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A CONE CHARACTERISATION OF
REFLEXIVE LOCALLY CONVEX SPACES

JINGHUI QIU

In this paper, we find the dual relationship between solidness and the angle prop-
erty of cones, which is characteristic of reflexivity for locally convex spaces.

1. INTRODUCTION

Vector optimisation theory originated from decision-making problems where it is
often required that decision making be based on optimising several criteria. A vec-
tor optimisation problem is therefore to find all efficient points in some vector partial
ordering. Hence one needs to consider the various properties of a convex cone which
defines a vector partial order in a Banach space (or more generally, in a locally convex
space), such as the angle property, property (), solidness, et cetera (see [1]). When
one tries to solve a given vector optimisation problem, some scalarisation processes are
closely linked to the properties of the corresponding cones. There has been interesting
research on the properties of cones and the relationship between them, for example, see
(1, 2, 3, 4, 8]. Particularly, Han [2] proved the following results.

THEOREM 1.1. (2, Theorem 2.1] Let A be a closed convex cone in a Banach
space X. Then A satisfies the angle property if and only if A* is a solid cone, that is,
intA* #0.

THEOREM 1.2. [2, Theorem 2.4] Let A be a closed convex cone in a reflexive
Banach space X. Then A is solid if and only if A* satisfies the angle property.

Obviously Theorem 1.2 is a direct consequence of Theorem 1.1, since we have
A** = A in a reflexive Banach space X . Besides, Han [3] pointed out that in a general
Banach space (which need not be reflexive) a closed convex cone A being solid implies
A* satisfies the angle property. Han [3] conjectured that the converse is also true (even
in a locally convex space), that is, A* satisfying the angle property implies A is solid.
In [6], we introduced the angle property for convex cones in locally convex spaces and
generalised Theorem 1.1 as follows.
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THEOREM 1.3. [6, Theorem 2.1] Let A be a closed convex cone in a locally
convex space . X . Then A satisfies the angle property if and only if A* is a solid cone
in (X‘,ﬁ(X',X)).

Furthermore, we [6, Counterexamples] constructed a class of closed convex cones
A in some Banach spaces with Schauder bases, which are not solid but whose polar
cones A* satisfy the angle property. Certainly, those Banach spaces are not reflexive.
Thus we negatively answered the conjecture raised by Han. Motivated by the above
known results, in this paper we try to find the dual relationship between solidness and
the angle property, which is characteristic of reflexivity for locally convex spaces. As a
corollary, we shall obtain a cone character of reflexivity for Fréchet spaces (particularly,
for Banach spaces).

2. A CoNE CHARACTERISATION OF REFLEXIVITY

Let X be a real locally convex Hausdorff topological vector space (briefly, de-
noted by a locally convex space) and let X* be its topological dual. We denote
the topologies on X* of uniform convergence on bounded subsets and finite sub-
sets of X by B(X*,X) and o(X*,X) respectively (for example, see [5, 7,9]).
(X*,8(X*, X)) and (X*,0(X", X)) are called the strong dual and weak dual of X
respectively. For a given convex cone A in X, we denote the polar of A by A*; that
is, A*={f € X*: f(z) <0 forall z€A}. Obviously, A* is also a convex cone,
and it is called the polar cone of A in X*. If int A # @, then A is said to be solid.
If An(—A) = {0}, then A is said to be proper. If there exists a closed convex set A
in X such that 0 ¢ A and A = A(4):={tz: t > 0,z € A}, then A issaid tobe a
base of A. Moreover, if A is bounded, then A is said to admit a bounded base. In a
Banach space, a closed convex cone A is said to have the angle property if there exists
fe X*\{0} and 0 < & < 1 such that A C {z € X : f(z) < —e|\f||lzll} (see [1] or
[2]). In fact, the angle property can be restated as follows: there exists f € X*\{0}
and @ > 0 such that A C {z € X : f(z) < —e|z||}. In [6], we extended the concept
of angle properties to closed convex cones in locally convex spaces as follows.

DEFINITION 2.1: A closed convex cone A in a locally convex space X is said to
have the angle property if there exists f € X*\{0} such that for any member p of a
generating family P of semi-norms on X (see {7, p.48]), there is o, > 0 satisfying
f(z) € —app(z) for all z € A.

We know that a closed convex cone A satisfies the angle property if and only if
it admits a bounded base (for the case of Banach spaces, see [2, Theorem 2.1J; for the
case of locally convex spaces, see (6, Theorem 2.1]). Thus for a closed convex cone A
in a locally convex space X, the following are equivalent to each other:

(i) A satisfies the angle property;
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(i) A* issolid in (X*,8(X*, X));
(iii) A admits a bounded base.
We should remark that Jameson [4, Theorem 3.8.4] has obtained the equivalence
between (ii) and (iii) previously. His following result is also very useful (see [4, p.121]).

LEMMA 2.1. Let A be a convex cone in a locally convex space X . If A admits
a bounded base then A is closed.

Let (Z,7) be a locally convex space, let Z* := (Z,T)" be its topological dual
and Z** be the toplogical dual of (2*,8(2*,2)), that is, the bidual of (Z,7). If
A C Z* is a convex cone, then we denote the polar of A taken in Z** by A* and the
polar of A taken in Z by A,; thatis, A* = {l € Z** : I(f) < 0 forall f € A}
and A, ={z € Z: f(z) <0 forall f e A}. Briefly, we denote the closure of A in
(Z *o(Z2* Z )) by A°. The following Lemma is the key to the proof of our main result.

LEMMA 2.2. Let (Z',ﬂ(Z',Z)) be the strong dual of a locally convex space
(Z,T) and let A be a convex cone in Z*. If there exists a closed convex set A in
(2*,8(Z*,2)) such that 0 ¢ A, 0 € A’ and A = A(A) := {tf : t > 0, f € A}; then
there is no bounded convex set B in (Z*,0(2*,Z)) such that B is o(Z*,Z)-closed,
0¢Band A =A(B):={tf:t>0, f € B}.

PROOF: Assume the contrary, that there is a bounded convex set B in (Z*, (2", Z))

such that B is o(Z*,Z)-closed, 0 ¢ B and A° = A(B) := |J tB. Since B
20

is a 0(Z*,Z)-closed convex set and 0 ¢ B, by the Hahn-Banach separation the-
orem there is zg € Z, zo # 0 such that f(zo) € -1 for all f € B. Put
K := (To = —1)NA°, where (Zp = —1) denotes the set {fe 2z : f(zo) = -1}. Then
for any f € K ¢ A°\{0} U tB, there is p > 0 such that f € uB, or f/u € B.

Thus f(zo)/p < -1, or f(xo) —u. Since f € K C (To = —1), f(z¢) = —1. Hence
-1 < —p, thatis, p £ 1. Thus f € uB C [0,1)B and K C [0,1])B is B(2*,2)-
bounded. Here [0,1)B denotes the set {tb: 0 < t < 1,b € B}. Since (Zg =-1)
and A’ are both o(Z*, Z)-closed, K = (Z5 = —1)NA° is 6(2*, Z)-closed, and clearly

0 ¢ K. Next we show that A = A(K). Obviously, K c [0,1]Bc |JtB = A°. On
t2o

the other hand, by the assumption that A° = U tB,forany f € A’ with f #0, there
t2o

is A> 0 and b € B such that f = Ab, or f/A =b € B. Hence f(zo)/X € —1 and
f(zo) € =X < 0. Clearly,

—(1/f(z0)) >0 and — (1/f(z0)) f € (Fo = -1)NA" = K.

Therefore A’ = A(K). For any f € A°\{0}, put A\; := —1/f(xo), then Ay >0
and A; f € K. By the hypothesis, A C A C A° and 0 € A. We consider the set
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{As: f € A} of positive real numbers. Assume that there is a sequence {fn}nen C A
such that As, — 0o. Since 0 ¢ A and A is B(Z*, Z)-closed, there is an absolutely
convex 0-neighbourhood V in (Z*,3(Z*,Z)) such that VN A =0. For every n€ N,
fn € A, hence f, € V and Ay, fn € Ay, V. By noting that every Mg, fn € K, we
have K ¢ Ag,V for every n € N. This contradicts the previous conclusion that K
is B(Z*,Z)-bounded. Thus we have shown that {A; : f € A} is bounded, that is,
there exists 3 > 0 such that Ay < B forall f € A. Since 0 ¢ K and K is o(Z*, Z)-
closed, there exists an absolutely convex 0-neighbourhood W in (Z‘,U(Z“,Z)) such
that W N K = 0. Obviously, (1/8)W is still a 0-neighbourhood in (Z*,0(2*, 2)).
Since 0 € A, we have that (1/8)W N A # 0, that is, there is fo € A such that
fo € (1/B)W . Since W is absolutely convex and 0 < Ay, < B, we have:

1 1
W c —W, .
foeﬁ C/\f0 , or /\fof()GW
On the other hand, Az fo € K and hence Mg fo € W N K, which contradicts the
assumption that W N K = (. Thus we have completed the proof of Lemma 2.2. 1]

LEMMA 2.3. Let (Z,7T) be a complete locally convex space which is not semi-
reflexive. Then there exists a bounded closed convex set A in (Z*,(3(Z*,Z)) which is
not closed in (Z*,0(2*,Z)).

PRrROOF: Let Z** denote the bidual of (Z,7). Since (Z,7) is not semi-reflexive,
there exists | € Z**\Z. Put H:={f € Z*: I(f) = 1}, then H is a closed hyperplane
in (2*,8(Z*,Z)). Let U be a base of 0O-neighbourhoods in (Z,7). We assert that
there is U € U such that H N U® is not o(Z*, Z)-closed. If not, H would be an
aw* -closed hyperplane. Since (Z,T) is complete, H must be a(Z*, Z)-closed (see [7,
p.149] or [9, Corollary 12-2-16]), which contradicts that [ € Z**\Z. Put A:= HNnU®,
then A is convex and B(Z*, Z)-closed. Since A C U® and U° is 8(Z*, Z)-bounded, A
is B(Z*, Z)-bounded. In a word, A is a bounded closed convex set in (2*,8(Z*, Z)),
but it is not o(Z*, Z)-closed. 0

THEOREM 2.1. Let (Z,T) be a complete locally convex space. If (Z,T) is not
semi-reflexive, then there exists a closed convex cone A satisfying the angle property
(or equivalently, admitting a bounded base) in (Z*,3(Z*,Z)) whose polar A. is not
solid in (Z,T).

ProoF: By Lemma 2.3, we know that there exists a bounded closed convex set A
in (2*,8(Z*,Z)) which is not closed in (Z*,0(2*, Z)). Hence there is fo € A° | with
fo € A. Without loss of generality, we may assume that fo = 0. Put A = A(4) :=
{tf : t >0, f € A}. Then by Lemma 2.1, A is a closed convex cone admitting a
bounded base A in (Z*,ﬂ(Z",Z)). We shall prove that A, is not solid in (Z,7).
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Assume the contrary. There is o € A. and an absolutely convex 0-neighbourhood U
in (Z,T) such that

zo+UCA :={z€Z: f(z) <0 forall feA}, thatis, U C A, — zo.
Since U is absolutely convex,

Us:={feZ": |f(z)|<1 forall zeU}
={feZ: flx) <1 forall z€eU}=:U" D (A, —z0)".

Put B := (To = —1) N (A, — z0)", then B is a 0(Z*, Z)-closed convex set. It is easy
to see that z¢ # 0. If not, we would have U C A,, which implies that A, = Z and

= {0}. This leads to A = {0}, which contradicts the assumption that 0 ¢ A.
Since B is 0(Z*,Z)-closed, U° is 0(Z*,Z)-compact and B C (A, —zo)" C U°, we
conclude that B is ¢(Z*, Z)-compact. By noting that every o(Z*, Z)-compact convex
set is B(Z*, Z)-bounded, we know that B is a bounded convex set in (Z*,8(Z*,Z)).
Also, by the definition of B, B is ¢{Z*,Z)-closed and 0 ¢ B. Next we show that
A° = A(B). For any g € B := (Zg = -1) N (A, — z0)", we have g(zo) = —1 and
g(x —zo) €1 for all z € A,. From this,

9(z) <1+g(zg)=1-1=0 for all z € A,.

This means that g € (A,)" = A°. Thus we have proved that B ¢ A°. On the other
hand, for any f € A° = (A,)*, if f(zo) =0, then f(z) = f(z + zo) <0 forall z€ U,
since zo + U C A, . This implies that f(z) =0 for all z € U, that is, f = 0. Thus for
any f € A"\{0}, we have f(zo) # 0 and hence f(zo) < 0. Put

___
9= T (o)

Also, for any = € A, ,

f, then g(z¢) =—-lor g€ (zg = —1).

glz —zo) = —7(1—0) flx—xzo) = —ff((;)) +1<1, thatis, g € (A, —xz9)".

Hence g € (zo = —1) N (A, — zo)" =: B. Clearly, for any f € Ko\{O},

—f(zo) ( o) ) = —f(zo)g € |J tB c A(B).

t>0

Thus we have shown that A° = A(B). Now on the one hand, A = A(A), where A
is a closed convex set in (Z*,4(Z*,2)), 0 ¢ A and 0 € A°. On the other hand,
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A’ = A(B), where B is a bounded convex set in (Z*,8(Z*, Z)), B is 0(Z*, Z)-closed

and 0 ¢ B. However, this is impossible by Lemma 2.2. This shows that A, is not solid

in (2, 7). 0

THEOREM 2.2. Let (Z,T) be a complete barrelled space (or equivalently, a

complete quasi-barrelled space, see [5, p.368]). Then (Z,T) is reflexive if and only if

for any closed convex cone satisfying the angle property in (Z “B(Z*,Z )) , A, is solid

in (Z,T).

PROOF:

(i) Assume that (Z,7) is not reflexive. Since (Z,T) is barrelled, (Z,7T) is

not semi-reflexive. By Theorem 2.1, there exists a closed convex cone A

satisfying the angle property in (Z*, (2", Z)) such that A, is not solid

in (Z,7).
(i) Assume that (Z,7) is reflexive, that is, (Z,7) = (Z,8(Z,2*)) and
Z** = Z. Then for any closed convex cone A satisfying the an-

gle property in (Z*,8(Z*,Z)), by Theorem 1.3, A* is a solid cone
in (2**,6(2*,2%). Since A, = A* and (Z,T) = (Z,0(Z,2*)) =
(2**,B8(Z**,2*)), we know that A, is solid in (Z, 7). 0

COROLLARY 2.1. Let (Z,d) be a Fréchet space (that is, a complete metrisable
locally convex space). Then (Z,d) is reflexive if and only if for each closed convex cone
A with the angle property in (Z*,3(Z*,Z)), A. is a solid cone in (Z,d).

COROLLARY 2.2. Let (Z,|||) be a Banach space. Then (Z,||||) is reflexive if
and only if for each closed convex cone A with the angle property in (Z*,||||"), A, isa
solid cone in (Z,||||). Here Z* is the topological dual of (Z,||||) and for any f € Z*,
WFIl* = sup{|f(:c)| |zl <1, z € Z}.
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