =<e, Ley =0 i+7.
On the other hand,

(Le;, 69 = — {LXe,, ey = —<XLe,, e,
= <L€], X€i> = <L€j, €j>.

Namely, {1, ¢; @ e,> = {e,, Le;> = ¢ is independent of ¢ = 0,1,2,. ... Therefore A
= ¢t and 51, (4) = &, (ct) = ¢N. Q.E.D.

Remark. During the above discussion we used only a subgroup of O(E; H)
consisting of rotations which act identically on the subspace spanned by
{en, ens1, ...} for some » =0,1,2, . ... This group is sometimes denoted by O
and is an inductive limit of O (). It is also interesting to consider another sub-
groups, for example, a group of transformations of 7 which is naturally imbedded
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in O(F; H). In general, a one-parameter subgroup of O(E; H) arising from
transformations on T is called a whisker and plays an interesting role in a study of
symmetry of Brownian motion, in this connection see [4], [14], [23]

Appendix. Some inequalities

ProposiTioN A.1. Let K € (EE™, E&") such that | Knly < C|nlpsas n €
E&™, for some p, ¢ = 0 and C = 0. Then, for any n = 0,

[ (KR I®™) fruanly < C 0™ | finlpsas fmin € Eé@(WH-n).
Proof. By Fourier expansion we have

foin = 2 sy X i, KR e,
i 1serariy=0
where gi,...i, € E&™ and

o0
|fm+n |?’ = 2 %ly v %: | &y, |§, r =2 0.

[

Then,
| (KR I® fuinl; = | ZKgipi, R e;, @ Qe I3
=2 /sz" AP l Kgi,,. i, l%
ST A3 C2 gy e
= CEE AP PR 00 gy e
< C0™ | foinlira,
where weused 1 < p ' = A S 4, <A, < -0 Q.E.D.

COROLLARY A.2.  F0r frin € EE™™ and p = 0, we have
|((Ap) en ® I®n)fm+n 10 S ;OM I fm+n |p-
ProposITION A.3. Fori=12,...,d, let K; € $(EE™, E&"). Assume that

| K&l < Cil &y, & € EE™ for some p, ¢ =0 and C, = 0. Then, for any i we
have

l (K1®' - Kd)wib <G 'Cdpm‘5m_m‘| w|q+1, wE Eée"”,
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where m = my + -+ my.

91

Remark. Putting m; = max(my, - - * ,my), we obtain the best estimate. Since

o < 4, we have

K QR K)wly £ Crv - Cad” | w11 w € EE™.

This is also useful.

Proof. It is sufficient to prove the inequality for £ = 1. Let $; be the basis of

E&™ namely,
Bi={fi=e0® Q ejmy; j(1), - -,7(m;) = 0}.

Qm .
Then, each w € E&™ is expressed as

w= 2 glfy " f)®L& R fu

fie®B,
2<i<d

where g(fs," * -, f4) € EE™ and

lwlz= Zlg(ny...,fd) l%‘fZl%lfd‘%

Then, using the Schwarz inequality, we obtain

f (K1®"'®Kd)w |§ < (Z | Klg(fz,- . ofd) |p|Kzfz 'ﬂ"'] Kifa |p)2

f"'C5(2|g(fz,...,fd) lq|f2!q"'lfd |q)2

<C
< CE - CHE L g oy of ) Bea | folzen | fal2)
X

Since | g (fzy. . .ofa) le < 0™ 1 &2y . . of) lgs1, We obtain

@ @Kol < - Cilwlapm T T ()

i=2 fie®,

If fi = ej0 @ & ejomy, we have | file = Qo - “*Ajmp)?, and therefore

2 (%LHLY = i haw - Ama) 2= (i /1_2>mi = g™,
fie®, f q+1 F(,.,im) =0 ’ s =0 !

Consequently,
| (K@ Q@ K)wlpy < Crv - Cul wlger ™™t +me,

This proves the assertion.
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CoroLLaRY A4, For i=1,2,...,d let K, € $(EE™, EE"). Assume that
| K&y < C,| Eilpsg, & € EE ,for some p, g = 0 and C; = 0. Then, for any i we
have

| (]®k X K, KRR K)w ]p <C;- Cdpm,-+<q+1>k5m—m; l w ]p+q+1, w € Eg<k+m>y

where m = my, +- -+ my.
Proof. Immediate from Propositions A.1 and A.3. QED.

CoroLLARY A.5. Let B € $(E¢) be such that | BE|, < Ci| Elpsg and
L(B—1)&l, < Col Elpsq. Then,

L (B®" — I®") fulp < pCo(0C1 + 07" | flpsqsr, fo € EE™.
Proof. We need only simple calculation and Corollary A.4.

| (B®n I®n)fn ’p |B®(n 1—k) ® (B _ I) ®I®k)fn|p

o

n—-1
Z Cn -1- kC p1+(q+1)k5n 1—k | fn|p+q+1
k=0

C,(6C, + .0q+1)" ! I fn |p+q+1-

This completes the proof. QED.
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