Canad. J. Math. Vol. 65 (3), 2013 pp. 481-484
http://dx.doi.org/10.4153/C]M-2012-018-6 qu%
(© Canadian Mathematical Society 2012

Correction of Proofs in “Purely Infinite
Simple C*-algebras Arising from Free
Product Constructions” and a Subsequent
Paper

Pere Ara, Kenneth J. Dykema, and Mikael Rerdam

Abstract. The proofs of Theorem 2.2 of K. J. Dykema and M. Rerdam, Purely infinite simple C* -alge-
bras arising from free product constructions, Canad. J. Math. 50 (1998), 323-341 and of Theorem 3.1 of
K J. Dykema, Purely infinite simple C* -algebras arising from free product constructions, II, Math. Scand.
90 (2002), 73-86 are corrected.

1 Introduction

There was an error in the statement and application of [2, Theorem 2.1(i)]. The
word “outer” that appears there should be “multiplier outer,” i.e., outer relative to
the multiplier algebra of A, instead of relative to the unitization of A. (The term
“outer” alone may be ambiguous in the nonunital setting, and this error arose from
confusion about this.)

This led to deficiencies in the proofs of [2, Theorem 2.2] and of [ 1, Theorem 3.1].
In this note, we correct these deficiencies. In particular, [2, Lemma 2.3] showed that a
certain automorphism of a nonunital C*-algebra A is outer relative to the unitization
of the C*-algebra, and here we show it is multiplier outer. The proof of [1, Theo-
rem 3.1] shows that a certain automorphism of a nonunital C*-algebra (_ o o) is
outer relative to the unitization of the C*-algebra, and here we show that it is multi-
plier outer.

2 Outerness of Automorphisms

We will need the following lemma.

Lemma 2.1 Let (U, ¢) = (A, ¢a) * (B, ¢p), where ¢4 and ¢y are faithful states on
A and B respectively. Let b € B such that ||b|| = 1 and ||b||, < € < 1/6. Then for all
a € A, wehave ||la—b|| > 1/3.
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Proof Assume that 7 := |la — b|| < 1/3. Then |¢(a) — #(b)| < 1, and so

6(a)] < n+ o) <n+|blla<n+e

Since mo: A — B(H,) is faithful, there is d € A such that HJHZ = 1and ||aAd||2 >
|la|l — €. We compute

(a—b)d = ad — ¢pp(b)d — (b — ¢(b)15)d
= (ad — ¢p(b)d) + ( — da(d)(b — Pp(b)E))
+(— (0 - d5(0)E) ® (d — da(d)E))
€ Hy ® Hy ® (Hy ® HY).
Since Hy, Hp and Hj ® HJ are pairwise orthogonal, we get
(@~ bydll> > |jad — $(b)d],
and thus
lta — b)dll, > [lad]l, — |¢s(b)| > |lad], — [[b]l2 > [|a]| — 2.
Hence [|a — b|| > ||a|| — 2¢. Since [|a[| = [|b]| — [|a — b]| = 1 — n, we get
la—b|>|al| —2e>1-n—2e>1-1/3-1/3=1/3,

obtaining that ||a — b|| > 1/3, a contradiction. [ |

As in [2], we will consider the following situation. Let A be a unital C*-algebra
and let o: A — A be an injective endomorphism. Let A be the inductive limit of the
sequence

A AT A
and let p1,: A — A be the corresponding *-homomorphisms that satisfy f,1 0 0 =
ty and A = U2, 11,(A). Let o be the automorphism on A defined by a(y,(a)) =

tn(o(a)). Recall that a corner endomorphism of A is an injective endomorphism
o: A — Asuchthato(A) = o(1)Ac(1).

Lemma 2.2 Let m be a positive integer, and let o be a corner endomorphism of a
unital C*-algebra A. With the above notation, we have that if o is multiplier inner,
then there is an isometry s in A such that c™(a) = sas* for alla € A.

Proof Set f, = pn(1) and g = af(l). Then ui(A) = flzﬁ, by the fact that o(A) =
gAq. This again entails that f{M(A) fi = 1 (A), where M(A) is the multiplier algebra
of A.

Assume that o™ is multiplier inner, and let u € M(A) be a unitary such that
uxu* = o(x) for all x € A. Putv = uf;,. Then

vy = fi, w* =ufiu* =a"(f)) = a'"(m(l)) = ul(am(l)) < (1) = fi.
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This shows that v belongs to fiM(A) f; = j11(A), and so there exists s in A (necessarily
an isometry) such that v = 4 (s). Since

pi(sxs™) = v OV = wpn (u™ = o™ (1 (x)) = pi(e™(x)),

we see that sxs* = o™ (x) for all x € A. This shows that ¢™ is implemented by an
isometry of A. u

With this lemma at hand, one can prove that the endomorphism o on U(_ )
considered in [1] satisfies that the corresponding automorphism a on U(_ o ) is
multiplier outer, which is what is needed to apply [2, Theorem 2.1(ii)], as follows.

Lemma 2.3 Forallm > 1, o™ is multiplier outer in A(_ oo o0y, where A(_ oo 00)
denotes the inductive limit lim(‘)l(_ooyoo)i)%(_oom)é o)

Proof First, note that o is a corner endomorphism, since, given a € p1U(_ 0 o) P1>
we have a = o(w*aw) € 0(U(_co,00))-

Suppose that o is multiplier inner. Then by Lemma 2.2 there is an isometry

s in W_oo,00) Such that o”(x) = sxs* for all x € W_ o o0). Since U(_ oo 00) =
lii>n‘ll(_oo,n], there is ng and s € W(_o 4] such that ||s’|| < Land ||s —s'|| < 1/6.
Observe that

||pno+m+1 - SlanJrl(S/)*H = ||Um(PnU+1) - Slpno+l(5/)*||

= [Ispur1s™ — 5" pur ()| < 1/3,
so that, using that p,,rmr1 < pu,+1 We get that

||pn0+m+l - pn0+15/pn0+1(5/)*pn0+1” < 1/3-

Since lim ¢(px) = 0, we may take ny big enough so that ¢(pu+m+1) < 1/36. By
[1, Claim 3.7], we have that p, +1W(_co ny] Pro+1 and {Pyyrm+1 } are ¢-free, and thus
the above inequalities contradict Lemma 2.1. This proves the claim. ]

Another instance of the application of [2, Theorem 2.1(ii)] occurs in [2, Theo-
rem 2.2]. The following lemma, which replaces [2, Lemma 2.3], corrects the proof of
[2, Theorem 2.2].

Lemma 2.4 Let B be a unital C*-algebra that contains a non-trivial and proper pro-
jection p. Set

&3

A=Q®B,

1

-
Il

and let o be the injective endomorphism on A defined by o(a) = p ® a (o acts as the
shift). Then, for every positive integer m, the automorphism o™ of A is multiplier outer.
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Proof Observe that ¢ is a corner endomorphism. Suppose that o™ is multiplier
inner for some m > 1. Then by Lemma 2.2, there is an isometry s in A such that
o™(x) = sxs* forall x € A.

Consider the asymptotically central sequence {q,} of projections in A given by

‘1n21®1®"'®1®p®1®"',
(with p in the n-th factor). Then 0™ (g,) = 9192 - - - gmqn+m for all m, whereas
llg)lo quns* - anS*H =0, qﬂSS* =q192 " " - GmH4n,

a contradiction. [ |
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