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In th is note we point out a not eas i ly f i l lable gap in the 
proof of a m a j o r r e s u l t in Chebyshev a p p r o x i m a t i o n s on an 
i n t e r v a l [a , p ] . T o r n h e i m developed a theory for a p p r o x i m a t i o n 
by f a m i l i e s un i so lven t of d e g r e e n ( n - p a r a m e t e r f a m i l i e s ) , 
which was extended by Rice to f a m i l i e s un i so lven t of v a r i a b l e 
d e g r e e . The p r i n c i p a l r e s u l t i s the fol lowing: 

T H E O R E M . Le t F be un i so lven t of d e g r e e n _at A. 
A n e c e s s a r y and sufficient condi t ion that F be a b e s t 
a p p r o x i m a t i o n to f i s that f -F(A, . ) a l t e r n a t e n t i m e s . 

The n e c e s s i t y proof of T o r n h e i m and R ice b r e a k s down in 
a c a s e they did not c o n s i d e r , n a m e l y when the e r r o r funct ion 
f -F(A, .) i s a n o n - z e r o cons t an t . In th is c a s e the e r r o r c u r v e 
m u s t be pulled down over the whole i n t e r v a l to get a b e t t e r 
a p p r o x i m a t i o n , w h e r e a s the T o r n h e i m - R i c e c o n s t r u c t i o n pul l s 
the e r r o r c u r v e down only on a p o r t i o n of the i n t e r v a l . 

The au thor has been unable to find anyone who can comple t e 
the proof. It would suffice to show that for any £> 0, t h e r e 
ex i s t B and C such that 

F(A, . ) - e < F ( B , . ) < F ( A , . ) < F ( C , . ) < F ( A , . ) + £, 

which would be t r u e if the a p p r o x i m a t i n g fami ly had a subse t 
un i so lven t of d e g r e e 1 containing F(A, . ) . A d i r e c t proof of 
th is would l ikely r e q u i r e a m a j o r t h e o r e t i c a l a d v a n c e . The gap 
does not aff.ect the t ru th of T o r n h e i m ' s r e s u l t , a s an a l t e r n a t i v e 
proof by Novodvorsk i i and P i n s k e r e x i s t s . However no o the r 
proof i s known for R i c e ' s r e s u l t . 
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