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FINITE UNIONS OF QUASI-INDEPENDENT SETS 

BY 

D A V I D G R O W A N D W I L L I A M C. W H I C H E R 

ABSTRACT. The analogue of Horn's theorem characterizing 
finite unions of linearly independent sets in a vector space is shown 
to fail in the group of integers. 

A finite subset E = {nj} of a discrete abelian group T is called quasi-
independent if each finite sum £ c-n^ (qGJ-1 ,0 ,1} , n^eE) is nonzero unless 
Cj = 0 for all j . A recent theorem of Pisier [2, theorem 2] has reduced an open 
problem concerning the arithmetic characterization of Sidon subsets of T to the 
following purely combinatorial problem. 

PROBLEM 1. Suppose that a set E <= T has the property that there exists fc > 0 
such that every finite set F c E contains a quasi-independent subset F' satisfy
ing | F | < k \F'\. (Here |X| denotes the number of elements of X.) Can E be 
written as the union of a finite number of quasi-independent subsets? 

It is natural to wonder whether a set E satisfying the property in Problem 1 
can be written as the union of k quasi-independent subsets, especially in light 
of the following theorem by Horn [1]. 

THEOREM. Suppose that a subset E of a vector space has the property that there 
exists a positive integer fc such that every finite set F<=F contains a linearly 
independent subset F' satisfying |F|<fc \F'\. Then E can be written as the union 
of k linearly independent subsets. 

The example in the next proposition shows that the analogue of Horn's 
theorem fails in the case T = Z, the additive group of integers. 

PROPOSITION. Consider E = E0UE1UE2 where Ek = {3] + kj : 1 < j <5}. Then 
E has the property that every set F^E contains a quasi-independent set F' 
satisfying | F | < 2 | F ' | , and yet E cannot be written as the union of two quasi-
independent subsets. 

Sketch of the proof. To prove that every Fez F contains a quasi-
independent subset F' satisfying | F | < 2 \F'\, it suffices to establish it when \F\ is 
odd and |F ' | = (|F| + l)/2. It is a trivial exercise to prove that if F<^Z+ and 
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| F | < 5 , then F contains a quasi-independent subset F ' satisfying | F | < 2 | F ' | . 
Therefore only the cases |F| = 7, 9, 11, 13, and 15 ( = |-E|) need to be 
considered. There are C(15,7) + C(15, 9) + C(15,11) + C(15,13) + C(15,15) = 
12, 911 such sets F<=E. (Here C(n, k) = nl/[(n-k)\ fc!].) Using a Hewlett-
Packard 3000 computer and a FORTRAN program designed by the second 
author, each one of these 12, 911 subsets F were found to contain at least one 
quasi-independent subset F' satisfying \F'\ = (|F| + l)/2. 

The proof that E cannot be written as the union of two quasi-independent 
subsets consists of two parts. First, the computer was used to establish that 
none of the C(15,9) = 5005 subsets F c £ satisfying |F| = 9 are quasi-
independent. It follows that E has no quasi-independent subsets F satisfying 
\F\ > 9 , and hence the only possible partitions E = FUG where both F and G 
are quasi-independent must be of the form |F| = 8 and |G| = 7. Next, a 
computer check showed that there are precisely 5 quasi-independent subsets 
Fez F with |F| = 8: 

Fx - {4, 11, 27, 81, 89, 243, 248, 253}, 

F 2 - { 4 , 1 1 , 30, 81, 89, 243, 248, 253}, 

F 3 = {11, 27, 81, 85, 89, 243, 248, 253}, 

F 4 = {11, 30, 81, 85, 89, 243, 248, 253}, 

F 5 = {11, 33, 81, 85, 89, 243, 248, 253}. 

It is easy to verify that for each Fi5 the complement of Ft in E is not 
quasi-independent. This completes the proof. 

Copies of the FORTRAN programs used in the proof of the Proposition may 
be obtained from the authors upon request. 

It is interesting to note that in the case T = Z, Problem 1 can be reduced to 
the consideration of finite sets E. 

PROBLEM 2. Suppose that E is any finite subset of Z with the property that 
there exists a positive integer k such that every set Fez F contains a quasi-
independent subset F' satisfying | F | < k |F' | . Does there exist a positive integer 
n = n(k), independent of F, such that E can be written as the union of n 
quasi-independent subsets? 

Proof of the equivalence of Problems 1 and 2 for T = Z. If Problem 2 is 
settled in the affirmative, then Problem 1 would be answered affirmatively as 
well. This results from the following lemma by R. Rado [3, Lemma 1] and a 
short argument in [1] which will be reproduced here. 

LEMMA. Let E be any set and let T be a function which associates with each 
xeE a finite set T(x). Suppose that for every finite subset F of E there exists a 
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function fF with domain F such that fF(x) e T(x) for all xeF. Then there exists a 
function /* with domain E such that for any finite subset G of E there is a finite 
set F with G^FczE such that /*(x) = fF(x) for all xeG. 

Suppose that E^Z has the property in Problem 1 and that the answer to 
Problem 2 is affirmative. In the lemma, take T(m) = { 1 , . . . , n} for all m e E 
Any finite subset F of E can be written as the union of n disjoint quasi-
independent sets H(F, i), l<i<n. Define fF(m) = i for m eH(F, i). Let /* be a 
function guaranteed by the lemma and let Ht be the set of all m for which 
/*(m) = i. Then E = Hx U • • • U Hn and the Ht are disjoint. Furthermore, let G 
be any finite subset of H{. There is a finite set F with G^F^E and 
/F(m) = /*(m) = i for meG. Therefore G^H(F,i), which is quasi-
independent. Thus each Ht is quasi-independent and Problem 1 is settled in 
the affirmative. 

On the other hand, suppose that the answer to Problem 2 is negative. Then 
there exists a positive integer k and a sequence of finite sets Em ={nmj}czZ, 
m = 1, 2, 3 , . . . , each with the property that every set F^Em contains a 
quasi-independent set F' satisfying \F\ ^ k \F'\, and yet Em cannot be written as 
the union of m quasi-independent subsets. Set p1=l and construct inductively 
an increasing sequence of integers {pm} which satisfies 

Pm + ̂ PmY, lnm,jl + * ' * + Pi £ K,jl 
J = l J = l 

for m = 1, 2, 3 , . . . Define E = [J pmEm where pX = {px : x G X}. The construc
tion of {pm} implies that if we have any quasi-linear combination from E 
representing 0, say 

/ | E J \ / l E J \ 
Pm\^X W V J ] + * * , + Pi(^Z ci,jni,j] = °> ( c u e { - l , 0 , 1 } ) , 

then 

£ CijHij = 0 for i = 1 , . . . , m. 
J = I 

It follows that every finite set F^E contains a quasi-independent subset F' 
satisfying |F |<fc |F ' | . Now Em cannot be written as the union of m quasi-
independent subsets and thus neither can pmEm. Consequently, E=\J pmEm 

cannot be written as the union of any finite number of quasi-independent 
subsets. This answers Problem 1 in the negative. 

The authors would like to express their gratitude to Professor Gordon 
Woodward for several insightful suggestions. 
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