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On the Neumann Problem for
Monge—Ampere Type Equations

Feida Jiang, Neil S. Trudinger, and Ni Xiang

Abstract. In this paper, we study the global regularity for regular Monge—Ampére type equations as-
sociated with semilinear Neumann boundary conditions. By establishing a priori estimates for sec-
ond order derivatives, the classical solvability of the Neumann boundary value problem is proved
under natural conditions. The techniques build upon the delicate and intricate treatment of the
standard Monge-Ampére case by Lions, Trudinger, and Urbas in 1986 and the recent barrier con-
structions and second derivative bounds by Jiang, Trudinger, and Yang for the Dirichlet problem.
We also consider more general oblique boundary value problems in the strictly regular case.

1 Introduction

In this paper, we consider the following semilinear Neumann boundary value prob-
lem for the Monge-Ampére type equation

(1D det[Dzu - A(x,u, Du)] = B(x,u, Du), in Q,
1.2) Dyu = ¢(x,u), on 0Q),

where Q is a bounded domain in # dimensional Euclidean space R" with smooth
boundary, Du and D*u denote the gradient vector and the Hessian matrix of the sec-
ond order derivatives of the function u: QO — R, respectively, A is a given n x n sym-
metric matrix function defined on Q x R x R", B is a positive scalar valued function
on O xR xR", ¢ is a scalar valued function defined on 0Q) xR, and v is the unit inner
normal vector field on 0Q). As usual, we use x, z, p, r to denote points in Q, R, R",
R™" respectively. A solution u € C*(Q) of equation (L.1) is elliptic when the aug-
mented Hessian matrix Mu = D?u — A(x, u, Du) is positive definite; that is Mu > 0,
which implies B > 0. Also, a function u satistying Mu > 0 is called an elliptic function
of equation (L.1). Since the matrix A determines the augmented Hessian matrix Mu,
we also call an elliptic solution (or function) an A-admissible solution (or function)
or, by analogy with the case A = 0, an A-convex solution (or function).

We shall establish an existence theorem together with a priori estimates for elliptic
solutions of the Neumann boundary value problem (1.1)-(1.2) in this paper, which
extend the special case where A is independent of p in [17]. For this purpose, we
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need appropriate assumptions on A, B, ¢ and Q. Assume that the matrix A is twice
differentiable with respect to p and A, B, and ¢ are differentiable with respect to z.
Following [24], we call the matrix A regular in Q if A is co-dimension one convex
with respect to p, in the sense that

(13) Ajjki(x,2,p)Ei&imen > 0

forall (x,z,p) € Q x RxR", & € R", & L n, where A;j 1 = D, Ayj. If inequality
(1.3) is strict, then the matrix A is called strictly regular. We also define the matrix A

to be non-decreasing (strictly increasing) with respect to z if
D;Aij(x,z,p)&i&;>0,(>0)
for all (x,z,p) € Q xR xR", £ ¢ R". The inhomogeneous term B and boundary
function ¢ are also non-decreasing, (strictly increasing), with respect to z if
B,(x,2,p)20 (>0)

forall (x,z,p) € Q xR xR" and ¢,(x,2z) >0, (> 0), for all (x,z) € 0Q x R. Note
that if we write the boundary value problem (1.1)-(1.2) in the general form

(1.4) F[u] := F(x,u, Du, D*u) = 0, in Q,
(1.5) G[u] := G(x,u, Du) =0, on 9Q,
where F and G are defined by

(1.6) F(x,z,p,r) = det[r—A(x,z,p)] - B(x,z,p),
(1.7) G(x,z,p) =v-p-9(x2),

then A, B, and ¢ non-decreasing (strictly increasing) in z, correspond to the standard
monotonicity conditions F, < 0,G, < 0, (F; < 0,G, < 0) for symmetric matrices r
satisfying r > A(x, z, p), that is, for points (x,z, p,7) € Q x R x R” x R"", where &
is elliptic.

As with [17], we also need the domain Q) to satisfy an appropriate uniform con-
vexity condition. Adapting [24], we define the domain Q to be uniformly A-convex
(A-convex) with respect to the boundary function ¢ and an interval valued function
Jon 0Q if Q € C* and

(18) (D,-vj(x)—DPkA,-j(x,Z,p)vk)‘riTj <0,(§ 0),

for all (x,z,p) € 9Q x R x R”, satisfying p - v(x) > ¢(x,z), z € J(x) and vectors
7 = 7(x) tangent to dQ. For a given function uy on 00, we define Q to be uni-
formly A-convex, (A-convex), with respect to ¢ and uy if (1.8) holds for all p- v(x) >
o(x,uo(x)), thatis, I = {up}.

From the regularity of A (1.3), we can equivalently replace the boundary inequality
p-v 2 ¢(x,z) by the boundary equality p - v = ¢(x,z), in the above definitions,
as D A;j(x,z, p)7;7; is then non-decreasing with respect to p,. This leads us to a
further definition, which is independent of the boundary condition (1.2). Namely, Q
is uniformly A-convex with respect to u € C}(Q) if

(19) (Divj—DPkA,-]-(-,u,Du)vk)T,-Tj S—(S() on 0Q)
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for all vectors 7 = 7(x) tangent to 0Q) and some positive constant 8. Accordingly, if
A is regular, Q is uniformly A-convex with respect to ¢ and u, and u satisfies (1.2), it
follows that Q is uniformly A-convex with respect to u.

In order to use the regularity of A in its most general form, we will need to assume
the existence of a supersolution % to (1.1) satisfying

(1.10) det[D*u — A(x,u, Du)] < B(x, 4, Du) in Q,
together with the same boundary condition,
(111) D,u=¢(x,u) on Q.

We then have the following global second derivative estimate.

Theorem 1.1 Letu € C*(Q)n C3(Q) be an elliptic solution of the Neumann problem
(L1)-(1.2) in a C*! domain Q c R", which is uniformly A-convex with respect to u,
where A € C2(Q x R x R") is regular and non-decreasing, B > 0,€ C2(Q x R x R")
is non-decreasing, and ¢ € C*'(0Q x R) is non-decreasing. Suppose there exists an
elliptic supersolution 1 € C*(Q) satisfying (110)~(L.11). Then we have the estimate

(L12) sup |D*u| < C,
Q
where C is a constant depending on n, A, B, Q, U, ¢, 8, and |u|1,q.

Theorem 1.1 extends [17, Theorem 3.3] except for the supersolution hypothesis, as
a supersolution is constructed in [17] in the course of the proof. We also point out
that, as in [17], the restriction to the Neumann condition is critical for our proof, and,
moreover, as shown by the Pogorelov example, (see [31, 34]), one cannot generally
expect second derivative estimates and classical solutions of (1.1)-(1.2) for A = 0 when
the geometric normal v is replaced by an oblique vector f3 satisfying f3 - v > 0; that is,
in (1.7),

(113) G(x,z,p)=B-p-9(x,2),

no matter how smooth S, ¢, B and 0Q are. However, if the matrix function A is
strictly regular on Q, so that we have a positive lower bound in (1.3) when z and p
are bounded, then the proof is much simpler and also embraces oblique boundary
conditions. Moreover, in this case the monotonicity and supersolution hypotheses in
Theorem 1.1 can be dispensed with. Typically, second derivative behaviour for equa-
tion (L1) in the strictly regular case is closer to that for uniformly elliptic equations
while the challenge in the general case is to carry over the more intricate Monge-
Ampere case, A = 0. Following [17], we can also relax the supersolution hypothesis
for uniformly convex domains in the special case when Dy, A = 0 and D, A = 0; that
is,

(114) A(x,2,p) = Ao(x,2) + Ai(p)s

where Ay € C2(Q x R) and A; € C?(R") is regular.
From Theorem 1.1, we obtain classical existence theorems for (1.1)—(1.2) under fur-
ther hypotheses ensuring estimates for solutions and their gradients. For solution
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estimates, by virtue of the comparison principle, we can simply assume the existence
of bounded subsolutions and supersolutions.

However, more specific conditions for solution bounds will be treated in Section 3
of this paper, including an extension of the Bake'man condition in [17, Theorem 2.1].
For the gradient estimate we adopt the same structure condition used for the Dirichlet
problem in [9], namely,

(115) A(x,2,p) > —po(1+ ||,

forall x € Q, |z] < My, p € R" and some positive constant po depending on the con-
stant M,. Condition (1.15) provides a simple gradient bound for A-convex functions
u in terms of a lower bound for D, u on the boundary. Combining the second deriv-
ative bounds with the lower order bounds and the global second derivative Holder
estimates as in [15-17, 23], we establish the following existence result by the method
of continuity.

Theorem 1.2 Suppose that A, B, ¢, u, and Q satisfy the hypotheses of Theorem 1.1, with
either A, B, or ¢ being strictly increasing. Assume also condition (1.15) and that there
exists an elliptic subsolution u € C2(Q) n C'(Q) of equation (1.1), with D,u > ¢( -, u)
on 0Q) and that Q is uniformly A-convex with respect to ¢ and J = [u, u), in the sense
of (1.8). Then the Neumann boundary value problem (1.1)-(1.2) has a unique elliptic
solution u € C>*(Q) for any a < 1.

The uniqueness of solutions follows from the comparison principle for elliptic so-
lutions of general oblique boundary value problems, (1.4)-(1.5); see Lemma 3.1. The
regularity for the solution u in Theorem 1.2 can be improved by the linear elliptic the-
ory [5] if the data are sufficiently smooth. For example, if A, B, ¢, and 0Q are C*,
then the solution u € C**(Q). From the monotonicity of ¢, it is also enough to as-
sume (1.8) only holds for p-v > ¢( -, u) and u < z < u. Moreover, if A is independent
of z, there is no need for the last inequality. Also taking account of our remarks after
the statement of Theorem 1.1, we only need to assume the supersolution u satisfies
(1.10) at points where it is elliptic and the boundary inequality D, u < ¢( -, u), instead
of (1.11), if either A satisfies (1.14) with Q) also uniformly convex or A is strictly regular
in Q.

The regular condition for A was originally introduced in [22] in its strict form
for interior regularity of potential functions in optimal transportation, with the weak
form (1.3) subsequently introduced in [30] for global regularity; see also [24]. It
was subsequently shown to be sharp for C' regularity of potential functions in [21].
Optimal transportation equations are special cases of prescribed Jacobian equations,
which have the general form,

(116) |detDY (-, u, Du)| = y(-,u, Du),

where Y is a C! mapping from Q x R x R" into R”, v is a non-negative scalar valued
function on O x R x R". Assuming detY, # 0, we see that for elliptic solutions,
equation (1.16) can be written in the form (1.1) with

(1.17) A=-Y (Yo +Y,®p), B=(detY,)y.
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The natural boundary value problem for the prescribed Jacobian equation is the sec-
ond boundary value problem to prescribe the image,

(1.18) Tu(Q) :=Y(-,u,Du)(Q) = Q~,

where Q" is another given domain in R”. The global regularity of the second bound-
ary value problem (1.16)-(1.18) has been studied in [1,25,27,30,32] for different forms
of the mapping Y. As shown in [30] in the optimal transportation case and in [25]
in the general case, condition (1.18) implies an oblique nonlinear boundary condition
for elliptic functions u; that is, (1.5) holds for a function G € C'(9Q x R x R") with

(1.19) Gp(-»u,Du)-v>0 onoQ.

The crucial estimate in these papers is the control on the obliqueness, that is, an esti-
mate of the form, G, - v > § for a positive constant & and this is done in [30] in the
optimal transportation case, and extended to the general case in [25], under appropri-
ate uniform convexity conditions on the domain and target, with the latter equivalent
to the uniform concavity of the function G with respect to the p variables. Because
we are defining obliqueness with respect to the inner normal, in agreement with [17],
our function G is the negative of that in [25, 30, 32]. Once the obliqueness is esti-
mated, the boundary second derivative bounds follow in [7, 25, 30] from the same
uniform convexity conditions, together with the regular condition (1.3), similarly to
the Monge-Ampeére case in [33]. Note that the uniform concavity of G excludes the
Neumann condition treated here, and, moreover, the derivation of the boundary C?
estimate is much simpler, being somewhat analogous to using the strict regular con-
dition. We also point out a recent paper [2] considering optimal transportation on a
hemisphere where the obliqueness is estimated without using any uniform convexity
of domains, which still gives the boundary C? estimate in the two dimensional case.
Prescribed Jacobian equations also arise in geometric optics where solutions corre-
spond to reflectors or refractors transmitting light rays from a source to a target with
prescribed intensities; see for example [7,12,19, 26,28, 35] and references therein.

On the geometric side, the Neumann boundary value problem in the more general
context of augmented Hessian equations on manifolds arises in the study of the higher
order Yamabe problem in conformal geometry; see [3, 4,11, 13,14]. To explain this
we let (M, g) be a smooth compact Riemannian manifold of dimension n > 3 with
nonempty smooth boundary 0, let A, denote the Schouten tensor of the metric g
and let A(Ag) = (A1(Ag),...,A4(Ag)) denote the eigenvalues of Ag. Let I' c R”"
be an open convex symmetric cone with vertex at the origin and let f be a smooth
symmetric function in I'. The fully nonlinear Yamabe problem on manifolds with
boundary is to find a metric g in the conformal class of the metric g with a prescribed
function of eigenvalues of the Schouten tensor and prescribed mean curvature. For
example, for a given constant ¢ € R, we are interested in finding a metric g conformal

to g such that
20 F(Ag) = f(M(Ag)) =1 for A(Az) eTonM,
(120 hg=c on oM,

where hg denotes the mean curvature of 9M with respect to the inner normal. Writing
g = e *“g for some smooth function u on M, by the transformation laws for the
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Schouten tensor and mean curvature, problem (1.20) is equivalent to the following
semilinear Neumann boundary value problem:
F(Ag(U)) = e, Ag(U) €T onM,
(1.21) u B
3, = “—hg, onoM,
with )
U=Vu+du®du- 5|Vu|2g+Ag,

where 1,(U) denotes the eigenvalues of U with respect to g, v is the unit inner normal
vector field to oM, and V denotes the Levi-Civita connection with respect to g. If we
choose f = detand I = T, := {A = (Ay,...,4,) € R" : ¥ A; > 0}, then we have
an example (1.21) of a semilinear Neumann boundary value problem (1.1)-(1.2) for
a Monge-Ampere type equation. In conclusion, a prescribed mean curvature fully
nonlinear Yamabe problem (1.20) is equivalent to a semilinear Neumann problem
(1.21) for an augmented Hessian equation. The corresponding matrix functions in
these cases will be strictly regular when expressed in terms of local coordinates so
that in the Monge— Ampeére case strong local estimates are available, with second order
estimates being considerably simpler than the general regular case we treat here. In
fact, the particular Neumann boundary value problem (1.21) with f = det was studied
in [11]. In the special case of Euclidean space R", the matrix A is given by

1
(1.22) A=SlpPI-pep,

in which case our A-convexity condition (1.8) reduces to simply x; + ¢ > 0, (> 0),
where «; denotes the minimum curvature of 0.

The overall organisation of this paper follows that of the Dirichlet problem case [9],
where again the main issue was to deal with the general case of regular A. Also, here
the strictly regular case is considerably simpler in the case of smooth data but in the
optimal transportation case, with only Holder continuous densities, local and global
second derivative estimates were obtained in [6,20], in agreement with the uniformly
elliptic case. In Section 2 we prove Theorem 1.1, which constitutes the heart of the pa-
per. In Section 3 we provide the gradient estimate to complete the proof of Theorem
1.2, along with alternative solution bounds for more general oblique boundary value
problems. In the optimal transportation case we also prove a Bake'man type estimate
for solutions that extends the Monge—Ampeére case in [17]. In Section 4 we switch
to the strictly regular case and prove first and second derivative bounds for general
oblique boundary value problems (1.5), where G is concave with respect to the p vari-
ables, which extend the semilinear conditions (1.13). For this purpose we extend our
definition of A-convexity so that a C* domain Q is uniformly A-convex, (A-convex),
with respect to G and an interval J if (1.8) holds for all (x, z, p) € 0Q xR xR", satisfy-
ing G(x,z, p) > 0,z € Jand vectors 7 tangent to 0. When G is independent of z, this
corresponds to the c-convexity conditions from optimal transportation [24,30] and
more generally to the Y-convexity conditions for prescribed Jacobian equations in
[25]. Finally, we remark that a general theory of oblique boundary value problems for
augmented Hessian equations, which embraces our results in Section 4, is presented
in [8].
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2 Second Derivative Estimates

In this section, we shall derive the second order derivative estimates and complete
the proof of Theorem 1.1 by taking full advantage of the assumed C? supersolution .
Note that we only need to get an upper bound for the second derivatives, since the
lower bound can be derived from the ellipticity condition D*u — A > 0.

For the arguments below, we assume the functions ¢, v can be smoothly extended
to O x Rand Q, respectively. We also assume that near the boundary, v is extended
to be constant in the normal directions. From equation (1.1), we have

(2.1 F[u] :=logdet[D*u — A(-,u, Du)] = B(-,u, Du),
where B 2 log B. We have
~ o
oF =w'  and _IF = -—wikwl,
awij aW,-jaWkl

where {w;;} = {u;; - A;;} denotes the augmented Hessian matrix and {w"/} denotes
the inverse of the matrix {w;;}. We now introduce the following linearized operators

of F and (2.1),

L=w"(D;j— Dy A;ij(-,u,Du)D;), £ =L-DpyB(-,u,Du)D;.

For convenience in later discussion, we denote D¢, u = D; u&inj, Wy = Wi i€inj =
Djjué;nj—A;;&n; for any vectors £ and 7. As usual, C denotes a constant depending
on the known data and may change from line to line in the context.

Before we start to deal with the second derivative estimates, we recall a fundamen-
tal lemma in [7, 9], which is also crucial for constructing the global barrier function
using the supersolution in our situation. We shall omit its proof, which is similar to
those in [7,9].

Lemma 2.1 Letu € C*(Q) be an elliptic solution of (1.1), and let U € C*(Q) be an
elliptic function of equation (1.1) in Q with u > u in Q, where A is regular and non-
decreasing. Then

(2.2) L(eK(g_“)) > € Z w'i-C

holds in Q) for sufficiently large positive constant K and uniform positive constants €;, C
depending on A, B, Q, |u|1,q and 1.

We assume that the domain Q is uniformly A-convex, with respect to ¢ and u, and
first consider the second derivative estimates on the boundary 0Q) in nontangential
directions. We introduce the tangential gradient operator § = (4y,...,6,), where
d; = (8ij — vivj)D;. Applying this tangential operator to the boundary condition
(1.2), we have

(Dxu)d;vg + vi0;Dru = 8;9, onaQ,
hence we have

(2.3) |D;yu| < C,  onoQ,
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for any tangential vector field 7.
We next deduce the estimate for D,,u on 0Q. By a direct calculation, we have

(2.4) Lu :wij(Diju—Dp,Aij(-,u,Du)Dlu)
=n- wij(Aij - Dy, Aij(-, u,Du)Dlu) .
Differentiating equation (2.1) with respect to xy, we have, for k =1,...,n,
w'(Djjuy — Dy, Aj; — D, A;juy — Dp,Ai;Djug) = Dy, B + D,Buy + Dy, BDjuy,
which implies
(2.5) Lug = Dy, B+D,Buy+Dy,BDyju+w" (Dy, A;j+D A juy), fork=1,...,n.

If we consider the function h = v Dyu — ¢(x, u), by (2.4) and (2.5), we immediately
have

(2.6) ILh| < C(1+ Y w' +|D*ul), inQ.

From the positivity of B we can estimate

1<Cw'’ and (w;;)"1 < Cw'
Thus, we obtain from (2.6) and the boundary condition (1.2),
(2.7) |Lh| < C(1+|D2u|%)ZW” inQ and h=0 onodQ.
From the uniform A-convexity of Q (1.9) and the regularity of A, there exists a

defining function, ¢ € C?(Q), satisfying ¢ = 0 on 9Q, D¢ # 0 on dQ and ¢ < 0 in Q,
together with the inequality

(28) Dij¢—DpkAij(',u,Du)Dk¢ > 611,

in a neighbourhood N of 0Q), whenever D,u > ¢(x,u), where 9; is a positive con-
stant and I denotes the identity matrix, with N and §; depending also on &y, A, and
|ul;;0. We remark that (2.8) follows from (1.9), using the continuity of D, A with re-
spect to x and z together with an appropriate extension of the distance function, as
in for example [5,30]. In particular, we can take ¢ = —d + td* near 9Q, for a large
enough positive constant ¢, where d(x) = dist(x, Q) is the distance function of Q.
Accordingly,

(2.9) L>& Yy wh,

for h > 0, d < dy, for a positive constant dy also depending on 8y, A and |ul;,q. By
(2.7), (2.9), and choosing —¢ as a barrier function, a standard barrier argument leads
to

)
Dy,h<C(1+M,;™") onoQ,
where M, = sup, |D*ul, so that we have the estimate

(2.10) Dyu<C(1+M,)" onodQ.
We conclude from (2.3), (2.10) and the ellipticity of u that

(2.11) IDyeul < C(1+ My)"  on 9Q,
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for any direction &. We remark that if B is independent of p or n = 2, then the term
M, is not present in (2.11).

We have now established the mixed tangential normal derivative bound and the
double normal derivative bound on 0Q) so that it remains to bound the double tan-
gential second derivatives on 0Q). We shall adapt the delicate method in [17], which
is specific for the Neumann boundary value problem, to obtain the double tangen-
tial derivative bound on the boundary and consequently the global second derivative
bound.

Proof of Theorem 1.1 First we note from the comparison principle, Lemma 3.1, that
u > uin Q or u — u is a constant. Discarding the second case, we modify the elliptic
supersolution % by adding a perturbation function —a¢ , where a is a small positive
constant and ¢ is the defining function of the domain Q) satisfying ¢ = 0on 9Q, ¢ < 0
in Q and D, ¢ = —1 on dQ. Note that the new function © = 4 — a¢ is still uniformly
elliptic in Q) if a is sufficiently small. Also, by a direct computation, we have

Dy(-u)=D,u-Dyu—-aD,p=¢(-,u)-—¢(-,u)+a>a,

on 0Q), where the non-decreasing of ¢ and & > u on 0Q are used. If we define a
function with the form ® = eX(=*) with a positive constant K, we then have D, ® >
Ka > 0 on 9Q2. We now introduce an auxiliary function v, given by

(2.12) v=v(,8) = edPTIO ( —v'(8),

for x € Q, |€| = 1, where a, « are positive constants to be determined, ® =

is the barrier function in Lemma 2.1 with the above constructed #, and v’ is deﬁned
by

(2.13) v'(+, &) =2(-v)&(Dig(+,u) - DxuDivi — Ajjv;),

with & = & - (&-v)v. Here v is a C*!(Q) extension of the inner unit normal vector
field on 0. The strategy of our proof is to estimate v at a maximum point in ) and

vector &, in the same form as (2.11). From this we conclude a corresponding global
estimate for D?u in Q from which follows the desired estimate (1.12).

K(u u)

Case 1. We suppose that v takes its maximum at an interior point x, € Q and a unit
vector &. Let

H =logv =log(wgs —v') + %|Du|2 + kD,

then the function H also attains its maximum at the point xy € Q) and the unit vector
&. The following analysis follows the method of Pogorelov type estimates in [30], with
some modification, adapted from [17], to handle the additional term v'. Accordingly
we have, at the point xo,

Di(wge —v'
(2.14) O:D,-H:I(L,)+(kauD,-ku+KDi(D, fori=1---n
WEE_V
Dii(wee—v')  Di(wge —v')Di(wes —v'
0> DyH - ij(wee ,V)_ i(wee —v') J(VZEE v)
ng—v (W&—V’)

+a(DjxuDjxu + DiuD;jru) + kD;; @,
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and consequently, at x

1 1 y
L(wegg—v') = —————wID;(weg — v )Dij(wer —v'
(wee =v') (e —v7)? i(wgg =v')Dj(weg —v')

+aw" DyxuDjxu + aDxuluy + kLO.

(215) 0>LH-=
Wff -/

Next, we shall estimate each term on the right-hand side of (2.15). We start with some
identities. By differentiation of equation (2.1) in the direction &, we have in accordance
with (2.5),

(2.16) Wij(D,'jug - DgA,'j - DZAi]-ug - Dp,A,-leug) =
D¢B + D, Bug + D), BDjug,
and a further differentiation in the direction of ¢ yields,

(217)  wY[Djjuge - DeeAij— (DzAi;) (ug)® = (DpepiAij) DxuigDyug
= (DzAij)uge = (Dp,Aij) Dxuge = 2(DezAij)ug
= 2(Degp, Aij) Dthg = 2(Dzp, Aij) (Diusgug]
= w* W' Dgw;;Dewgs + DeeB + (D2 B) (ug)* + (Dpyp, B) DxugDyug
+2(Dg,B)ug +2(Dgp, B)Drug + 2(Dzp, B) (Dyug)ug
+(D,B)uge + (Dp,B) Dyuge.

Using (2.17) and the regular condition (1.3) (see [30, (3.9)]), we have
(2.18) Lufg > WiijlDEWijDEWkl - C[ (1 + Wii)T + (W,‘,‘)Z] 5

where we denote T = w'’ to avoid any confusion with the usual summation conven-
tion. When calculating £ A, there will occur third derivative terms of u, which are
controlled using (2.16). We then obtain

(2.19) |CAge| < C[(1+w,-,-)‘I+ w,-i]

and by a similar calculation, we have

(2.20) |Lv'| < CI(+w;ii)T +wii].

Combining (2.18), (2.19), and (2.20), we have

(2.21) L(weg —v') 2w w/' Dew;iDewrr — CLL+wii)T + (wii)?].

By Cauchy’s inequality, we have

(2.22) wD;(weg = v )Dj(wee = v') < (1+ 0)w/ Diwgg Djwee + C(0)w/Djv' Dy’

for any 6 > 0, where C(6) is a positive constant depending on 6.
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By (2.2), (2.5), (2.21), and (2.22), we obtain from (2.15)
1+6
(weg —v')?
[ (1 + W,‘,‘)‘I‘F (W,‘i)z] + o+ K}

1 L
(2.23) 0> 7W’kwﬂDEw,-]-D5wk1 -

wDweDiw
— iwgeDjweg

+aw;; + kT — C{
ng—‘l/'

c(9)
(wgg —v')?
Without loss of generality, we assume that {w;;} is diagonal at xo with maximum
eigenvalue wy;. We can always assume that wy; > 1and is as large as we want; otherwise

we are done. We proceed first to estimate the third derivative terms in (2.23). From
the inequality [17, (3.48)], we have

w'Dv'Dv.

. 1 .
(2.24) WlkW]lDEW,'jDEWkl - 7W1]D,'WE£D]'W££ > 0.
Wi
Moreover, since v' is bounded, wy; and wg; are comparable in the sense that for any
0 > 0, there exists a further constant C(6) such that
(2.25) |W11 — W t V’| < 6W11,

if wy; > C(6). From (2.24) and (2.25), we have

(2.26) WiijZDEWijDEWkl > ~ ,WijD,'WEngW&.
ng v

Next, we use D; H = 0 in (2.14) to estimate

(2.27) wijDiW55Djwfg < 2wii[ |Div'[* + (wee — v)*(aDguD;ju + KD,@)Z]

2w D' + Cwee —v')2(Pwii + K2T).
Using (2.26) and (2.27) in (2.23), together with (2.25), we obtain the following for
wn 2> C(@)
aw;i + kT < Cla+x+ (1+a0)wy; + (1+x°0)T].

By choosing «, « large and fixing a small positive 6, we thus obtain an estimate
wii(x0) < C, which implies a corresponding estimate for | D*u(xo)|.

Case 2. We consider the case xg € 0Q); namely, the function
v(x, E) _ e%|Du|2+x<D(WE£ _ V’)

attains its maximum over Q at xo € dQ and a unit vector £&. We then consider the
following three subcases of different directions of &. For this we employ the key trick
from [17].

Subcase (i). £ = v, where v is normal to 0Q) at x,. Since we already obtained the double
normal derivative bound from (2.10), we have

v(x9,v) < C(1+ Mz)'ﬁ, on 0Q).
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Subcase (ii). & is neither normal nor tangential to dQ). The unit vector & can be written
as &= (& 1)1+ (&-v)v,where 7 € "L, witht-v =0, (- 7)>+ (£ -v)?2 =1and
& v # 0. By the construction of v/, we have at x,,

wee = (8-7)2wer + (£ 9)?wyy +2(8-7)(§-v)wiy
= (1) Wer + (E-v) wyy +V/(x, ).
By the construction of v, we then have
v(x0, &) = (§-17)*v(x0,T) + (£-v)2v(x0, V)
< (&-1)*v(x0, &) + (§-v)*v(x0,v),
which leads again to
v(x0, &) <v(x0,v) < C(1+ M,)"7, ondQ.
Subcase (iii). £ is tangential to 0Q2 at xo. From (2.13), we have v'(x, ) = 0. We then
have, at x,
0>D,v= Dv[eng"lz*"Q(wsg -]
= engulzﬂ‘@[ (wee =v')Dy( £[Duf’ + k@) + Dy (wege = v') ]
= eng”|2+’°¢{ [ aDxuD, (Diu) + kD, @ | weg + Dyuge — Dy (Age + ')}

_ eg|Du|2+xcb{

[Kqu) +aDgu(@g + ¢, Dyu — DiuDkVi)] Wee
+ Dyuge — Dy (Agg +v')}
> e3IPUP+RP L (1co — aM)weg + Dyuge - Dy (Age +v') ),
Ka

where ¢y = o

M = max |Dyu(¢x + 9. Dxu — D;uDyv;)|.
x€0Q
The above inequality gives a relationship between wgg(xo) and D, ugz(xo), namely
(2.28) Dyuge < —(kco — aM)wee + Dy (Age + V'), at xo.

On the other hand, by tangentially differentiating the boundary condition twice, we
obtain

(Dxu)8i6jvic + (8; D) 8jvi + (0;Dyu)8;vic + vi8;idiDiu = 8;0;¢, on 0Q.
Hence for the tangential direction & at x,, we have
(2.29) Dyuge > ¢.Dijué;&; = 2(8ivi)Djué;i&; + (8;v;)€i€;Dyyu - C
> 9. D;ju&;& —2(8;vi)Dju;i&; — C(1+ M)
> goweg — 2(8;vi) Djuki&; - C(1+ Mz) 1,

where the double normal boundary estimate (2.10) is used in the second inequal-
ity. Inequality (2.29) clearly provides another relationship between D, ug¢(xo) and
wee(x0). Combining this with (2.28), we obtain

(230) (xco—aM+9,)wee < 2(8;vi)Djxu&i&+D, (Age+v')+C(1+My) 51, atx.
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Without loss of generality, we can assume the normal at xo to be v = (0, ...,0,1), and
correspondingly, we can assume {w;;(xo)}i j<n is diagonal with maximum eigen-
value wy;(x9) > 1, as in the interior case. Observing that the first term on the right-
hand side of (2.30) only involves tangential second derivatives and using (2.11), we can
then obtain the following estimate at xo:

n-2
n—1

(kco — aM + ¢, )wee < C(wy +|DDyul) + C(1+ M,)
< waf + C(l + Mz)zizf

We now choose « sufficiently large such that

2
k> —[aM -inf g, - C],
Co

and again we obtain
(2.31) v(x0, &) < C(1+ M),

We now conclude from the above three subcases that if v attains its maximum over Q
ata point xq € 0Q, then v(xy, &) is bounded from above as in (2.31), which implies the
second derivative Dggu(x) is similarly bounded from above. Combining the above
two cases, and using the Cauchy inequality, we obtain the desired estimate (1.12) and
complete the proof of Theorem L.1. ]

As was remarked in Section 1, we can relax the supersolution hypothesis when
DpyA=0and D,;A = 0; that is, A is of the form (1.14). Moreover the details are then
much simpler, as we do not need to extend the Pogorelev argument to handle third
derivatives. Here, we proceed in accordance with [17, Remark 1, Section 3], assuming
initially that B is convex with respect to p, and replacing the auxiliary function v in
(2.12) by

v=v(x,&) =wg—v' + %|Du|2 + KD,

where now % € C2(Q) in @ = EflleK(’“V_“) is an elliptic function with % > u in Q, as in
Lemma 2.1. In place of (2.21), we now have the simpler inequality

L(Wff - V,) > —C(l +T + Wii)‘

We obtain an estimate from above for w; if the maximum of v occurs at an interior
point of Q by again taking sufliciently large constants « and «. If the maximum of v
occurs on the boundary 00}, then we proceed as in Case 2, except now the technical
details are simpler, and we do not need D, ® > 0 on 0(, but instead we need Q
uniformly convex, or more generally ¢, +2«; > 0, where x; is the minimum curvature
of 0Q), to use (2.29). We then obtain the estimate (1.12) as before, except that the
dependence on u is replaced by a dependence on an elliptic function #. The removal
of the condition that B is convex in p can then be addressed in the same way as in [17]
by using Theorem 1.2 to construct a supersolution when B is replaced by its infimum
and invoking the full strength of Theorem 1.1.
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Remark on Lemma 2.1

The proof of Lemma 2.1 following [7,9] applies very generally. In fact, similarly to [24,
Theorem 2.1], we can replace the function “logdet” in (2.1) by any increasing concave
C! function f on an open convex set I' in the linear space of n x n symmetric matrices
S", which is closed under addition of the positive cone. Here the ellipticity conditions
are replaced by the augmented Hessians Mu(Q), M%(Q) c T, which imply that the
operator F is elliptic with respect to u and 7 on Q and Q, respectively, and w'/ is
replaced by Fv,ij in the definition of L. The general case is covered with a slightly
different proof in part II of [8]; see also [10] for the k-Hessian case. However for
the special case of (2.1), the proof of Lemma 2.1 from [7, 9] can also be simplified
somewhat by avoiding the perturbation of # that is one of the key ingredients of the
general argument used there. To see this, we can modify the calculations in the proof
of [7, Lemma 2.2], with € = 0 and v = & — u, (without using concavity!), to arrive at
the inequality

Le™ > Ke®{w[D;jii - Aij(-, %, D) - wij] - yw" = Dy, B(-,u, Du)Dyv},

for any positive constant # and sufficiently large constant K depending also on #. We
then obtain (2.2) using the simple inequality

where A[ M] denotes the minimum eigenvalue of M, and taking # sufficiently small.

3 Existence and Solution Estimates

In this section we complete the proof of Theorem 1.2 and provide alternative condi-
tions for the maximum modulus for solutions of the Neumann problem (1.1)-(1.2).
First, we formulate a comparison principle for general oblique boundary value prob-
lems (1.4)-(1.5) with F defined by (1.6), with A and B non-decreasing in z, and G «
C'(9Q x R x R"), non-increasing in z.

Lemma 3.1 Letu,v e C}(Q)n CY(Q) with T elliptic, with respect to u, in Q and G
oblique with respect to [u,v] on 0Q, where [u,v] = {Ou+(1-6)v : 0 < 0 < 1}. Assume
also that either G is strictly decreasing in z or A or B are strictly increasing in z. Then if
Flu] > F[v] on the subset of Q, where F is elliptic with respect to v and G[u] > G[v]
on 0Q), we have

(3.1 u<v, inQ.

Moreover, if we assume that F is elliptic with respect to [u,v] on all of Q, we can relax
the strict monotonicity condition on A, B, or G, provided u — v is not a constant.

The proof of Lemma 3.1 is standard. By approximating Q by a subdomain and
approximating u by a smaller elliptic function u satisfying F[u] > F[u], we infer
that the function u — v can only take a positive maximum on the boundary 0, and
(3.1) follows from the obliqueness and the strict monotonicity of G. When G is only
non-increasing in z, then we can take 4 = u — €(¢ — min ¢) for a defining function
¢ € C*(Q) n C'(Q) such that ¢ = 0 on 3Q, ¢ < 0 in Q and sufficiently small € > 0,
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to ensure G[u] > G[u] on 00, whence a positive maximum of u — v must be taken
on in ), and we conclude (3.1) from the strict monotonicity of F with respect to z.
Note that when G is strictly decreasing, we need only assume that G is weakly oblique;
that is, G, - v 2 0 on 0, while when F is strictly decreasing we need only assume
is degenerate elliptic. In the case when there is no strict monotonicity, the difference
w = u — v will satisfy a linear uniformly elliptic differential inequality of the form

Lw = al"D,‘jW + b,’DiW +cw >0,

together with an oblique boundary inequality, 8- Dw > yw, with coeflicients ¢ < 0 and
y > 0, and the result follows from the strong maximum principle and Hopf boundary
point lemma; see [5].

We remark that J is automatically elliptic with respect to v at an interior positive
maximum of u — v, provided J is elliptic with respect to u. In fact, assuming that the
positive maximum of u — v is attained at a point xq € Q, we have Mv(xg) > Mu(xo)
from the monotonicity of A. Therefore, we only require F[u] > F[v] on the subset of
Q, where J is elliptic with respect to v, but not all of the domain Q.

From Lemma 3.1 we have immediately the uniqueness in Theorem 1.2 and the in-
equality u < u <, where % and u are the assumed elliptic supersolution (1.10)-(L.11)
and subsolution.

Next, we obtain a gradient bound for A-convex functions for Neumann problem
(1.1)-(1.2), where A satisfies a quadratic bound from below, (1.15), by a modification
of our argument for the Dirichlet problem in [9]. For this purpose, we formulate the
following gradient estimate as a lemma.

Lemma 3.2 Letu e C*(Q)n CY(Q) satisfy

(3.2) D*u> —po(1+|Dul*) I,

in a C* domain Q c R", with

(3.3) D,u > -o,

on 0Q), where po and o are non-negative constants. Then we have the estimate

(3.4) |Dul < C,

where C depends on pq, o, Q and sup |ul.

Proof Defining # = u — 0, whereas in Section 2, ¢ € C* (Q)isa negative defining

function for Q satisfying D, ¢ = —1 on 0, we see that v-Du > 0 on 0Q). Consequently,
at a maximum point xo € Q of the function

(3.5) w = e*| D%,
we have
(3.6) Du-Dw <0.

From (3.2), we have
(3.7)  D’u=D*u-0D*¢>—po(1+|Duf’)I- oAyl
> —uo(1+2|Dl* +20%|D¢|*) I - 0 Al > —p (1+ | D) I,
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for some positive constant y; depending on u, 6, D¢ and Ay, where A4 denotes the
maximum eigenvalue of the Hessian matrix of ¢ and depends on the domain Q. With
the lower quadratic bound (3.7) for the Hessian matrix D*% in hand, by choosing the
constant x sufficiently large as in [9, Section 4], we can obtain

(3.8) Dl < C,

from (3.6), at xo, where the constant C depends on o, 0 and Q0. We then conclude
a global gradient estimate from (3.8) and the construction of %, |Du| < C, where C
depends on g, Q, 0, and sup |u]. [ |

We remark that by taking more careful account of the constant dependence in the
proof of Lemma 3.2, we infer a sharper estimate

(3.9) |Du| < C(1+ ),

where C depends on g, Q and sup |u|.

Note that the gradient estimate (3.4) in Lemma 3.2 and the sharper gradient esti-
mate (3.9) hold for any solution u satisfying the weak convexity condition (3.2) and
the lower bound condition (3.3) for normal derivative on the boundary. We now ap-
ply Lemma 3.2 to obtain the gradient estimate for A-convex solutions of the Neu-
mann problem (1.1)-(1.2) with A satisfying the lower quadratic bound (1.15). From
the A-convexity of the solution u and the quadratic structure condition (1.15), the
solution u satisfies the weak convexity condition (3.2). The Neumann boundary con-
dition (1.2) provides us a lower bound D,u > infyq ¢(x,u). Applying Lemma 3.2,
we then obtain the global gradient estimate for Neumann problem (1.1)-(1.2); that is,
|Du| < C for C depending on gy, Q, ¢, and sup |u|.

Since we now have obtained the derivative estimates up to second order, we can
use the continuity method to prove our existence theorem.

Proof of Theorem 1.2. From the second derivative estimate, Theorem 1.1, and the
preceding solution and gradient estimates, we can derive a global second derivative
Holder estimate

(3.10) |t|2,0;0 < C,

for elliptic solutions u € C*(Q) n C*(Q) of the semilinear Neumann boundary value
problem (1.1)-(1.2) for 0 < & < 1. The estimate (3.10) is obtained in [16, Theorem 3.2]
(see also [15,23]). With this C** estimate, we can use the method of continuity, [5,
Theorems 17.22 and 17.28], to derive the existence of a solution u € C>%(Q), using the
supersolution % as an initial solution. To be rigorous, we should assume that A and
B are C** smooth, ¢ is C*>* smooth, and Q € C** for some a > 0 to get a solution
u € C**(Q) by the Schauder theory, (see [5, Section 6.7]), and then by approxima-
tion get a solution u € C**( Q). Alternatively we can use the Aleksandrov-Bakel'man
maximum principles (see [5, Theorems 9.1 and 9.6]) to carry over the proof of The-
orem L1 to solutions u € W*"(Q) n C*(Q) and use L? regularity as well ([5, Sec-
tion 9.5]) to improve C>*(Q) solutions with 0 < & < 1 to be in the Sobolev spaces
WHP(Q)n C>(Q) forall p < 00,0< 8 <1 ]

In the rest of this section we will consider more explicit conditions for solution
bounds. Here we consider the oblique boundary value problems (1.4)-(1.5) with F
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defined by (1.6) and G defined by (1.13), that is, the Monge-Amp¢ére type equation
(1.1) together with the oblique boundary condition

(3.11) Dgu = ¢(x,u), ondQ.

First, we note that we also obtain bounds for solutions u of (1.1)-(1.2) if # and u are
only assumed to be supersolutions and subsolutions, without any assumed bound-
ary conditions, provided we strengthen the monotonicity of ¢. In particular, we can
assume, as in [17], that there exists a positive constant y, such that

(3.12) 02(x,2) > yo

for all (x,z) € 0Q x R. In the light of Lemma 3.1, we can interpret a supersolution as
satistying (1.10) only at points of ellipticity. Since A and B are non-decreasing, super-
solutions and elliptic subsolutions are preserved under addition and subtraction re-
spectively of positive constants. Accordingly, by subtracting a positive constant from
u and using (3.12), we can assume Dgu > ¢(x, u) on 0Q), whence u > u in (). Simi-
larly, by adding a positive constant to u we obtain Dgui < ¢(x, %) on 0€), so thatu <u
in Q. Note that for this argument we can replace (3.12) by the weaker conditions

(3.13) (signz)@(-,z) - oo, as|z| » oco.

The conditions (3.12), (3.13) can be further weakened when constants are subsolu-
tions or supersolutions. We first consider the bound from below, under the following
conditions:

(3.14) A(x,2,0) <0, det[-A(x,2z,0)] > B(x,2,0), forallxeQ, z<-K,
(3.15) ¢(x,2) <0, forallxedQ, z<-K,

where K is a positive constant. Under assumptions (3.14) and (3.15), we can readily ob-
tain the solution bound as follows. Suppose u attains its minimum over Q) at a point x,
and u(xo) < —K. If xo € Q, we have Du(xy) = 0, D?u(xo) > 0. From equation (1.1),
we have det[—A(xo, u(x0),0)] — B(xg,u(x0),0) < 0 so that by (3.14), we must have
u(xo) > -K. If xg € 0Q, wehave Dgu(xo) > 0. From the oblique boundary condition,
we have ¢(xp, u(x9)) > 0. By (3.15), we again have u(xy) > —K. Note that condition
(3.14) implies sufficiently small constants are subsolutions of the oblique boundary
value problem (1.1) with (3.11), thereby providing lower solution bounds, by the com-
parison principle, Lemma 3.1. Therefore, the subsolution assumption in Theorem 1.2
can be replaced by the structure conditions (3.14) and (3.15), with min u replaced by
—-K in J. We also remark that condition (3.14) follows from a uniform monotonicity
condition on A, namely D;A;;(x,z, p)&;&; > yi|é%, for all (x,z,p) € Q x R x R”,
¢ € R" and some y; > 0, which is a stronger form of the A4w condition used for
generated prescribed Jacobian equations in geometric optics in [7,28], together with
B being non-decreasing in z.

In this sense, condition (3.14) is a weakening of the uniform monotonicity of 4,
while condition (3.15) is a weakening of the uniform monotonicity of ¢. On the other
hand, condition (3.14) is restrictive in that it excludes the case when A is independent
of z, which occurs in optimal transportation.
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Corresponding conditions also provide bounds from above. Here though, the ana-
logue of (3.14) is more general; namely,

(3.16) det[-A(x,2,0)] < B(x,2,0), forallxeQ, z>K, A(x,2,0) <0,

while instead of (3.15), we have

¢(x,2) >0, forallxedQ, z>K,

where K is a positive constant. Note that condition (3.16) extends the condition in
[9, Section 4], namely that the maximum eigenvalue of A(x, z, 0) is non-negative for
all x € Q, z > K for some positive constant K and implies that constants larger than
K will be supersolutions, where they are elliptic.

To complete this section, we derive a lower bound for optimal transportation equa-
tions and present the corresponding existence result.

Optimal Transportation Equations

In the optimal transportation case, we can replace the existence of a subsolution in
Theorem 1.2 by an extension of the sharp conditions [17, (1.4), (1.5)] through an ex-
tension of the Aleksandrov-Bakel'man estimate in [17, Theorem 2.1]. Optimal trans-
portation equations are special cases of prescribed Jacobian equations where the map-
ping Y is generated by a cost function ¢ defined on a domain D c R" xR". We assume
Qx A c D for some domain A ¢ R”, and ¢ € C?(D) satisfies the following conditions
(from [22]):

Al For each x € Q, the mapping c,(x, - ) is one-to-one in
yeD,={yeR"[(x,y) e D}

A2 detcy,, # 0onD.

Then the mapping Y is given by

(3.17) Y(x.p) = ;' (x.-)(p)

and is well defined for p € Uy = {p € R"| p = c,(x,y) for some y € D}}. In the
resultant Monge- Ampére type equation, we then have from (1.17),

A(x,z,p) = A(x,p) = cxx(x, Y(x,p)) ,  B=|detcy,ly,

and equation (1.1) is well defined for solutions u that are A-convex and satisfy Du(x) €
U, for each x € Q. We call such solutions admissible. In the optimal transportation
case, c-affine functions, that is, functions of the form u = ¢(x, y) + ¢, for constant ¢y
and (Q, {y}) c D are automatically supersolutions, as they satisfy the homogeneous
equation

det(D*u — A(x, D)) = 0,

and hence provide upper bounds for solutions of (weakly) oblique boundary value
problems,

Dgu = ¢(x,u), on 00,
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where - v > 0 on 0, under a uniform monotonicity condition (3.12). For lower
bounds we impose a structure condition

f(x)
froY(x,p)

forall x € Q, z < mg, Y(x, p) € A, where f >0, L'(Q), f* >0,e L} (A) satisfy

loc
(3.19) fQ fe< [A I

and m, is a constant.
We now have the lower solution bound in the optimal transportation case.

(3.18) v(x,2,p) <

Lemma 3.3 Letu € C2(Q) n CY(Q) be an admissible solution of equation (1.16),
in the optimal transportation case (3.17), with cost function c¢ satisfying Al and A2.
Suppose that y satisfies (3.18) and

(3.20) Dgu < you+¢@o ondQ,

for u < myg, where € L°(9Q), v 20 0n 0Q and yo > 0 and ¢q > 0 are constants.
Then we have the lower bound u > —C, in Q, where C is a positive constant depending

on Q)f)f*)ﬁ)y[))(p(] lll’ldc.

Proof Our proof is adapted from the second author’s 2004 Singapore Institute of
Mathematical Sciences lectures and the case where c(x, y) = x - y, thatis, Y = p and
A =0, in [17]. First, we note that if we have a global support from below at a point
xo € Q, that is,

(3.21) u(x) > u(xo) + c(x, ¥o) — c(x0, y0)

for all x € Q, then we must have yo = Y(xo, Du(xp)). Defining T = Y(-, Du), we
have by (1.16), (3.18), and the change of variable formula

> det DT|f* o T > *
fof_fo| ¢ ffeT> T(Qo)f

where Qg = {x € Q| u(x) < mg}. Hence, by our condition (3.19) on f and f*, there
exists a point yg € A — T(Qyg). It then follows by upward vertical translation of a
c-affine lower bound, that there exists a point xo € dQ such that

u(x) > u(xo) + c(x, yo) — c(x0, ¥o)

for all x € Q. If x¢ € 9Q), we must also have

Dgu(xo) > Dgc(xo5 o)

whence by the boundary inequality (3.20), we obtain

u(xp) > i[DﬁC(xo,}’O) = ¢ol.
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If xo ¢ 0Q), then we must have u(xq) = my. Hence by (3.21), we obtain the following

for xq € 0Q):
(3.22) u(x) > u(xg) + c(x, yo) — c(x0, ¥0)
1
2 )T[Dﬁc(xOJ’O) - (PO] +c(x, yo) = c(x0, y0)
0
>_Po —(|£ +diamQ) sup lex (-, vo)l>
Yo Yo Q
while for xo ¢ 0Q), we obtain
(3.23) u(x) > moy — (diam Q) sup |cx (-, ¥o)|-
Q

To remove the dependence on y, in (3.22) and (3.23), we can consider an exhaustion
of A, say by defining subdomains

Ar={yeA||y|<R,dist(y,0A) > 1}
for R > 1. Then by (3.19), we have

< S s

for some sufficiently large R, and we obtain from (3.22) and (3.23), the estimate,
u(x) > min{ Mo, —@} - ( Bl + diamQ) sup |Dc|.
Yo Yo QxAg
This completes the proof of Lemma 3.3. ]

Asa corollary of Lemma 3.3 and the proof of Theorem 1.2, we then have the follow-
ing variant of Theorem 1.2 in the optimal transportation case. For this purpose, we
note that the boundary condition (1.2) and the monotonicity condition (3.12) imply
(3.20) with f = vand

Po = —yomg +sup ¢( -, my).
a0

Corollary 3.1 Suppose that equation (1.1) is a prescribed Jacobian equation of the
form (1.16) generated by a cost function ¢ € C*(D) satisfying conditions Al and A2
and U, = R” for all x € Q, with y satisfying the structure conditions (3.18) and (3.19).
Let A, B, ¢, and Q satisfy the hypotheses of Theorem 1.2 except for the existence of an
elliptic subsolution, with ¢ satisfying (3.12) and Q assumed to be uniformly A-convex
with respect to ¢ and —C; that is (1.8) holds for p - v > ¢(-,—C) on 0Q, where C is the
constant in Lemma 3.3. Then the Neumann boundary value problem (1.1)-(1.2) has a
unique elliptic solution u € C>*(Q) for any a < 1.

We remark that as in [17], condition (3.19) is necessary for an elliptic solution u €
C2(Q) n C™(Q) of (1.16), with Du(x) € U, forall x € Q.

In accordance with our remarks following the statement of Theorem 1.2, pertain-
ing to the special case (1.14), and using the argument at the end of Section 2, we can
remove the supersolution condition in Corollary 3.1 for convex domains. To apply
the argument at the end of Section 2 (before Remark on Lemma 2.1), we also need to
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use the existence of an elliptic function, as provided by [7, Lemma 2.1]. In this way,
we obtain an extension of [17, Theorem 1.1], which corresponds to the special case
c(x,y) = x - y, (or equivalently, the case c(x, y) = —|x — y|*/2). Note that the matrix
A = A(p) satisfies (1.14) when the cost function ¢ = ¢(x - y). Examples of regular and
strictly regular cost functions are given in [18,30]. However, most of these examples
do not satisfy U, = R”, and in general we need additional controls on gradients to
prove classical existence theorems.

We also remark that Lemma 3.3 and Corollary 3.1 are readily extended to generated
prescribed Jacobian equations [28].

4 Oblique Boundary Value Problems

In this section we consider more general oblique boundary value problems for
Monge-Ampeére type equations under the hypothesis that the matrix function A is
strictly regular. As remarked in Section 1, this condition also leads to a much simpler
proof in the Neumann case. Also, we do not need to restrict to semilinear problems
of the form (1.13) but can consider nonlinear boundary conditions of the general form
(1.5), where G is also concave with respect to p. Our approach is already indicated in
[30, Section 4], and we will carry over some of the basic details from there. Moreover,
our results can also be seen as special cases of those for general augmented Hessian
equations in [8]. For second derivative estimates, we will assume that the function
G € C*(0Q x R x R") is oblique with respect to a solution u; that is, from (1.19),

(4.1) Gp(-su,Du)-v>pfy, onoQ,
for a positive constant 3y, and is concave in p, with respect to u, in the sense that
(4.2) Gpp(->u,Du) <0, onoQ.

We now have the following extension and improvement of Theorem 1.1 in the strictly
regular case.

Theorem 4.1 Let u € C*(Q) n C*(Q) be an elliptic solution of the boundary value
problem (11)~(1.5) in a C*' domain Q c R", which is uniformly A-convex with respect
to G and u, where A € C?(Q xR xR") is strictly regular in Q, B > 0,€ C*(QxRxR"),
and G € C*'(0Q x R x R") satisfies (4.1) and (4.2). Then we have the estimate

(4.3) sup |D*ul < C,
Q
where C is a constant depending on n, A, B, G, Q, By, and |ul;;q.

Proof Asin the proof of Theorem 1.1, we first consider the estimation of the nontan-
gential second derivatives. In the semilinear case (1.13), we can simply replace v by f3
there and deduce in place of (2.11), the estimate

(4.4) Dpeu| < C(1+ My) ", on dQ,

for any direction £, where as in Section 2, M, = sup, |D*u|. In the general case, we
have the same estimate (4.4) from [30, estimate (4.4)], where now 8 = G, (-,u, Du).
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Now, differentiating the boundary condition (1.5) twice with respect to a tangential
C? vector field T we obtain as in the estimate (4.10) in [30],

(4.5) Ureg 2 =Dy p, Guigrti;; = C(1+ Mz) > ~C(1+ M;), on0Q,

by virtue of the concavity of G with respect to p. For convenience, we write u;; = u;;7;,
Urr = UjTiTj, Urrp = Uijk T TjPk. To handle the pure tangential derivatives we extend
the C? vector field 7 to all of Q and set

v=w, - K1+ M;)¢,

whereas in the proof of Theorem L1, ¢ € C?(Q) is a negative defining function for Q
satisfying D, ¢ = —1 on dQ) and K is a constant such that

Dﬁ(WijTiTj) >—K(1+M2)ﬁ0, on Q).

In particular we can fix T with 7; = x; — (x-v)v;, i =1,..., n, where as in Section 2, v
is a smooth extension of the inner normal v to Q. It then follows that Dgv > 0 on 9Q
so that v must take its maximum on ) at an interior point xo € Q, with Lv(x) < 0.
Now we can adapt the proof of the interior second derivative estimate in [22, 29],
differentiating the equation (1.1), in the form (2.1), twice with respect to T and using
also the concavity of the function “log det”, together with (4.5) to control K, to estimate
at xo,

(4.6) WA j kitketinr < C[ (1+ Ma)w' + [Dug|*],

where the last term |Du.|* is from the twice differentiation of B. We remark that
if B is convex with respect to p, then the term |Du.|?* is not present in (4.6). We
note that when we twice differentiate (1.1) with respect to a variable vector field 7, to
calculate Lv, we encounter terms arising from derivatives of 7 that are not present
in the constant case (2.17). Apart from the terms in third derivatives these can be

directly estimated by C(1+ M,)w'’. Retaining the third derivative terms, we would
supplement the right-hand side of (4.6), by

(4.7) - wikwle,wijD,wkl - 4WijD,-TkDTij
—wikwleTwijDkal - 4wikwjle$DiTsDkal
< —wikwjl(DTwij +2wjsDiTs)(Dywiy + 2wy Dy 1y)
+ 4wikwjle5w1tDiTSDth
<4w'wi Dty DjT < C(1+ My)w',

so that estimate (4.6) is unaffected. To use the strictly regular condition,

Aija&i&imn 2 coléPnl%

for all £,5 € R" satisfying the orthogonality & L #, where ¢ is a positive constant
depending on A and |ul;,q, we choose coordinates so that w is diagonalised at xo, so
that

ij ii ii
(4.8) WA kiwkewir = W' A iwiawn Tk 2 2 WA awikkw Tk 11 — CMy
kil4i

> cow' Y (Wit ) = CM,.
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Hence, we obtain the following from (4.6), (4.8), and (2.7):
(4.9) Dqruu(x0) < C(1+ M,)3.

At this point we need to return to our choice of ¢ to ensure that inf ¢ > —e for some
small positive constant e. This can be done, for example, by mollification of the func-
tion — inf{d, e} for sufficiently small ¢, where the constant C = C, in (4.9) will depend
also on €. Alternatively, we may simply restrict to a boundary strip Q. = {¢ > —€}
and use the interior second derivative estimates [22, 30] to estimate v on the inner
boundary {¢ = —¢}. Accordingly, we obtain the following from (4.9):

v(x0) < Ce(1+ M,)? +eM,,
and hence we get an estimate
(4.10) D < Co(1+M,)? +€M,  on 9Q.
Since for any direction &, we have,
Ugg = trr + b(ueg + upe) + bupg,
where
b= ;-:};’ T=(-bp,

we then obtain a boundary estimate in the form,
sup |[D*u| < eM, + C.,
20

for any sufficiently small ¢ > 0, by combining (4.4) and (4.10). The global second
derivative estimate (4.3) now follows from the global second derivative estimates in

[29,30] by choosing € sufficiently small. ]
The details in the proof of Theorem 4.1 can be further varied. For example, we can

replace v by

(4.11) v=01-K¢)w,,

for a sufficiently large constant K, where ¢ is the same negative defining function as
in the proof of Theorem 4.1. As remarked in Section 1, we also obtain a much simpler
proof of Theorem 1.1 in the strictly regular case without need for the supersolution
and monotonicity hypotheses. Moreover, by flattening the boundary 0Q in a neigh-
bourhood N of a fixed point x; € 9}, we can localise the second derivative estimate
by modifying (4.11):
v=n(1-K¢)wes,

where 7 is a suitable cut-off function satisfying D,# = 0 on N n 0Q. Accordingly, we
obtain for any ball B = Br(x¢) of radius R > 0 and centre x, the local estimate

C
(4.12) |D*u(x0)| < ek

for elliptic solutions u € C*(Bn Q) n C*(B n Q) of (L1) satisfying (1.2) on B n 9Q,
where B n 9 is uniformly A-convex with respect to G and u in the sense that

(DiVj - DPkAij( B u,Du)Vk)T,'Tj < =0y
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on BnoQ for G(x, u, Du) > 0 and any unit tangential vector 7 and a positive constant
8. The constant C in (4.12) depends on n, A, B, Q2, 8y, ¢, and |u|;,o. We also point
out that comparability of differentiation with respect to a general vector field and a
constant vector field in the proof of Theorem 4.1, which follows from the identity
(4.7), is special to the Monge—Ampere case. A different and more detailed proof of
the critical tangential estimate (4.10) is provided for more general augmented Hessian
equations in [8, Lemma 2.3].

Returning to the example from conformal geometry in Section 1, namely (1.21),
(1.22) with M = Q c R", the A-convexity condition also simplifies in that Q is
A-convex (uniformly A-convex) with respect to G and u if and only if

K12, (>),—ce™ + hya onadQ,

where x; denotes the minimum curvature of 0Q), and Theorem 4.1 extends the second
derivative estimates in [11] for this special case with ¢ > 0. We remark though that
the strictly regular case in Theorem 4.1 also extends to general augmented Hessian
equations, and corresponding second derivative estimates for (1.21) for general f are
proved in [8].

From Theorem 4.1, we can obtain existence theorems, which also extend Theo-
rem 1.2 and Corollary 3.1 in the strictly regular case. First, we prove an appropriate
extension of the gradient bound Lemma 3.2.

Lemma 4.1 Let u € C*(Q) satisfy (3.2) in a C* domain Q c R" and let
(4.13) |Dgu| <00, B-v=Po

on 0Q), where 3 € L*°(0Q),
the estimate

B| = Land oy and By are positive constants. Then we have

(4.14) |Du| < C,
where C depends on g, 0y, o, Q, and sup |u|.
Proof Invoking the tangential gradient du, we have the formula

L

(4.15) Dyu = By

(Dgu — B - du)
so that we can estimate
1
[Du| < —(|0u| + 0o) +|0u|
Bo
on 0Q), whence from (3.2), we obtain

(4.16) D*u >~ (1+ |8u|*)I

on dQ), for a further constant y;, depending on po, B9, and 0p. Now we consider in
place of (3.5), the function

(4.17) w = e"|dul?,
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so that at a point xo € 0Q) where w is maximised we have
0= 0u- 6w = e (x|0ul* +28;ud;jud;;u)
= e““[K|8u\4 +28;udju(Djju - Dvu(?,-vj)]
> e[ k|0u|* - 2p1|Sul* (1 +|8ul*) - Cloul*],

from (4.15) and (4.16), where C is a constant depending on 3y, g, and 0Q. By choos-
ing « sufficiently large we conclude the estimate (4.14) on dQ) and the estimate in all
of Q then follows from [9] or Lemma 3.2. [ |

Lemma 4.1 provides an extension of [17, Theorem 2.2] to the weaker convexity
condition (3.2). If we assume a stronger quadratic control from below on the Hessian,
namely

(4.18) Dijuéi&; > —po(1+|Deul’)

for some constant py and any unit vector &, we can reduce to Theorem 2.2 and the
corresponding remark in [17] as condition (4.18) implies that the function e** is semi-
convex for large k. We also remark that the gradient estimates in Lemmas 3.2 and 4.1
have local versions. In particular, if we fix any ball B = Bg(x¢) of radius R and centre
xo € Q, and suppose u € C2(Q n B) n C'(Q n B) satisfies (3.2) in Q N B and (4.13) in
0Q N B. Then we have an estimate

(4.19) |Du(xo)| < %,

where C depends on o, 0y, o, Q, and sup |u|. To prove (4.19) we modify our proof
of the global estimate Lemma 4.1 by maximizing in place of the auxiliary functions in
[9] and (4.17) above, the functions

wy = 1126"”|Du|2, Wy = nzeku|6u|2

over QO N B, 9Q n B respectively, where # € C}(B) is a cut-off function chosen so that
0<#n<1n(x)=1and|Dy| <2/R.

Note that (4.18) is satisfied in the special case (1.22), so we obtain, for solutions of
(1.21), (1.22), both local and global, gradient and second derivative estimates in terms
of Q, hyq, and sup |u|.

In order to apply Lemma 4.1, we also need to assume that G is uniformly oblique
in the sense that

(4.20) Gp(x,2,p)-v>Po, |Gp(x,2,p)] <09 onoQ,

for all x € Q, || £ My, p € R" and positive constants ¢ and 0y, depending on the
constant My. Using the mean value theorem, we can thus write G in the semilin-
ear form (1.13) so that Lemma 4.1, as well as the solution estimates in Section 3, are
applicable.

We then have the following analogue of Theorem 1.2 with a much weaker superso-
lution condition.

Theorem 4.2  Suppose that A, B, G, and Q) satisfy the hypotheses of Theorem 4.1 with
G uniformly oblique satisfying (4.20), and concave in p for all (x,z, p) € 0Q x R x R".
Assume also that A and B are non-decreasing in z, G is strictly decreasing in z, A satisfies

https://doi.org/10.4153/CJM-2016-001-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-001-3

On the Neumann Problem for Monge-Ampére Type Equations 1359

(1.15) and that there exists a supersolution u and an elliptic subsolution u of equation
(11) in C2(Q) n CY(Q) satisfying G[u] < 0 and G[u] > 0 respectively on 9Q with Q
uniformly A-convex with respect to G and J = [u, u]. Then the boundary value problem
(1.1)-(1.5) has a unique elliptic solution u € C>%(Q) for any a < 1.

Analogously to Corollary 3.1, we also have from Lemma 3.3 an existence theorem
in the optimal transportation case. Here we may also extend the condition (3.12) by
assuming there exists a positive constant y, such that

(4.21) G.(x,2,p) < =yo
forall (x,z,p) € 9Q xR x R".

Corollary 4.1  Suppose that equation (1.1) is a prescribed Jacobian equation of the
form (1.16) generated by a cost function ¢ € C*(‘D) satisfying conditions Al and A2
and U, = R" for all x € Q, with y satisfying the structure conditions (3.18) and (3.19).
Suppose also that A, B, G, and Q) satisfy the hypotheses of Theorem 4.1 with G uniformly
oblique satisfying (4.20), uniformly monotone satisfying (4.21) and concave in p for all
(x,z, p) € 0OxRxR", A satisfying (1.15), B non-decreasing and Q uniformly A-convex
with respect to G and —C, where C is the constant in Lemma 3.3. Then the boundary
value problem (1.1)-(1.5) has a unique elliptic solution u € C>*(Q) for any a < 1.

As with Corollary 3.1, the applicability of Corollary 4.1 is limited by the admis-
sibility condition U, = R", as well as the boundary A-convexity conditions. Since
the function G( -, u, Du) itself satisfies an elliptic Dirichlet problem with vanishing
boundary values, geometric conditions of the latter type will be necessary for classi-
cal solvability; see [5]. This situation is explored further in the context of regularity of
generalized solutions in conjunction with [8].

Finally, we remark that when G is assumed nonnegative and uniformly concave in
p with respect to u in some boundary neighbourhood N, we only need A to be regular
in Theorems 4.1, 4.2, and Corollary 4.1, and the global second derivative estimates
follow exactly as in [30, Section 4]; see also [33]. Also the proof of Theorem 4.1 would
carry over to the cases when G is non-increasing and A is non-decreasing, with either
G, sufficiently small or D, A sufficiently large and A again only assumed regular (using
in the first case the existence of an elliptic function and Lemma 2.1). These aspects are
treated in part II of [8] for general augmented Hessian equations.
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