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SIMULTANEOUS MONOTONE APPROXIMATION
IN LOW-ORDER MEAN

ROBERT HUOTARI AND SALEM SAHAB

Suppose that / , g £ Loo[0,1] have discontinuities of the first kind only. Using
the measure, max{||/ — h\\ , \\g — h\\p}, of simultaneous Lp approximation, we
show that the best simultaneous approximations, hp, to / and g by nondecreas-
ing functions converge uniformly as p —» 1. Part of the proof involves a discussion
of discrete simultaneous approximation in a general context. We discuss the in-
heritance of properties of / and g by hp, and of hp by hi.

1. INTRODUCTION

A context which calls for simultaneous approximation is that of fitting a multivari-
ate function by a univariate function. For example if / : A x B —> R, then the problem
is to approximate the set of univariate functions J- :— {f{x,yo): 2/o £ B} by a single
function g: A —* R. In the present paper we shall restrict our attention to the case
where T consists of exactly two functions. In measuring the distance from g to T,
two norms must be used; their composition is called a vectorial norm.

When one considers the continuum of normed linear spaces {Lp(il, E,/i) : 1 ^ p ^
oo}, three vectorial norms present themselves as being most natural for measuring
simultaneous approximation as p varies. The simultaneous £p-distance from / and

g to h could be calculated by (||/ - h\\'p + \\g - h\^f'V', by (||/ - h\\p + \\g - h\\p) ,

or by max (\\f — h\\ , \\g — h\\ j . In the first of these vectorial norms, the theory of
simultaneous approximation is strongly related to that of single approximation on Lp x
Lp, and has been extensively studied [15, 16, 17]. The second norm has not, to our
knowledge, been widely studied vis-a-vis the continuum of Lp-spaces, and is the subject
of a planned future work. The third norm seems most natural for studying the uniform,
as it relates to the Lp, simultaneous approximation operator, Sp; this study was begun
in [8]. It is the norm used in the classical theory of Chebyschev centres [18] and provides
the context in which the simultaneous approximation problem (for any compact set of
approximations) is most naturally stated. In the present paper we continue the study of
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424 R. Huotari and S. Sahab [2]

this "max norm" in Lp-simultaneous approximation, with primary focus on small values
of p , and on convex discrete and monotone continuous approximation of functions on
a probability space.

Most of the results to be presented here relate to the continuity of Sp; for p fixed,
and as p varies. In [8], it was shown, for a large class of approximating sets in the
discrete case, and for the approximating set M (nondecreasing functions on [0,1]) in
the continuous case, that Sp(f,g) converges as p —> oo. In the present paper, we

establish similar results for the case p -+ 1. The existence of lim Sp(f, g) ameliorates
p-»i

the nonuniqueness of the 1-b.s.a. [10].
We begin with some definitions and notation. If a,b G R (the set of all real

numbers), let o V b — max (a, 6) and a A b — min(a,6). If f,g: R —» R, define
/ V9 by (/V*r)(*) = f(t)Vg(t) and / A g by (fAg)(t) = f(t)Ag(t). Let {X,d)
be a metric space. If K. C X and f,g,h e X, let d(f,g;h) = d(f,h) V d(g,h), let
d(f;/C) = inf {d(f,h)}, and let d(f,g; K) = inf {d(f, g;h)}. We say that h' € K is a

best (respectively, best simultaneous) d-approximation to / (respectively, to / and g)
from K. if d(f, h*) = d( / ; K) (respectively, d(f,g; h*) = d(f,g; AC)). In this case, we say
that h* is a d-b.a. to / (respectively, d-b.s.a. to / and g). If there is a unique d-b.s.a..
to / and g from K, we denote it by S(f, g). In subsequent sections of this paper we
shall specialise by letting X — Lp, but for the present we shall stay in a general context
to state two theorems which we have not seen in the literature. The first relates to the
continuity of S and its proof is mutatis mutandis the same as that of (2.5) in [14].

THEOREM 1 . If K, is compact in (X,d) and, tor every f,g 6 X, S(f,g) is
uniquely defined, then, for any e > 0 there exists 6>0 such that d(S(f',g'),S(f,g)) <
e whenever d(f,f) < 6 and d(g,g') < 5.

THEOREM 2 . If d is induced by a norm and if h is a d-b.s.a. to f and g from
K. but not a d-b.a. to f from K, then d(f,h) ^ d(g,h).

PROOF: Suppose the theorem is false. Then d(g,h) < d(f,h). Since h is not
a d-b.a. to / , there exists f E K, such that d(f,f) < d(f,h). For a £ I , let
H(a) = (1 - a)h + af, let G{a) = d(g,H{aj), and let F(a) = d{f,H(a)). Since
d is induced by a norm, G and F are continuous. Thus, since G(0) < F(0), there
must be a /3 > 0 such that G(/3) < F{fi). Since F is convex and since F ( l ) < F(0),
F(P) < F(0). Thus <?(/?) < F{0). Let h* = H((3). By the last two inequalities,

d(f,g;h')<d(f,h) = d(f,g;h),

which is a contradiction. D

Let h* = S(f,g), f* = S(f,f), and g* = S(g,g). In [3], it was shown that if d is
induced by an inner product, if K is a linear subspace, and if f*j^h*^g*, then h*
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must be of the form

(0 h* = \r + a - A)S*,

where A G (0,1) is determined by the equation

(ii) d(f,h*) = d(g,h*).

If the requirement that AC be a linear subspace is removed, then (i) doesn't hold
in general even if we are in Hilbert space. To show this, let / = {3,0,5,0,7,0},
g = {-3 ,1 ,0 , -2 ,1 , -1}, w = (1/15){1,2,1,4,1,6}, and let K = M, the closed
convex cone of nondecreasing n-tuples in ^(w). Then fa = {1,1,1,1,1,1}, gi —
(-l/7){-21,6,6,6,5,5} and h2 = {0,1/4,1,1,1,1}. A simple calculation shows that
| | / - / i 2 | | j = \\g-h2\\l = 569/120, but there does not exist a A G (0,1) for which

However, in the more general context of Theorem (2), (ii) does hold, and is proven
in the following corollary. Geometrically speaking, the corollary says that if the relative
Chebyschev centre of / and g is a nearest point to neither / nor g, then it is a relative
"midpoint" of / and g.

COROLLARY 3 . Suppose d is induced by a norm and K is any convex subset of
X. If h is a d-b.s.a. to f and g from K, but is a d-b.a. to neither f nor g, then
d(f,h) = d(g,h).

Corollary (3) can be generalised to the simultaneous approximation of n functions
f1,... , / " as follows. If 1 ^ i < j ^ n, if h is a d-b.s.a. of {f1,... , / **} , and if /i is a
d-b.a.. to neither /* nor / J , then d(/*,/i) = d ( / ; , ft) • However, in some of the results
stated below, we assume in an essential way that n = 2.

In the remainder of this paper we shall assume that X = Lp(Cl,H,fi) (where
(n,E,/x) is a probability space and 1 ^ p ^ oo), that K is an H-Hj-closed convex
subset of X, and that f,g G L^. Let dp be the metric induced by ||-|| and let p-b.s.a.
and p-b.a. denote dp-b.s.a. and dp-b.a.., respectively. For 1 ^ p ^ oo, let fip(f,g;IC)

consist of every p-b.s.a. to / and g from /C. If 1 < p < oo, then fip(f,g;)C) is a
singleton [3], which we denote by Sp(f,g) or by hp. We denote Sp(f,f) by fp.

2. DISCRETE SIMULTANEOUS APPROXIMATION

In this section we assume that fi = {1,2,... , n} , that S = 2 n , that /x({t}) =
n

W{ > 0 (where ^v>i = 1), and that K. is any ||-||j-closed convex subset of X = R n .

The underlying norm is the weighted £p norm, defined by ||fc|| = I 53 wi IMOI' ) >

for 1 ^ p < oo, and H^ll^ = max (u>j |A.(i)|).

We begin with a lemma that will be used in compactness arguments.
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LEMMA 4 . The set H = {hp: 1 < p < oo} is uniformly bounded. Thus, every
sequence in H has a convergent subsequence.

PROOF: Let z e fC be fixed. For any p € (l.oo), \\hp\\p - \\f\\p ^ \\hp - f\\p «J

dP(f,g;hp) < dp(f,g;z) ^ <*«,(/,*;*) s o I IM, < ^ := | | / | L +i*o.(/.*i*) and, for

l^i^n,Wi I M O r < A*. Since w{ < 1 and p > 1, wt \hp{i)\ < w,^* \hp(i)\ ^A,so

HfcpĤ  < A m a x ^ 1 : 1 < i < n}.

The second assertion follows from the fact that every bounded sequence in R™ has a
convergent subsequence. 0

One of our primary concerns is the continuity of hp as a function of p. The
following theorem estabHshes this continuity on the interval (l,oo).

THEOREM 5 . The function II: ((l,oo), | | ) -> (Kn, |HL) defined by H(p) = hp

is continuous.

PROOF: If the theorem is false, then there exist p 6 (1, oo) and Pk —* P such that
lim \{hPk — hp\\ 7̂  0. By (4), {hPk} has a subsequence {hqk} which converges to an

k—too

element h* ̂  hp. We now show that, to the contrary, it must be that h* = hp.

Let e > 0 be given. Since lim ||z|| = ||z|L for every z 6 R", there exists Ni

such that for every k ^ Ni and for z = f,g,

By the definition of best simultaneous approximation, dqk(/,</;hqkj ^ dqk(f,g;hp) so,
for every k ^ Ni,

(i) dqk (/, g;hqk)^dp(f,g;hp) + e.

By our assumption, there exists N2 such that, for every k ^ iV2, ||A,t — ft,* Hoo ̂  e

and, for z = f,g,

Let N = N!V N2. By (i) and (ii), for every k ^ TV,

d9i(/,5; fc*) < «*n (/,s; fc,J + e ̂  dp(f,g; hp) + 2e,
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which implies that dp(f,g; h*) < dp(f,g; hp) + 2e. Since e is arbitrary and since hp is

the unique p-b.s.a. to / and g, it must be that h* = hp. LJ

The following corollary is also related to continuity, but includes the endpoints, 1
and oo. Its proof uses the continuity of \\z\\p as a function of p and the definition of

dp{f,g;>C).

COROLLARY 6. The function D, defined by D(p) = dp{f,g;K.), is continuous
on [l,oo].

The following technical lemma will be used in the proof that hp converges as p j 1.

LEMMA 7 . Either (i) Wg-h^ < HZ-^lli for every h in / i i( / ,0;£) or (ii)

\\f-h\\i < llff-^lli for every h in fii(f,g;lC).

PROOF: Suppose h',h" G ln(ftg\K), Wg-h.% < \\f-h\ and l ^ - ^ ' l l i >
||/ - h'%. Let h* = {h' + h")/2. Then

di(f,g; h*) = ||/ - (h' + n /211! v ||ff - (h' + O/2H!

< ^[(11/ - fc'lli + 11/ - H i ) v (\\g - h'W, + \\g - h"^)]

< \{(\\f - fc'lli + \\9 ~ h'%) V (11/ - h% + \\g - &"|li)]

a contradiction. D

The proof of the following theorem is modelled after the proof of [10, Theorem 2].

Throughout the demonstration, we shall assume without loss of generality that (7i)

holds. For 1 ^ i < n define A<: Rn -> R by \i(h) = h(i) - f(i). Let £ i = m(f,g;lC).

Clearly K.\ is convex. We claim that

(*) Aj does not change sign on /Ci.

Indeed, for x,y £ /Cj and l < i ^ n , l e t a = x — / and t = y — f. If s(i) — a > 0
and t(i) = -b < 0, let z = (bs + at)/'{a + b). Then z(i) = 0 and, for Jb ^ i, \z(k)\ ^

Let x* = (6s; + ay)/(a + 6). Since K\ is convex, x* £ K.. By the last inequality,

II* ' - /Hi < I I*- /Hi , so <*i(/,s;**) = | |«*-/ lU < | | * - / l ^ = <*!(/,*;*). This
proves (*).
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Define 7 : R -> R by

= <
[

| r | ln |r | , r ± 0,

0, r = 0.

For every h G £ and 1 < p < 00, let J\(p) = ||A - /||£ and let

Since 7 is strictly convex on [0,00), (*) implies that F is strictly convex on K.\ and
so has a unique minimiser; call it h\ .

In view of (4), to show that lim hp exists, it will suffice to exhibit a vector h such

that, for every sequence {pt} i 1> lim hPk = h. The following lemma is a first step in
k—>oo

this exhibition.

LEMMA 8. II {Pk •. k e N} c (l.oo), if Pk 11 and if \\f-h,h\\n > \\g- hPk\\pk

for every i £ N , then lim hPk — hi.
k—>oo

PROOF: If the lemma is false, then, by (4), there exists a sequence {</*} C {p*}
such that qk I 1 and hqk —> z ^ h\. Then

(i) r(z)>T{hl).

If r ^ 0, then the function p i-» rp is a convex function so the Mean Value Theorem
implies that, for every p > 1, r In r ^ (r ' — r)/(p — 1). Hence

(ii) r(hqk) < - i - £ { | M 0 - /(Or* -1^«(0 - /(0|>-

Since / i , t is a gt-b.s.a. to / and g from £ , we have | | / — ^gt|| ^ dqk (f,g;hqk) ^

dqk(f,9)hi)- This, along with (7i) gives

(iii) 11/" * . J t i < 11/" M« •

Since fc2 e « i and (7i) holds, | | / —fci||1 = *(/ ,*;&i) ^ 4(/,<?; fc,J. Since ||*||p
is a nondecreasing function of p for every z in Rn, ||/— hi\\t ^ ^?t(/)5i^?t) —
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By (ii), (iii), and (iv),

i £ 0 ~ Ml"" ~ MO ~ /(0l>-

As fc —> oo, the right hand side of (v) approaches T(hi) so F(-z) ^ T(/ii), which

contradicts (i), and proves the lemma. u

THEOREM 9 . The net {hp: p > 1} converges as p | 1

PROOF: Suppose first that there is an a > 1 such that

In this case, if pk J. 1, then, without loss of generality, | | / — hPk || < ||<7 — hPk || for

every i 6 N, so (2) implies that hPk = gPk and, by [10], hPk —» 51, the natural best

£1 -approximation to g from /C, and the proof is complete.

Suppose (i) does not hold. Then there exists a sequence {pt} which satisfies

the condition in Lemma 8, namely, pk | 1 and | | / - hPk\\ ^ \\g — hPk\\ for every

fc€N. If qhil and | | / - fc,J,4 < \\g ~ hqt \\n , let rk = sup{p < qk: | | / - A p | | p ^

||p — /ij,|| }. We may assume without loss of generality that {r*} C {pk} • Then, by

(5), rj. < qk- By the Intermediate Value Theorem, \\f — hp\\p < \\g — hp\\p for every

p in (rfc,gjt), and, by (2), hp = gp for every p £ (rk,qk)- Thus (5) imphes that

lim gp = lim fep = hr. . Since G(p) = gp is continuous on (l ,oo) (the proof is similar
pi*/* pl^k

to that of (5)), it must be that hTk = gTk. From the above considerations, we know
that hqk —> gi and hTk —> hi. But hrk = grk —> /ii so hgk —> Ai.

Thus, if (i) does not hold and if qk | 1, then, without loss of generality, either

{?*} = {r*} or {94} = {rk} U {s t } , where, for every fc € N, ||/rjt - / i r j t | | r t ^

\\3rk -hrk\\rh and | | / . t - ^ . t | | , t < ||ff.t - f c«t lLt-
 S i n c e e a c h o f ihrk} and {/iJJt}

converges to hx, so do {hqk} and the net {/ip: p > 1}. However, sup(/,$r; A<) = h =

X[o,i/2] +2x(i/2,i] and inf(/,^;A<) = ft = X(i/2,i] are not in m{f,g;M). •
Combining (6) and (9), we have the following.

COROLLARY 10. Tie set H\(f,g;K,) is nonempty.

3. SIMULTANEOUS M O N O T O N E LP-APPROXIMATION, p e [l,oo]

In this section we shall assume that Q — [0,1], that E consists of all Lebesgue
measurable subsets of ft, and that \i is Lebesgue measure. Let K. = M., the set of
all nondecreasing extended real-valued functions on f2 and let f,g£ Loo have at most
discontinuities of the first kind. Let M = H/H^ V WgW^.
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LEMMA 1 1 . The set \J^=1np{f,g;M) is uniformly bounded by M.

PROOF: If h G Hj>(f,g;M) but there is a t G (0,1) such that h(t) > M, then
there is an a G (0,1) such that, for every r > s, h(r) > M. Let h* = h A M. Then
h* € M and dp{f,g;h*) < dp(f,g;h), a contradiction. The case minh(t) < — M is
treated similarly. U

LEMMA 1 2 . If 1 < p < oo and TiC M is uniformly bounded by B, then there

exist hk €H and he M such that WhW^ ^ B and lim \\h - hk\\ = 0.

PROOF: By Helly's Theorem [12], there exist hk G H and h £ M such that
Halloo ^ B an<^ hk —* h pointwise on Q. Thus, by the Lebesgue Dominated Conver-
gence Theorem, {h1} converges to h in Lp. D

In view of (11) we may, and will, assume that M. consists of all nondecreasing
functions h such that HhHoo ^ 2M. Thus, by (12), M is a compact subset of Lp for
1 < p < oo. By (1), Sp is a ||-|| -continuous function of / and g. By a proof similar
to that of (5), the following result can be obtained. If q G (l,oo) then the function
II: ((1|9J > 1*1) —» Lq defined by II(p) = hp is a continuous function of p.

We now undertake to show that lim hv exists, so that the last result can be extended

to [l,q].

THEOREM 13 . Tie net {hp} converges uniformly as p j 1.

PROOF: The length of the proof, and the fact that some of its waystations are of
independent interest, warrant its division into several lemmas. We begin by showing
that 5^ is a monotone operator.

LEMMA (i) Suppose that f',gi G Lp, i = 1,2, 1 < p < oo. If f1 ^ f2 and

g1 ^ g>, then Sp / V ^Spf
2g*.

PROOF: Let h* = Sp / V , i = 1,2, I \ = h1 A h2 and T2 = h1 V h2; let fli =

\f* - h*\, bi = \g* - h*\, a = \P - Ti\ and d{ = \g< -Ti\,i = 1,2. By [11 , Lemma

2],

a\ + a\> c\ + cf and b\ + h\>d\ + d\,

so a* V fe£ ̂  c\ V d\ or a\ V h\ > c\ V d\.

If the first case holds, then upon integrating, we obtain

Since 5^ f2g2 is uniquely defined, h2 — T2 ^ h1. By similar reasoning, if the second

case holds, then h1 = T% ^ h2 . This completes the proof of (i). D
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LEMMA (ii) For 1 < p < oo and c G R , SP ( / + c, g + c) = hp + c.

PROOF: By the definition of hp, we have for all h £ K

For any Jfc G K, there exists h G K such that h + c — k, so

| | / + e - ( h p + c)\\p V \\g + c - ( h p + c)\\p < \\f + c - (h + c)\\p V \\g + c - (h + c)\\p

= \\f + c-k\\pv\\g + c-k\\p.

This concludes the proof of (ii). D

LEMMA (iii) If 1 < p < oo, if / is an open interval, and if both / and g are
constant on / , then Sp (/, g) is constant on I.

PROOF: Let h = Sp (/, g), and let A'|j - -h + g + f, and A'|ny = h. Note that
h'\i is nondecreasing. For notational convenience, we let ||fc — /|| = (Jj \k — l\p)
Then \\f-h\\ = ||^ — fc'|| and \\g - h\\ = \\f-h'\\. If h" = 2"1(/i + /i') and d =
2"1(ll/ - h\\ + llff - h\\)> t h e n b o t h 11/ - h"\\ < ^ and \\g - h"\\ ^ d. But this implies
that

\\f-h'\\V\\g-h»\\£\\f-h\\V\\g-h\\.

Since h" = (g + f)/2 is constant on / and h = Sp(f,g) it must be that h" = h

so h' — h. Thus h\i is both nondecreasing and nonincreasing, hence constant. This
concludes the proof of (iii). D

Since / and g have at most discontinuities of the first kind, they can be uniformly
approximated by step functions (see [19]). Thus, for any n G N there are step functions

t=2

and

i=2

(where XA is the indicator function of A, that is, XA(0 = 1 if < G A and XA(*) = 0
ii t $ A) such that \\f - f71^ < n " 1 and \\g - g71^ < n " 1 , where {0 = t0 < h <
... < tn = 1} is the common refinement of the partitions of [0,1] associated with the
canonical representations of fn and gn. Let hp — Sp (fn, gn)- By the last lemma, A™
must have the form

i=2
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Thus, we are in the context of weighted discrete simultaneous approximation (where
fn = {"<}?=!, 9n = {bi}£i, h? = WAti and m = U - U-i) so, by (9), there are
numbers c\, 1 < t < kn, such that

(™) " m !>; = >$ = c\x[o,tl] + X) 4X1^,«,.] •
«=2

LEMMA (viii) Let fn,gn,hp and hp be as denned above. Let hp be the best
Xp-simultaneous approximation to / and g from M.. Then for every e > 0, there
exists an N = N(f,g,e) such that for all n ^ N and p € (l,oo), \\h^ - ftp^ < e.

PROOF: Let e > 0 be given. Then there is an integer N ^ 1 such that
11/ - /"lloo < e a n d Il5-5n|loo < e for all n ^ AT. Thus, except on a set of mea-
sure zero, n ^ N implies that

(«) fn<f + e,gn<g + e

and

W / < / " + £, g<9n+e.

Applying (i) and (ii) to (ix) and (x) respectively, we obtain

tip1 <hp+ e, and hp < /£ + e,

which implies that 11K2 — hv\\ < e.

We are now in a position to complete the proof of Theorem 13. Let e > 0 be
given. Then there exists N ^ 1 such that | | / n - / m | | o o < e , and ||flin - ^ '"IL < e for
all 7x, 77i ^ iV. An argument similar to that in the last proof shows that there exists
an N = N(f,g,e) such that for every n,m ^ N and p 6 (l,oo), h^ < h™ + e and
A™ < Ap + e. Letting p | 1, we obtain

(xi) ||fc? - /CHoo < e, n,m>N.

Hence {A™: n = 1,2,...} converges uniformly to, say, h\. Since the values of N in
(viii) and (xi) are independent of p , (vii), (vii) and (xi) and the triangle inequahty imply
that hp converges uniformly to h\ as p J. 1. This concludes the proof of Theorem 13. D

Let hi — lim/ip and define Si(/,<?) := ^ i . Applying a version of (6), we have that

^i G A*i(/><7I-M)- This proves the following:

COROLLARY 14 . Tie set fJ.i(f,g;M) is nonempty.

We end this section with a discussion of the inheritance of the continuity of /
and g by hp. The theorem below is presented in [8], but is included here also for
self-containment. We refer the reader to [1] for the definition of approximate continuity.
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THEOREM 1 5 . II f and g are approximately continuous and p £ ( l ,oo) , then
hp is continuous on (0,1).

PROOF: Suppose for contradiction that hp has a jump discontinuity at a £ (0,1).
We may assume without loss of generality that g(a) ^ / ( a ) .

We may approximate the above functions by step functions. Indeed, let a = g(a),
T — f(a), A = hp(a~) = ]imhp(t) and /x = hp(a

+) and suppose that a > 0. By

Lemma 9, there exists an 77 6 [A,/J] and e = e(a) > 0 such that

max{a(|r - fi\p + \r- X\p), a{\\ - a\p + |/i - a\p)}

= max{2a \T - r)\p , 2a \rj - a\p} + e.

If a is replaced by a multiple of a in the last equality, then e is replaced by the same

multiple of e. Thus there exists a K > 0 such that e(a) = Ka. Hence

max{|r - M|p + |r - A|p , |A - <r\p + |/x - a\p}

= max{2 \T - r,\p , 2 \v - <r\p} + K.

Let hp(t) — hp(t) if t > a and hr
p{t) = \i if t ^ a, and define hl

v similarly,

with reversed inequalities. Then each of hT
v and h^ is continuous at a so, by [1,

Theorem 5.4] each of \hp — k\ , j = r,l, k — f,g, is approximately continuous at a.

By [1, Theorem 8.2]

\h; - k\p = \h;(a) - k(a)\p , k = f,g,

and similar statements hold for hp, with integration from a — 8 to a. Since K > 0
there exists a 8 > 0 such that

6-1 \hp-f\
p,6-* \hp-g\p\

Ja-S Ja-6 )

-f\p,6-i \v-g\p\.
Ja-S J

max

>max < b
( Ja-S

If h* is defined by

{ 77, t G [a — S, a + S) ,

hp(t), otherwise,
then hp is a better simultaneous Lp approximation to / and g than is hp. D

If / and g are continuous, then they are quasi-continuous and approximately

continuous both, so, by (13) and (15),
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COROLLARY 1 6 . If f and g are continuous, then so is hi.

Example (19) in Section 4 shows that not all members of fii(f,g; M) preserve the
continuity of / and g. As a consequence of (3) and (13) above, we have the following.

COROLLARY 17 . Suppose p G [1, co). If hp^ fp, then | |/ - hp\\p ^ \\g - hp\\p.
IffP^hp^gp, then | | / - hp\\p = \\g - hp\\p.

4. SIMULTANEOUS MONOTONE ZI-APPROXIMATION

The structure of the set of best simultaneous monotone L\ approximations to an
arbitrary pair of functions {f,g) is of intrinsic interest. In [6, 7], assuming f = g,
this set was completely characterised in terms of / , and in [9], the continuity of the
multifunction / >-* /zi(/;M) was studied. In this section, we present some related
results in the context where / and g are not necessarily the same.

LEMMA 18. Let f and g be step functions defined over the same partition of
[0,1]. Tien there exists an element h £ pi{f,g't-M) such that h is a step function of
the same form as / and g.

PROOF: Let fc and gi be the values of / and g on the subinterval (U-i, ti\.
Assume without loss of generality that gi < fc. Let h £ ni{f,g;M). If h is not a
constant on (t,-_i, <»], then clearly gi ^ h(x) ^ /< for all x £ (U-i,ti], otherwise both of
| | / — /i||j and \\g — h^ can be reduced simultaneously and h would not be an element
of /xi(/,g; M) any more. Now, we seek a constant c € [<7i,/i] such that

Jti-i * J*i-i

and / (h(x) - gi)dx = I (c - gt)dx.

But it is clear now that c is given by

c = (U- t i - i )"1 / ' fc(*)«fc.

This completes the proof. D

Thus, for any pair of step functions / and g, there always exists a step function
^ £ /xi(/>5!-^)- Clearly, such a step function is not necessarily unique. This will be
shown as part of the next example.

In [5], it was shown that the set of best ii-approximations to a bounded measurable
function / by nondecreasing functions includes its supremum and infimum. However,
this is not the case with f*i(f,g;M).
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EXAMPLE 19. Take / = 2 and g = 0 on [0,1]. Then any function hc of the form

he(x)
( c, 0^x^1/2

[2-c, l / 2<x^ l ,

c € [0,1], is an element of m(f,g;M), so h := sup(f,g;M) ^ X[o,i/2] + 2x(i/2,i]
h := inf (f,g;M) ^ X(i/2,i] • Thus <fi(/,s;/i) > 3, so A £ Hi{f,g;M). Similarly,
A £ M/iS1; A4). Also notice that if h*(x) = 2x, then h* 6 in(f,g;M).

This example shows also that the fact that both of / and g are constants doesn't
imply that every element of fii(f,g;M) must be also a constant, or even a step function
as is the case with h*(x) = 2x. It also demonstrates the fact that continuity is not
inherited from / and g by all elements of pi(f,g;M).

Next, one might ask about the relation between the set of best L\-simultaneous
approximations to a pair of functions / and g, and the set of best Li -approximations
to the mean of this pair of functions. In [13], it was shown that h* is the best L-i-
simultaneous approximation to two functions / and g if and only if h* is the best
X2-approximation to their mean T = (/ + g)/2, provided we define h* as the element
satisfying

• a m . , |<2 II * i | 2 i l / 2 f II e t * | | 2 II i *"?^

/ - h\\2 + \\g - h\\2y>2 = 11|/ - h*\\2 + \\g - h*

This motivates us to raise a similar question for our case of best L\ -simultaneous
approximation. Is H\(f,g\M) <~\ (ii(T;M) ^ 0 for any pair of functions / and g; for
a special pair of functions, such as continuous functions? How about if fii(T;M) is a
singleton? The following example answers these questions.

EXAMPLE 20. Let f(x) = 3-2x and g(x) = l - 4 z . Then T(x) = (l/2)(/(x) + g(x)) =
2 — 3x. Clearly Ti =1 /2 is the unique best L\ -approximation to T by elements of M •
However Ti £ Hi(f,g;M). Take for example h* = 29/60 £ M. Then di(f,g;h*) <
* ( / , * ; Ti).

However, the following lemma gives us a condition which guarantees that
,9\M) C M l ( ( l /2)( / + 0);.M).

LEMMA 21 . If d1((l/2)(f+ g);M) > d1{f,g;M), then in(f,g;M)
((l/2){f + g);M).

PROOF: In general, we have for any h € f*i(f,g',

d* = <M(l/2)(/ + g); M) < (1/2) ||(/ - h) + (g - h)^

< max(||/ - hW, , \\g - h\\x) = d^g; h) = dt.
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So we obtain equality in the given condition of the theorem. Now, let hi £ f*i(f,g) A-f),

and suppose \\f - fciHj > \\g - h^ . Then

* = 11/"Mi ^(1/2)(||/-Mi+11* "Mi)

Hence Ai G/x1(( l /2)( / + 5 ) ;A<). D

Suppose the hypothesis of (21) holds. Then ^{f,g;M) = fi1((l/2)(f + g);M) if
^*i((l/2)(/ + g); M) is a singleton. This occurs when both of / and g are continuous

or approximately continuous (see [2]). Even with the assumption of uniqueness of the

best L\-approximation to the mean (l/2)(/ + g), the converse of the lemma is still not

true in general. The following example illustrates this fact.

EXAMPLE 22. Let f(x) = x2 - 1 on [-1,1] and let g--f. Then

,p; M) = M(i/2)(/ + g); M) =
However

d* = di((l/2)(/ + g);M) = 0 < 2/3 = dx = d^g;M).

The condition that d* — d\ is very vital. To see this, we go back to the two

functions / and g given in Example (20) above. There we find that the set fi\{f,g\ M)

consists of a single element, namely hi = 2>/3 — 3. However

> 3/4 = «T=d1((l/2X/+ *);&*),

where h* = 1/2 is the unique best L\-approximation to ( l /2)( / + g).
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