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SMOOTHNESS PROPERTIES OF B O U N D E D SOLUTIONS 
OF DIRICHLET'S PROBLEM FOR ELLIPTIC EQUATIONS 

IN REGIONS WITH CORNERS ON THE B O U N D A R Y 

BY 

A. AZZAM 

We study here the smoothness of solutions of the Dirichlet problem for 
elliptic equations in a region G with a piece-wise smooth boundary. The 
smoothness of the solution given depends on the smoothness of the coefficients 
of the equation, the boundary, the boundary function and the values of the 
angles on the boundary and the values of the coefficients of the second 
derivatives at the corners. 

§1. Introduction. Boundary value problems for the linear second order 
elliptic equation 

2 ->2 2 ~ 

(1.1) X a«j(*i>*2)-——+ Z ai(x1,x2)— + a(x1,x2)u=f(x1,X2) 
U = l °xi °xi i = l v*i 

in a domain with smooth boundary have been thoroughly investigated. In the 
works of Agmon, Douglis, Nirenberg [1] and Browder [2], the normal solvabil
ity of such problems for general boundary conditions, satisfying the Sapiro-
Lopatinskii condition has been established. It was also proven that, if the right 
hand side of (1.1), the coefficients of the equation, the boundary and the 
boundary operators are infinitely differentiable, then the solution of the prob
lem is also infinitely differentiable (see also [4], [7], [10]). If the boundary 
contains a corner, this is no longer true. The reason is that, it is not possible in 
this case to smooth the boundary by means of a smooth transformation. 
Moreover, from the simplest examples, it is apparent that when the boundary 
contains angular points the solution of the problem may not be infinitely 
differentiable for infinitely differentiable right hand side, coefficients and 
boundary functions. In [5,6] Kondratev considered some special Sobolev 
spaces with weight functions. In these spaces, he studied general boundary 
value problems for equation (1.1) in a domain whose boundary is piece-wise 
smooth. We study here the first boundary value problem for equation (1.1) in 
the space Cm+a. 
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214 A. AZZAM [June 

DEFINITIONS 1.1. The function g(x1? x2) is said to belong to Cm+a(G) m > 0 
an integer, 0 < a < l , if g(xi,x2) has m continuous derivatives in G, and the 
derivatives of order m satisfy in G a Holder condition with exponent a. 

1.2. The Holder coefficient of the derivatives of order k of g(xl5 x2) in the 
domain G is defined as 

Hg(D-g)^l.u.b.|Dkg(PJlDkg(Q)l 

(PQT 

where l.u.b. is over P^Q in G, and all the derivatives of order fc. 
1.3. In Cm + t t(G), the norms may be defined as follows 

[|g||0 = max|g(x1 ,x2)| 
o 

llgllk-H, = I Il-O*«!lo + H°(Dkg), k = 0 , 1 , . . . , m. 
i=0 

In [1], it is proved that, if the right hand side and the coefficients of equation 
(1.1) are of class Cm+t t(G), and if the boundary T of G can be represented 
parametrically by functions of class Cm+2+«, and if the boundary function </> 
belongs to Cm + 2 +«(r), then any solution of the Dirichlet problem 

2 n2 2 *i 

(1.2) £ aii(*i> x2)~——+ L Oi(xu x 2 ) — + a(xj, x2)u =/(x l 9 x2) 
i,j = l cUj dXT- i = 1 dXi 

(1.3) u=</> on T 

belongs to Cm + 2 + a (G). If the boundary T contains some corners, and the open 
arcs between these corners are of class Cm + 2 + a , then the solution u(x1? x2) 
belongs to Cm+2+a(G1) C\ C0(G) where Gx is any compact subdomain of G with 
positive distances from the corners. 

In a rectangle G={(xl9x2), 0<x1<a, 0<x 2<fc}, Nikolskii [11] studied the 
problem 

(1.4) A u ^ ^ f + ^ 1 = 0 m G 

(1.5) M = </> on T. 

He gave necessary and sufficient conditions for the solution to belong to 
Cm+2+a(G). These conditions are that on the open intervals C X x ^ a , 0 < x 2 < 
b the boundary function <£ belongs to Cm+2+« and at the four corners it 
satisfies certain compatibility conditions. These results were generalized in [3] 
by Fufaev to the case of Poisson equation. Fufaev also proved that if the angles 
at the corners are of values ir/q, q = 2, 3 , . . . then the solution of the Dirichlet 
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problem 

(1.6) Au=/(x 1 ,x 2 ) in G 

(1.7) u = 0 on T 

will belong to Cm+2+a(G) if and only if f(xl9 x2)eCrn+a(G) and at the corners 
f(xl9 x2) satisfies certain agreement conditions (see also [13]). In domains with 
angles irlq, q = 2, 3 , . . . Volkov [14] studied mixed boundary value problems 
for the Laplace equation, and gave the necessary and sufficient conditions for 
the solution to belong to Cm+2+OL(G). If the angle co on the boundary is not of 
the form ir/q, q = 2, 3 , . . . then the solution of problem (1.4) —(1.5) may not 
belong to Cm + 2 + a(G). Fufaev [3] proved that if TT/OÙ is not an integer, then the 
smaller the angle co the smoother in G is the solution u of problem (1.4) — 
(1.5). He proved that if (7r/ct))>m + 2 + a, then u(xu x2)eCm+2+a(G) provided 
that the boundary function is continuous on the whole boundary T and is of 
class Cm+2+« o n the open intervals between the corners. In this paper we 
generalize this result to the case of problem (1.2) —(1.3). We first prove this 
result in a circular sector then we use this to prove the theorem in the general 
case. 

§2. The problem in a circular sector. Consider the sector ft^ ={(r, 6), 
r < c r < l , j3<0<<o + |3} where (r, 0) the polar coordinates of the point x = 
(xux2) and (77/0)) > m + 2 + a and |3>0 satisfies 7r/(w + 2 | 3 ) > m + 2 + a. Sup
pose that the function w(xl9 x2) satisfies inside ft^ the elliptic equation 

(2.i) Lw=t M*) r r -+1 Wx)p+Kx)w = g(x) 

where g(x), biy(x), bt(x) and b(x) belong to Cm+a(ftff) and fty(0,0) = Ô4i the 
kronecker delta, i,j = 1, 2. Suppose also that w(x) is bounded in Ù^ and that 
its boundary value ^(r, 6) on the two lines 6 = |8 and 6 = <o +13 belongs to 
Cm + 2 + a , 0<r<<7, and 

(2.2) ^ k ) (o ,e)^- d f k 

We also assume that g(x) satisfies 

(2.3) D f c^°'°)-ax^x r f c l 

:0, fc=0,l,...,m + 2 

= 0, fc = 0 , 1 , . . . , m 
(0,0) 

for all &i = 0 , 1 , . . . , fc. 

THEOREM 1. There exists a number r0, 0 < 2 r 0 < o - such that in ft2ro the 
bounded solution w(x) of the problem 

(2.4) Lw = g(x) in aCT 

(2.5) w = ^ on T 
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where g and ijj fulfill (2.2) and (2.3), satisfies the inequality 

(2.6) |w| <Mrm + 2 +" 

In the course of the proof we will need the following two lemmas. 

LEMMA 1 [7]. Let ft be a finite domain with diameter r, and let L be a linear 
second order elliptic operator. Let veC2((l) and Lv>0 (<0) inside ft, while 
u<0(>0 ) on the boundary of ft. There exists r 0 > 0 , such that if r < r 0 , then 
D < 0 ( > 0 ) will be satisfied inside ft. 

LEMMA 2 [1]. Let V be a portion of the boundary T of a domain ft, and 
V e Cm+2+or Let ft' be a subdomain of ft with the property that the intersection of 
the boundary of ft' with T lies in the interior of V, then any bounded solution 
W(JC) of the problem (2.4)-(2.5) in ft will satisfy Schauder's inequality 

(2.7) 1| w\\Z+2+a < 8(\\w\\% + \\g\t+a + M + 2 + a ) 

where 8>0 is a finite number independent of w. 

We now prove Theorem 1. 

Proof. Since on the two lines 0 = |3 and 0 = o> +13 we have We Cm+2+« then 
from (2.2) we get 

|^(m+2)(r, 6)\ = \V(m+2\r, 0 ) -^ ( m + 2 ) (O, 0)|<Km+2rflt 

|^(m+1)(r, 0)| < [ hP(m+2)(r, 0)| de<Km+1r
x+(X 

And generally for any k = 0 , 1 , . . . , m 4- 2 

(2.8) |^(k)(r, 0)| < Kkrm+2-k+tt 

Similary for g(x1? x2) 

(2.9) |Dkg(*i, x2)\ <Hkrm-k +" fc = 0 , 1 , . . . , m 

Consider now the function v(x) = -Mrv sinA0 where M > 0 will be defined 
later and A = TTI(O) 4- 2 /3)>m+2 + a = v. We rewrite the operator Lw as follows 

(2.10) Lw =^+^+ £ [ \ W - « T ^ + I Wx)f+Kx)w 
6X\ OX2 i,j = l " ^ i C'^-j i = l " ^ i 

In particular 

2 

Li;=M(À2-v2)rm+otsinÀ0 + M X [ ^ W - ^ l H ^ ^ 
u=i 

(2-11) 
+ Mh1r

m+1+a + Mh2r
m+2+a 
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where Htj and ht are bounded functions, say 

i,j = l i = l 

Since bij(x1,x2) are continuous functions and bij(0,0) = 8ij, then for any e > 0 , 
we can find r o > 0 such that if r<2r 0 , 

\bii(x)-Sij\<el4R i,j = 1,2. 

Since for ]8 <6<o) +18, sin A0>sin A/3, then for r<2r 0 , (2.11) gives 

Lv > M[(A 2 - v2)sin A/3 - e]rm+ot - 2MRrm+1+a 

> M[(A 2- v2)sin Aj3 - e -4Rr0]rm+<x. 

We choose e > 0 sufficiently small, such that A =(A2-i>2)sin A|3~e > 0 then 
we take r0 small enough to make B=A-4Rro>0 then we set M>H0/B, 
where H0 is taken from (2.9). Thus inside fi2ro we have Lu > H0r

m+OL > g(x), i.e. 
L(w - t>) = Lw - Lv < 0. 

We now choose M sufficiently large, such that on the boundary of ft2ro, 
w - u > 0. On the two lines 0 = |3 and 0 = co +18 we have 

w~v = ¥(r, 0) + Mrm+2+ot sin A0 

and from (2.8) we get 

(i) w -v > (Msin A0 -K 0 ) r m + 2 + a . 

On the arc r = 2r0 we have 

(ii) w-u>w+M(2r 0 ) m + 2 + O £ sin A|8> - | |w| |^+M(2r0)m + 2 + o t sin À0 

We now take M sufficiently large so that the right hand sides of (i) and (ii) are 
nonnegative. Now inside ft2ro, L ( w - u ) < 0 while on its boundary w-v>0. We 
take r0 sufficiently small, such that in fl2ro

 w e c a n aPpty lemma 1. Thus in ft2ro 

we now have w — i; > 0 , i.e. 

w > -Mrm+2+a sin A0 > -Mr m + 2 + a . 

Similarly, taking r0 sufficiently small and M sufficiently large we can prove that 
in ft2ro, w < M r m + 2 + a i.e. in H2rn 

|w |<Mr m + 2 + a . 

This proves the theorem. 

THEOREM 2. Under the assumptions of Theorem 1, the following inequalities 
hold in ftro 

(2.12) \Dkw\<Mkr
m+2~k+a, k = 0 , 1 , . . . , m + 2 

where Dkw is any derivative of order k of w(x). 

https://doi.org/10.4153/CMB-1980-029-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1980-029-4


218 A. AZZAM [June 

Proof. Consider the domains 

We denote by T'n the straight parts of the boundary of £l'n. Any point (r,d)e flro 

belongs to some fln with n^czn2ro . The transformation 

(2.13) x^—y, î = 1,2 

transforms fln and £l'n to ft0 and ftj respectively. In ft£> the function w0(y) = 
w0(yi» Y2)= w(vi/2n, y2/2n) satisfies the elliptic equation 

(2.14) I c « ( y ) r ^ r + 2 - " i c f ( y ) ^ + 2 - 2 " c ( y ) w o = 2-2»go(y) 

where ciJ-(y) = bii(y/2n) and similarly the functions Cj(y), c(y) and g0(y) may be 
defined in terms of bt, b and g. The boundary value of w0(y) is ̂ 0(p> 0) = 

^(p/2n , 0); p 2 = y2 + yl. In ft0 and f% the Schauder's inequality (2.7) gives 

(2.15) l|wo||2-«^^«(l|woll^ + 2-2" ||gollS^ + ll^olKf«+-) 

Now ||w0||?° = IMI?» and from (2.6) it follows that 

/ 1 \ m+2+ot 

Since g0(y) = g(y/2n), then 

Dgg0(y) = (^r)kDkg(x) fc=0,l,2,...,m 

where £>g is the derivative in the y-plane corresponding to Dk. From that and 
from (2.9) we get 

\Dk
ogo(y)\^H{^y+a fc=0,l,...,m. 

If P and Q are any two points in il'n and their images in (1'0 are P 0 and Q0 , then 

DMP0)-DMQo) = / J_ \ m + a P m g ( P ) - P m g ( Q ) 

(P^OÔ)" W (PQ)a 

From this it follows that 

( 1 \m+<* 

—) H^(Dmg) 
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Thus 
m / 1 \ m + a 

l lgol l^= I HDSgoll^ + H ^ D ^ g o ) ^ T - ||g||^+„ 
k=0 \ ^ / 

"Mr) 
Similarly we can show that 

( 1 \ m+2+a 

Thus (2.15) yields 

( 1 \ m+2+ot 

¥) 
Since |DSw0|s||w0|G!»+2+a, k = 0 , 1 , . . . , m +2 and since D*w0 = ( l /2") f cDV 
we get that in Xîn 

/ 1 \ fc / I \ m + 2 + « 

£) n>vis6„y 
or equivalently 

( 1 \m+2—k+a 

—J <Mkrm+2"k+<*, k = 0 , 1 , . . . , m + 2. 

This proves the theorem. 

THEOREM 3. Under the assumptions of Theorem 1, w(x1? jc2)eCm+2+a(ftro). 

Proof. Consider any two points P(ru 6^ and Q(r2, 02) in ftro, and suppose 
that 0 < r 2 ^ r 1 < r 0 . We have two cases to consider 

1. r2<\rx. I n this case PQ>\r1 and 

|D k w(P) -D k w(Q) |<M k r r + 2 ~ k + a + Mkr2
n+2-k+ot 

<2M k r r+ 2 _ k + o t ; k = 0 , 1 , . . . , m + 2 

and 

lDm+2w(P) -D m + 2 w(Q) l ^ 2Mm+2r? _ _ < = const. 
(PQT (\r,T 

2. r2>\rx. We will prove that weC m + 2 + a (G 0 ) , where G0 = {(r, 0), 
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Ox/2 )^ r<r l 5 0 < 0 < < o + /3}. The transformation 

xt=—y£ i = l , 2 

transforms G0 to 

and transforms P and Q to P^px, 0i) and Qi(p2, 02) where pa = r0/2 and 
p2 = (r0r2/2r1)>(r0/4). In 

the function 

w 

Gi = {(p,0);|<p<ro, |3<0<co + |3 

i(y) = w1(y1, y2) = w —- yu —1 y2) , 

satisfies the elliptic equation 

2 a 2 W f / 0 - \ 2 

where 

v w / x ^W! /2rA £ ^ J W ! ^ r A * , /2rA 2 , x 

I ^ ( y ) r - v - + — Z 4 (y ) -^+ - ^ d(y)w1 = ( - 1
 gl(y) 

/2r! 2rx \ 
dij(y) = dii(yl9 y2) = ^ I — yi, — y2 • 

^ r0 rQ / 

Similarly the functions dt(y), d(y) and gi(y) can be defined. On the straight 
parts of the boundary of G[, the boundary value of W^y) is ^ i (p , 0) = 
V[(2rjr0)p, 6]. Schauder's inequality (2.7) in G1 and G\ yields 

IIWJIS ,+2+a = = 8 [llwJI?» + (^)2 llgJKL + I I ^ L ^ 

Exactly as in the proof of Theorem 2 we get 

l|w1||°V2+«=sSorr+2+a. 

We note as before that Dkwx = (2rjr0)
k Dkw where Dk is the derivative 

corresponding to D k , and noting that llw^^llwilL+2+a» 0 < p , < m - h 2 + a we 
get that in G0. 

(^k\Dkw\<8ir?
+2+<* 

or equivalently 

\Dkw\<Nkr?+2-k+a k = 0 , 1 , 2 , . . . , m + 2. 

Also noting that H ^ K D ^ ^ w O = (2r1 /r0)m + 2 + o 'H^(Dm + 2w) we get 
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(2r1/r0)m+2+O£H^<Dm+2w) < ô^^2^ 

i.e) H ^ ( ^ m + 2 w ) < H . 

This means that w eCm+2+a(G0). The theorem is thus proved. 

§3. The general case. Let the domain G have a boundary T consisting of a 
piece of a smooth curve of class Cm+2+OL the ends of which join at the point 0 
forming an angle y, 0 < Y < 2 7 T . In G we consider the first boundary value 
problem 

(3.1) f a , ( x ) - ^ - + t ai(x)^- + a(x)u=f(x) 
i,j = l dXi dXi i = l dXi 

(3.2) u — <\> o n T 

the right hand side of (3.1) and the coefficients aip at and a belong to Cm+OL(G). 
The boundary function 4> is continuous on T and is of class Cm+2+<x(r\{0}). We 
transform the equation 

to canonical form. The new angle after transformation co(0) is independent of 
the transformation used and is given by 

(3.4) „(0) = a r c B n ^ " ' y ° > - ° ' ^ " 2 

a2 2(0)cot7-a1 2(0) 

THEOREM 4. If (7r/<o(0))>m+2 + a, then the bounded solution of problem 
(3.1)-(3.2) where f belongs to Cm+OL(G) and <£ belongs to Cm+2+a(r\{0})flCo(r) 
belongs to Cm+2+OL (G). 

Proof. It is sufficient to prove the theorem in any neighborhood G0 <= G, of 
the corner 0 since w(x) E Cm+2+a (G\G0) . With no loss of generality we take the 
corner 0 to be at the origin, and assume that the two curves T1 and T2 forming 
the angle are x2 = /i(*i) and x1 = f2(x2) where fix^eC^^^Ti) and /2(0) = 
/i(0) = /i(0) = 0. Consider the following transformation 

yi = Aja [«12(^1-/2(^2)) + « n ( x 2 - / i ( x i ) ) ] 

(3.5) 1 r 4( ,-. 
y 2

= 7 — U 1 - / 2 U 2 ) ] 
v « i i 

where 
a n - a u (0 ,0) -2 / 2 (0)a 1 2 (0 , 0)+/2

2(0)a22(0,0) 
«i2 = a2 2(0,0)/2(0)-a1 2(0,0) 

«22 = «22(0, 0) 

A = [an(0,0)a2 2(0,0)-a?2(0,0)]1 / 2 
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The two curves T2 and I \ will be transformed to y2 = 0 and y2 = yi tan o>, where 
tan a) =A/a1 2 , (7r/û))>m+2 + a. We now choose | 3>0 such that 7r/(co + 2|3)> 
m + 2 + a, then we rotate the axes with this angle using the transformation 

z1 = y 1 c o s p - y 2 s i n ^ 
(3.6) 

z2 = yx sin (3 + y2 cos |3. 

Consider the subdomain G2 in G defined by 

G2 = {(x1? x2) : (x1? x2) G G, x2 + x2 < d?, ^ > 0}. 

In the z-plane the domain G2 will be transformed by (3.5)-(3.6) to a domain 
fl0 bounded by the two lines 0 = /3 and 0 = <o + j3 and by a curve r = a(0), 
where cr(0)>:a->O, | 3 < 0 < C D + |3 (r2 = z? + z | , 0 = arctan zjzj. In OCT = 
{(r, 0)eflo> r<o-, 0 < 0 < Û > + |3} the transformed function U(z) = U(zu z2) = 
u(xu x2) satisfies the elliptic equation 

(3.7) LU= t b , (z ) -^+ t bi(z)d^+b(z)U = F(z) 

Where 

bn(z) = en(z)cos2 |3 -2e12(z)sin (3 cos |3 + e22(z)sin2 j3 

b12(z) = elx(z)sin 0 cos |3 +e12(z)cos 2/8 -e2 2(z)sin (3 cos |3 

^22(2)= ^n(z)sin2 |3 + 2e12(z)sin |3 cos |3 + e22(z)cos2 |3 

fcx(z) = £i(z)cos (3 - e2(z)sin 0 

b2(z) = ei(z)sin |3 + e2(z)cos |3 

b(z) = a(x) 

F(z) = /(x) 

e n ( z ) = 7 2 — [(«îi / iUi) ~ «i2)2an(x) 
1_ 

A2«n ' 

- 2(a11f1(x1) - a 1 2 ) ( a n - a12f2(x2))a12(x) 

+ ( a n - <x12f2(x2))
2a22(x)~] 

«12U) = 7 [(«12 - ot11f[(x1))a11(x) 
Attn 
+ ( a n + an/i(xi) /2(x2) - 2ai2/2(x2))ai2(x) 

- /2U2)(«n-« 1 2 / 2 (x 2 ) )a 2 2 (x)] 

^22(2) = — I>ii(x) ~ 2/2(x2)a12(x) + f'2(x2)a22(x)] 
« 1 1 

https://doi.org/10.4153/CMB-1980-029-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1980-029-4


1980] DIRICHLET'S PROBLEM 223 

ex = —i— [ai(x)(a12 - a n / i (* i ) ) + a2(x)(a11 - «12/2(^2) 
A v a n 

- an f iUi )a i iU) ~ <x12f2(x2)a22(x)] 

e2 = -,— [a1(x)-f'2(x2)a2(x)-fl(x2)a22(x)] 
v « n 

b11(z)b22(z) - b2
12(z) = S m 4 ^ 2 C ° S 4 g [1 -/ ,iUi)/2(x2)]2[a11(x)a22U) - af2(x)] 

The functions b0, fy, fc and F belong to Cm + a (!!<,.) and 6 .̂(0, 0) = ôi; i, j = 1, 2. 
On the two lines 0 = j3 and 0 = co + j3 the boundary values <ï>(r, |3) and 
*(r,co + 0) of £/(z) belong to Cm+2+«, 0 < r < < r and $(0, j8) = *(0, <o + 0). We 
denote by O0 and <&£ the values of <I>(r, 0) and (dk®/drk)(r, 0) at r = 0, 
fc = 1, 2 , . . . , m + 2. <I>k

+3 is defined similarly. Consider now the function 

e ( z )=«t>o +
m f ( Z l C O S g : , 2 2 S i n p ) k ^ 

k = l fci 

m ^ 2 £ (zx cos |3 4- z2 sin j 3 ) k " l ( - z1 sin ff + z2 cos g)1 ^ 0>^+ p -4)^cos kco 

k = i 1 = 1 (k-l)\ll (sin co + cos cu ) k - cos k co' 

The function v(z) = U(z) — @(z) satisfies in 0,^ the equation 

(3.8) Lv = h(z)^F-L@(z). 

On the two lines 0 = p and 0 = <o + j3 the boundary value ^(r, 0) of u(z) 
belongs to Cm+2+« and satisfies (2.2). In Lemma 3 we will show that there 
exists a polynomial s(z) = s(zl9 z2) vanishing on 0 = |3 and 0 = <o + j3 such that 
w = v -s satisfies in Cl^ equation (2.4) with g(z) = hOz)-Ls(z) satisfying (2.3). 
Thus all the conditions of Theorem 1 are satisfied, and we conclude that in ftro, 
2r0<cr, w(z)eCm+2+a. Since U(z) = w(z) + ®(z) + s(z), where @(z) and s(z) 
are polynomials, then U(z) e Cm+2+a(Ùro). Returning now to the x-plane and 
noting that the transformation (3.5) is of class Cm+2+a, and at the origin it has a 
Jacobian equal to -(1/A) which is finite and different from zero, we conclude 
that in a subdomian G0<^G; Go^ftxi, x^'.ix^x^e G, x\ + x\>d\, d 2 >0}, 
u(xl5 x2) e Cm+2+ot. This proves the theorem. 

LEMMA 3. There exists a polynomial s(z) vanishing on the two lines 0 = |8 and 
0 = <D + P, and is such that the function w(z) = v(z) — s(z) satisfies in il^ the 
equation Lw = g(z) = fi(z) —Ls(z), with g(z) satisfying (2.3). 

Proof. We set m1 = tan|3 and m2 = tan(co +13), l + m 1 m 2 ^ 0 and by 
fe<ki.k2>(0,0) we denote 

dk^ 
dxk^ dx%* (0,0) 
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We will prove the lemma by induction. Consider the function 

, w v x h(0,0) 
s0(z) - ( z 2 - mAzx)(z2- m2zx) —— 

z(l + mxm2) 
s0(z) vanishes on 0 = /3 and 0 = <o + |3, and 

Lso(z) = h(0,0) + p1(z) + o(r) 

where pk(z) is a homogeneous polynomial in zx and z2 of order k, fc = 
1, 2 , . . . , m. Consider now the two functions 

Pk-i(z) = {z2-m1zx)(z2~m2z1)Tk_l 

Pk:=(z2-™iZi)(z2-m2z1)Tk 

where 

Tk-i(z) = X Aklk2zï^z^ 
ki+k 2 =0 

Tk(z) = I AklzfizS-k>, fc: 
k t = 0 

We put 

sk(z) = Pk-i(z) + Pk(z) 

Suppose now that the coefficients Akikz in Pk_1(z) are already found such that 

K. J. ^ , IC^^,K.^ 

(3.9) LPk_i(z) = £ f±ff-.h«'^>(0,Q) + pk(z) + o(rk) 

Now we find the coefficients A0, A 1 ? . . . , Ak in Fk such that 

(3.10) LPk(z)= t ;
 Z}<f2 ^\}h^k-k^0,0) + pk+1(z)-pk(z) + 0(rk^ 

where pk(z) is taken from (3.9). Now 

LPk(z)= t b , ( z ) - ^ + pk+1(z) + o(rk+1) 

and since ^ ( 0 , 0) = ôtj we get 

L P k ( z ) = Ç ^ + ^ + pk+1(z) + o(rk + i) . 
oZ\ oZ2 

We now find A ={A0, A 1 ? . . . , Ak} from the identity 

(3.11) ^ + ̂  = 1 , ^ j , \ t f e ( f c ' - f c - f c ' ) ( 0 > 0 ) - p k ( z ) 
dzx dz2 k i = = 0k1!(k-/c1)! 

Equating the coefficients of z\^z\~k\ kx = 0 , 1 , . . . , k on both sides of (3.11) 
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we get the system of algebraic equations 

(3.12) A\=B 

If det A ^ 0 , then (3.12) is solvable for A. We now show that det A ^ O . 
Suppose contrarily that det A=0. We find a nonzero solution À* of the 
equation 

(3.13) A A = 0 

then we substitute this solution in Pk(z). Pk(z) is now a homogeneous polyno
mial of order fc + 2, vanishes on the two lines z2 = zx tan (3 and z2 = z1 

tan(o> +13) and satisfies in fl^ the Laplace equation 

d2Pk d2Pk n 

dz\ dzl 

Thus Pk(z) vanishes on all the lines making angles t<o with these two lines, 
where t is any positive integer. If TT/Ù) is irrational, then the number of these 
lines is not finite. If œ = (pjq)ir where p/q is an irreducible fraction and p ^ l , 
then the number of these lines is q, q > (qlp) = (TT/Ù)) > m + 2 + a. In both cases 
the number of the different lines on which Pk(z) vanishes is greater than m + 2. 
This is a contradiction since Pk(z) is a polynomial of degree k + 2, k<m. Thus 
det A T^O, and (3.12) uniquely gives À. The function sm(z) satisfies all the 
requirements of the lemma. This proves the lemma. 

REMARKS. 

1. If (7r/co)<m + 2 + a, then using the same argument we can show that 
u(x)eCMtû)-B(G), e > 0 is arbitrary. 

2. If there is more than one corner on the boundary then the smoothness of 
the solution in the neighborhood of each corner may be discussed separately. 
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