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Invariant Means on a Class of von
Neumann Algebras Related to
Ultraspherical Hypergroups II

N. Shravan Kumar

Abstract. Let K be an ultraspherical hypergroup associated with a locally compact group G and a
spherical projector π and let VN(K) denote the dual of the Fourier algebra A(K) corresponding
to K. In this note, we show that the set of invariant means on VN(K) is singleton if and only if
K is discrete. Here K need not be second countable. We also study invariant means on the dual
of the Fourier algebra A0(K), the closure of A(K) in the cb-multiplier norm. Finally, we consider
generalized translations and generalized invariant means.

Introduction

Let G be a locally compact group and let A(G) and VN(G) denote the Fourier al-
gebra and its Banach space dual (von Neumann algebra), respectively. Let K be an
ultraspherical hypergroup associated with the locally compact group G and a spheri-
cal projector π. LetA(K) denote the Fourier algebra corresponding to thehypergroup
K and let VN(K) be its Banach space dual.

In [17], the author introduced and studied the notion of invariant means on
VN(K). One of themain results of that paper is that, if K is second countable, then a
unique invariant mean exists if and only if K is discrete. For the case of locally com-
pact groups, this result is due toRenaud [16]. Renaud’s resultwas extended to the case
of general locally compact groups by Lau and Losert [12]. In Section 1,we shall imitate
the proof and ideas of [12], to generalize the result of [17] to a general ultraspherical
hypergroup.

Let TIM(K̂) denote the set of all invariant means on VN(K). In [17], the proof
of_eorem 5.6 contains the fact that r∗∗K (TIM(K̂)) = TIM(Ĥ), where H is an open
subhypergroup. _eorem 1.10 of this paper gives the same result for a general open
subhypergroup.
Forrest andMiao [9] studied invariant means on the algebra A0(G). Here A0(G)

denotes the closure of A(G) with the cb-multiplier norm. In Section 2 we also deûne
the algebra A0(K) for an ultraspherical hypergroup and study invariant means on its
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dual. _emain result of this section states that the set of invariant means on the dual
of A0(K) coincides with the set of invariant means on VN(K).

M. Y.-H. Cheng introduced generalized translations and generalized invariant
means on VN(G) [1]. In the same spirit, we also consider generalized translations
and generalized invariant means on VN(K). _is is done in Section 3, where we
prove some analogues of_eorem 1.10 and_eorem 2.4.

We shall follow the notations as in [17]. For any undeûned notations or deûnitions,
we refer the reader to [15, 17].

1 Invariant Means on VN(K)
_e author proved that for a second countable ultraspherical hypergroup K, the space
VN(K) admits a unique topological invariant mean if and only if K is discrete [17].
_e aim of this section is to extend this to the context of general ultraspherical hyper-
groups. We begin with a theorem that is an analogue of [10,_eorem 8.7].

_eorem 1.1 Let K be a σ-compact ultraspherical hypergroup. _en for every count-
able family {Ũn} of neighbourhoods of {ė}, there exists a compact subhypergroup H of
K such that
(i) H ⊆ ⋂

∞
n=1 Ũn ,

(ii) K//H is a second countable ultraspherical hypergroup.

Proof Let Ṽ0 be a neighbourhood of {ė} in K with compact closure. Construct a
sequence {Ṽn} of symmetric neighbourhoods of {ė} in K such that Ṽn

2
⊂ Ṽn−1 ∩ Ũn

and Ṽn ⊂ Ṽn−1. Consider the family {Vn} of neighbourhoods of {e} in G, where
Vn = p−1(Ṽn). As K is σ-compact, G is also σ-compact and hence by [10, _eorem
8.7], there exists a compact normal subgroup N of G such that N ⊆ ⋂

∞
n=1 Vn and

G/N is second countable. As N ⊆ ⋂
∞
n=1 Vn , it follows that p(N) ⊆ ⋂∞n=1 Ṽn . Further,

as in [10, _eorem 5.6], one can show that ⋂∞n=1 Ṽn is a closed subhypergroup of K
containing the symmetric set p(N). Let H = ⋂

∞
n=1 Ṽn . _en H is compact, as H ⊂ Ṽ0.

Also H = ⋂
∞
n=1 Ṽn ⊆ ⋂

∞
n=1 Ũn . As H is a subhypergroup of K, by [3, Corollary 3.2], it

follows that p−1(H) is a compact subgroup ofG. NowG//p−1(H) is second countable,
being the continuous image of G/N under the map gN ↦ p−1(H)g p−1(H). Notice
that by [11, _eorem 14.4A] and the fact that the positive deûnite functions separate
points, it follows that p(p−1(H)g p−1(H)) = Hp(g)H, for all g ∈ G. Hence, if q
denotes the canonical quotient map from K onto K//H, themap p−1(H)g p−1(H)↦
q(p(g)), fromG//p−1(H) to K//H iswell deûned. Further, it is onto and continuous.
_us, K//H is second countable. As p(p−1(H)g p−1(H)) = Hp(g)H, for all g ∈ G, it
follows that π○πp−1(H) = πp−1(H)○π. Hence, π○πp−1(H) is a spherical projector. _us,
the pair (G , π ○ πp−1(H)) deûnes an ultraspherical hypergroup. Let Kp−1(H) denote
this ultraspherical hypergroup. Further, the hypergroup Kp−1(H) is isomorphic to the
hypergroup K//H. Hence the proof.

Remark 1.2 Although the above theorem extends [10, _eorem 8.7], our proof
makes use of it.
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Lemma 1.3 Let K be a σ-compact ultraspherical hypergroup. Let H be a second
countable closed subhypergroup of K. _en there exists a compact subhypergroup H′ of
K such that
(i) H ∩H′ = {ė},
(ii) K//H′ is a second countable ultraspherical hypergroup.

Proof Let {Ũn} be a neighbourhood basis of {ė} inH. Let Ṽn be neighbourhoods of
{ė} inK such that Ũn = H∩Ṽn . By_eorem1.1, there exists a compact subhypergroup
H′ of K such that K//H′ is a second countable ultraspherical hypergroup and H′ ⊆

⋂
∞
n=1 Ṽn . Further, it is clear that H ∩H′ = {ė}.

Lemma 1.4 Let K be an ultraspherical hypergroup and let H be a compact subhy-
pergroup of K with H /= {ė}. _en there exists a compact subhypergroup H′ of K such
that
(i) H′ ⊆ H,
(ii) H//H′ is a non-trivial second countable hypergroup.

Proof If H is second countable, choose a proper subhypergroup H′ of H. _is will
satisfy our requirements. If H is not second countable, let Ũ be a neighbourhood of
ė in H. _en by Lemma 1.3, there exists a compact subhypergroup H′ of K satisfying
our requirements.

Proposition 1.5 Let K be an ultraspherical hypergroupwhich is not second countable.
_en there exists a limit ordinal λ and a decreasing family {Hα}α<λ of subhypergroups
of K such that
(i) H0 = K,
(ii) Hα is compact for α > 0,
(iii) ⋂α<λ Hα = {ė},
(iv) Hα//Hα+1 is a non-discrete second countable ultraspherical hypergroup for α < λ.

Proof By Lemma 1.4 and transûnite induction, one obtains a decreasing family
{Hα}α≤µ such that
(i) H0 = K,
(ii) Hα is a compact subhypergroup for α > 0,
(iii) Hµ = {ė},
(iv) ⋂α<λ Hα = Hλ for every limit ordinal λ ≤ µ,
(v) Hα//Hα+1 is second countable.
Without loss of generality, one can even assume that µ is minimal among all such
families. Now the fact that µ is a limit ordinal follows exactly as in [12, Lemma 4.8].
In the group case, the proof of this uses [12, Lemma 4.6], while for the ultraspherical
hypergroup case one will have to use Lemma 1.3. Now by passing to an appropriate
subfamily, we get the desired family.

_e following is an analogue of [12, Lemma 4.9].
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Lemma 1.6 Let {Hα}α<λ be the family given by Proposition 1.5. For α > 0, letmα be a
topologically invariantmean onVN(K//Hα). Ifm is aweak*-cluster point of {mα}α<λ ,
then m is a topologically invariant mean on VN(K).

Proof Let φ ∈ A(K//Hα). _en φ.mα = φ(ė)mα . Hence φ.m = φ(ė)m. By the
Stone–Weierstrass theorem,⋃α<λ L2(K//Hα) is dense in L2(K) and hence it follows
that ⋃ α < λA(K//Hα) is dense in A(K) and consequently, φ.m = φ(ė)m for all φ ∈

A(K).

_eorem 1.7 Let K be an ultraspherical hypergroup. If VN(K) admits a unique
topological invariant mean, then K is discrete.

Proof Notice that if K is second countable, then by [17,_eorem 5.9], we are done.
So let us assume that K is not separable. We now claim that the topological invariant
mean onVN(K) is not unique. In order to prove this claim,without loss of generality,
let us assume that K is σ-compact. Let {Hα}α<λ andmα be as in Lemma 1.6. Suppose
to the contrary that the topological invariant mean on VN(K) is unique. _e net
{mα}α<λ would bew*-convergent. Let Pα ∈ VN(K) be the central projection deûned
by convolution with the Haar measure of Hα . _e remaining proof is similar to the
proof of [12,_eorem 4.10]. Hence we omit the details.

In the next corollary, we would like to single out the special case when the ultras-
pherical hypergroup is the double coset hypergroup.

Corollary 1.8 Let G be a locally compact group containing a compact subgroup H.
_en VN(G//H) admits a unique topological invariant mean if and only if H is open.

Proof _e proof of this follows from _eorem 1.7 and [11,_eorem 7.1B].

For the notations and terminologies used in the next corollary we shall refer to
[2,7].

Corollary 1.9 Let G be a locally compact group containing a compact subgroup H.
_en VN(G/H) admits a unique topological invariant mean if and only if H is open.

Proof If G is second countable, then this is proved in [2, Proposition 5.22, Proposi-
tion 5.24]. If G is not second countable, then it follows form Corollary 1.8.

In [17], the author proved that r∗∗K (TIM(K̂)) = TIM(Ĥ), under the assumption
that H is open. Our next theorem generalizes this to an arbitrary closed subhyper-
group. _e proof of this is an adaptation of the proof given in [1] for the case of locally
compact groups.

_eorem 1.10 Let H be a closed subhypergroup of K. _en

r∗∗K (TIM(K̂)) = TIM(Ĥ).
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Proof (a) Let m ∈ r∗∗K (TIM(K̂)). Let m̃ ∈ TIM(K̂) such that r∗∗K (m̃) = m. Let
ψ ∈ A(H) and T ∈ VN(H). Choose φ ∈ A(K) such that rK(φ) = ψ. _en ⟨ψ.T ,m⟩ =
ψ(ė)⟨T ,m⟩ follows exactly as in [17,_eorem 5.6]. _us r∗∗K (TIM(K̂)) ⊆ TIM(Ĥ).

(b) Let m ∈ TIM(Ĥ). We now claim that there exists a mean m̃ on VN(K)
such that rK(m̃) = m. Since m ∈ TIM(Ĥ), there exists a net {φα} ⊂ MA(H) con-
verging to m in the weak*-topology. As rK(MA(K)) = MA(H), there exists a net
φ̃α ⊂ MA(K) such that rK(φ̃α) = φα . By the Banach–Alaoglu theorem, {φ̃α} has
a subnet {φ̃αβ} converging weak* to say m̃. As r∗∗K is weak*-weak*-continuous, it
follows that r∗∗K (m̃) = m.

(c) Let m ∈ TIM(Ĥ) and let m̃ be themean (provided by (ii)) such that r∗∗K (m̃) =
m. Wenow claim that for any φ ∈ MA(K), r∗∗K (φ.m̃) = m. Indeed, for anyT ∈ VN(H),
we have

⟨T , r∗∗K (φ.m̃)⟩ = ⟨r∗K(T), φ.m̃⟩ = ⟨φ.r∗K(T), m̃⟩
= ⟨r∗K(rK(φ).T), m̃⟩ = ⟨rK(φ).T , r∗∗K (m̃)⟩
= ⟨rK(φ).T ,m⟩ = ⟨T ,m⟩.

Hence the claim.
(d) We now prove the remaining inclusion. Let m ∈ TIM(H̃). Let

C = {m̃ ∶ m̃ is amean on VN(K) and r∗∗K (m̃) = m}.

By (b) it follows that C is non-empty. It is clear that C is weak*-compact. By (c), it
follows that for any φ ∈ MA(K), the mapping m̃ ↦ φ.m̃ maps C to itself. _us the
remaining proof follows from theMarkov–Kakutani ûxed point theorem.

2 cb-multipliers and Invariant Means

In this section, we deûne a new algebra, denoted by A0(K), and study the invari-
ant means on the dual of this algebra. Let MA(K) denote the Banach algebra of all
bounded multipliers of A(K) [14]. _at is, the space of all continuous functions ψ
on K such that ψφ ∈ A(K) for every φ ∈ A(K). For each ψ ∈ MA(K), φ ∈ A(K),
let mψ(φ) = ψφ. As A(K) being the dual of the von Neumann algebra VN(K), it
makes sense to speak of completely bounded multipliers [4]. We call ψ a completely
boundedmultiplier if themap mψ is completely bounded. Let ∥ψ∥cb denote the com-
pletely bounded norm of mψ . Let McbA(K) denote the Banach algebra of all com-
pletely boundedmultipliers of A(K). _en B(K) ⊂ Mcb(A(K)).

We will denote by A0(K) the closure of A(K) in the cb-multiplier norm. We now
proceed to study the invariant means on A0(K).

Lemma 2.1 (i) For φ ∈ A(K) and T ∈ VN(K), φ.T ∈ ι∗(A0(K)∗).
(ii) For φ ∈ A0(K) and T ∈ A0(K)∗, ι∗(φ.T) = φ.ι∗(T).

Proof (i) Deûne fφ ,T ∶A0(K) → C as fφ ,T(ψ) = ⟨φψ, T⟩. It is clear that fφ ,T de-
ûnes a bounded linear functional on A0(K) and ∥ fφ ,T∥ ≤ ∥φ∥A(G)∥T∥VN(G). Fur-
ther, notice that fφ ,T , when restricted to A(K), equals φ.T and hence it follows that
φ.T = ι∗( fφ ,T).
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(ii) For any ψ ∈ A(K), we have
⟨ψ, ι∗(φ.T)⟩ = ⟨ι(ψ), φ.T⟩ = ⟨φι(ψ), T⟩

= ⟨ι(φψ), T⟩ = ⟨φψ, ι∗(T)⟩
= ⟨ψ, φ.ι∗(T)⟩.

Deûnition 2.2 (i) A linear functional m on A0(K)∗ is called a mean if ∥m∥ =
m(I) = 1, where I denotes the identity in A0(K)∗.

(ii) A mean m on A0(K)∗ is said to be topologically invariant if φ.m = φ(ė)m for
all φ ∈ A0(K) i.e., ⟨T , φ.m⟩ = ⟨φ.T ,m⟩ = φ(ė)⟨T ,m⟩ ∀ T ∈ A0(K)∗ , ∀ φ ∈

A0(K).

Proposition 2.3 ι∗∗(TIM(K̂)) ⊆ TIM0(K̂).

Proof Let m ∈ TIM(K̂). Let φ ∈ A0(K) and T ∈ A0(K)∗. Since φ ∈ A0(K), there
exists a sequence {φn} ⊂ A(K) such that φn → φ in the cb-multiplier norm. Hence
φn(ė)→ φ(ė). Further, for any ψ ∈ A0(K),

∣⟨ψ, φn .T − φ.T⟩∣ = ∣⟨ψ, (φn − φ).T⟩∣ = ∣⟨(φn − φ)ψ, T⟩∣
≤ ∥φn − φ∥A0(K)∥ψ∥A0(K)∥T∥A0(K)∗ .

_erefore, it follows that φn .T → φ.T in A0(K)∗. _us

2⟨φ.T , ι∗∗(m)⟩ = ⟨ lim
n→∞

φn .T , ι∗∗(m)⟩ = lim n →∞⟨φn .T , ι∗∗(m)⟩

= lim n →∞⟨ι∗(φn .T),m⟩
= lim n →∞⟨φn .ι∗(T),m⟩ (by Lemma 2.1)

= lim n →∞φn(ė)⟨ι∗(T),m⟩ = φ(ė)⟨ι∗(T),m⟩
= φ(ė)⟨T , ι∗∗(m)⟩.

_eorem 2.4 Let K be an ultraspherical hypergroup. _en

ι∗∗∶TIM(K̂)→ TIM0(K̂)
is a bijection.

Proof We ûrst claim that ι∗∗∶TIM(K̂)→ TIM0(K̂) is injective. In fact, let m1 ,m2 ∈

TIM(K̂) with m1 /= m2. _en there exists T ∈ VN(K) such that m1(T) /= m2(T).
Choose φ0 ∈ A(K) with φ0(ė) = 1. _en

⟨m1 , φ0 .T⟩ = ⟨m1 , T⟩ /= ⟨m2 , T⟩ = ⟨m2 , φ0 .T⟩.
By Lemma 2.1, φ.T ∈ A0(K)∗. _us, we have,

⟨φ0 .T , ι∗∗(m1)⟩ = ⟨ι∗(φ0 .T),m1⟩ = ⟨φ0 .T ,m1⟩ (by Lemma 2.1)

/= ⟨φ0 .T ,m2⟩ = ⟨ι∗(φ0 .T),m2⟩ (by Lemma 2.1)

= ⟨φ0 .T , ι∗∗(m2)⟩.

To show that ι∗∗∶TIM(K̂) → TIM0(K̂) is surjective, let m ∈ TIM0(K̂). Deûne
m̃ ∈ VN(K)∗ as ⟨T , m̃⟩ ∶= ⟨φ.T ,m⟩, for all T ∈ VN(K), where φ ∈ A(K) with
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φ0(ė) = 1. Notice that m̃ is independent of the choice of φ0 and hence it follows that
m̃ ∈ TIM0(K̂). Now for any T ∈ A0(K)∗, we have

⟨T , ι∗∗(m̃)⟩ = ⟨ι∗(T), m̃⟩ = ⟨φ0 .ι∗(T),m⟩ = ⟨ι∗(T),m⟩ = ⟨T ,m⟩.

_us ι∗∗(m̃) = m.

Lemma 2.5 Let H be a closed subhypergroup. _en the restriction map rK is a con-
traction from A0(K) into A0(H).

Proof _eproof of this is exactly the same as in the group case. See [8,Lemma 1].

Corollary 2.6 Let H be a closed subhypergroup of K. _en

r∗∗K (TIM0(K̂)) = TIM0(Ĥ).

Proof _is follows from _eorem 1.10 and_eorem 2.4.

3 Generalized Translation and Generalized Invariant Means

Let K be an ultraspherical hypergroup and let K∗ denote the set of all extreme points
of MB(K). For φ ∈ K∗, deûne Lφ ∶A(K) → A(K) as Lφ(ψ) = φψ. _e adjoint of Lφ is
called the generalized translation on VN(K) with respect to φ ∈ K∗. _e map Lφ is
called the generalized translation.

We say that a subset E of A(K) is said to be K∗-invariant if Lφ(E) ⊆ E for all
φ ∈ K∗.

In the case of a locally compact group G, we know that a closed subspace I of
L1(G) is an ideal if and only if it is translation invariant [5,Proposition 2.43]. _e same
result is also true for hypergroups [13, Corollary 1]. _e following is the corresponding
analogue for A(K). For the case of locally compact groups, see [1, Proposition 6.3].
As the proof of this is exactly the same as [1, Proposition 6.3], we omit the proof.

_eorem 3.1 Let I be a closed subalgebra of A(K). Suppose that for any φ ∈ A(K),
φ ∈ φA(K). _en I is an ideal if and only if I is K∗-invariant.

Similarly, a subset F of VN(K) is said to be K∗-invariant if L∗φ(F) ⊆ F for all
φ ∈ K∗.

_eorem 3.2 Let 0 /= T ∈ VN(K). _en the following are equivalent.
(i) L∗φ(T) = T for all φ ∈ K∗.
(ii) φ.T = T for all φ ∈ MB(K).
(iii) φ.T = T for all φ ∈ MA(K).
(iv) T = cλ(ė) for 0 /= c ∈ C.

Proof (i)⇒ (ii) is true, as co(K∗) is dense in MB(K) with respect to the strict topol-
ogy.

(ii)⇒ (iii) is obvious, as MA(K) ⊂ MB(K).
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(iii)⇒ (iv). By the properties of the support of a linear functional, for each φ ∈

MA(K), it follows that supp(T) ⊂ supp(φ). Since functions in MA(K) separate points,
supp(T) = {ė} and hence T = cλ(ė) for some non-zero scalar c.

(iv)⇒ (i). Let ψ ∈ A(K). _en

⟨ψ, L∗φ(T)⟩ = ⟨Lφ(ψ), T⟩ = ⟨φψ, T⟩ = ⟨φψ, cλ(ė)⟩
= c⟨φψ, λ(ė)⟩ = cφ(ė)ψ(ė) = cψ(ė)
= ⟨ψ, cλ(ė)⟩

Deûnition 3.3 A K∗-invariant mean (or generalized invariant mean) on VN(K) is
amean m on VN(K) such that m(L∗φ(T)) = m(T) for all φ ∈ K∗.

We denote by TIM(K∗) the set of all K∗-invariant means on VN(K). As A(K)
is an ideal in B(K), it follows that TIM(K̂) ⊆ TIM(K∗). _us by [17, _eorem 3.5],
TIM(K∗) is always a non-empty subset of VN(K)∗.
For any m ∈ TIM(K∗), let

Bm(K) = {φ ∈ B(K) ∶ m(φ.T) = φ(ė)m(T)∀ T ∈ VN(K)},
BTIM(K) = ⋂

m∈TIM(K∗)
Bm(K).

Also, let BK∗(K) denote the closure of the span of K∗ in B(K).

Lemma 3.4 (i) Bm(K) is a closed subalgebra of B(K).
(ii) m ∈ TIM(K∗) if and only if BK∗(K) ⊆ Bm(K).
(iii) m ∈ TIM(K̂) if and only if A(K) ⊆ Bm(K).
(iv) TIM(K∗) = TIM(K̂) if and only if A(K) ⊆ BTIM(K).

_e next theorem is an analogue of_eorem 1.10. As the proof is same as the proof
of _eorem 1.10, we omit it. Here some extra conditions are needed because of the
previous lemma.

_eorem 3.5 (i) If rK(BK∗(K)) ⊆ BH∗(H), then r∗∗K (TIM(K∗)) ⊇ TIM(H∗).
(ii) If rK(BK∗(K)) ⊇ BH∗(H), then r∗∗K (TIM(K∗)) ⊆ TIM(H∗).

_e following theorem is an analogue of_eorem 2.4.

_eorem 3.6 Let H be a closed subhypergroup of an ultraspherical hypergroup K
such that rK(BK∗(K)) ⊆ BH∗(H). _en
(i) rK(BTIM(K)) ⊆ BTIM(H).
(ii) If TIM(K∗) = TIM(K̂), then TIM(H∗) = TIM(Ĥ).

Proof (i) Let φ ∈ BTIM(K). _en rK(φ) ∈ B(H). For any m ∈ TIM(H∗) and
S ∈ VN(H), we have

⟨rK(φ).S , r∗∗K (m)⟩ = ⟨r∗K(rK(φ).S),m⟩ = ⟨φ.r∗K(S),m⟩
= φ(ė)⟨r∗K(S),m⟩ = φ(ė)⟨S , r∗∗K (m)⟩.

_us (i) follows.
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(ii) _is follows from the hypothesis and (i).
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