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DENSE SUBGROUPS OF THE AUTOMORPHISM GROUPS 
OF FREE ALGEBRAS 

ROGER M. BRYANT AND VESSELIN DRENSKY 

ABSTRACT. Let F be the free metabelian Lie algebra of finite rank m over a field 
K of characteristic 0. The automorphism group Aut F is considered with respect to a 
topology called the formal power series topology and it is shown that the group of tame 
automorphisms (automorphisms induced from the free Lie algebra of rank m) is dense 
in Aut F for m > 4 but not dense for m = 2 and m = 3. At a more general level, 
we study the formal power series topology on the semigroup of all endomorphisms of 
an arbitrary (associative or non-associative) relatively free algebra of finite rank m and 
investigate certain associated modules of the general linear group GLm(AT). 

Introduction. Let K be a field of characteristic 0 and let Lm be the free Lie algebra 
over K of finite rank m freely generated by x\,..., xm. The general linear group GLm(ZO 
acts naturally on the m-dimensional subspace of Lm spanned by {x\9...,xm} and we 
can extend this action so that GLm(K) becomes a group of algebra automorphisms of 
Lm. If m > 2 and/ belongs to the subalgebra of Lm generated by {x2,... ,xm} then the 
endomorphism T/ of Lm defined by 

Tf(x\) = X\ + / , Tf(Xi) = Xi (Î ^ 1), 

is clearly an automorphism of Lm. By a result of Cohn [8], AutLm is generated by GLm(AT) 
and the automorphisms 7y. 

The main purpose of this paper is to study the automorphism group of the free 
metabelian Lie algebra LmlLm where L'm is the second derived algebra of Lm. Those 
automorphisms which belong to the image of the canonical homomorphism AutLm —-» 
Aut Lm/Lm are called tame. One of the questions which motivated our work was the 
question of whether every automorphism of Lmjl!m is tame. 

The analogous question has been answered completely for the free metabelian groups 
Tm/Tm (where Tm is the free group of rank m): every automorphism of T m / r^ is tame 
when m ^ 3 (see [2, 4, 12]) but H / r " has non-tame automorphisms (see [7, 3]). 

By Conn's result, AutL2 = GL2(K). It follows that L2/L" has non-tame automor­
phisms: if v is a non-zero element of the derived algebra of Lnjll[ then the mapping of 
L2/L2 defined by u 1—• u + [w, v] for all u G La/L^ is an automorphism which is clearly 
not induced by an element of GL2(K) (see also [14, Proposition4]). To study A\xiLm/L'm 

for m > 3 we make use of a topology on Aut Lm/Lm called the formal power series 
topology (see Section 2). We prove in Section 3 that the set of tame automorphisms is 
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1136 R. M. BRYANT AND V. DRENSKY 

dense in Aut Lm/L^ for all m > 4 but is not dense when m = 3. In particular L3 / L" has 
non-tame automorphisms. 

Since the completion of our work we have been informed by Yu. A. Bahturin that he 
and S. Nabiyev have now proved that Lm/L^ has non-tame automorphisms for all m > 2 
[6]. This nicely supplements our main result and shows that no exact analogue exists of 
the group theoretic results. 

In order to study AutLm/L^ we develop techniques which apply in a wider setting. 
We investigate the endomorphisms of arbitrary finitely generated relatively free algebras 
over K. The relevant background on relatively free algebras is described in Section 1. 
Our techniques are based on a combination of the methods of Anick [ 1 ] and Drensky 
and Gupta [9]. Anick considered the formal power series topology on the set of endo­
morphisms of the polynomial algebra K[x\,... ,xm]. He proved that the endomorphisms 
with invertible Jacobian matrix form a closed subset J and that the group of tame auto­
morphisms is dense in / . Drensky and Gupta applied the representation theory of GLm(K) 
to investigate the automorphisms of relatively free nilpotent Lie algebras. We shall de­
velop some of these ideas further. 

Let It be any variety of algebras over K, let F = Fm(U) be the relatively free algebra 
of II of rank m, and let E = End F be the semigroup of all algebra endomorphisms of F. 
As in the special case where F = Lm we can regard GLm(K) as a subgroup of Aut F\ thus 
GLm(K) Ç E. For k > 2 and any subsemigroup H of E, let IkH be the set of elements 
of H which induce the identity map on F/Fh. Thus H D hH D I^H D • • • and each 
IkH is a subsemigroup of H. For </>, -0 £ E write <j> =k+\ 0 if (/> and 0 induce the same 
endomorphism on F/Fk+l. Then it is easily verified that =*+! is a congruence on E. We 
show in Section 1 that the quotient semigroup l^Ej =k+\ can be given the structure of a 
^GLm(ZT)-module, where the action of GLm(A^ comes from conjugation within E, and 
we determine the structure of this module. Furthermore, in Section 2 we show that the 
direct sum 

L(E) = ®IkE/=k+l 
k>2 

acquires the structure of a graded Lie algebra over K. 
If H is any subgroup of Aut F then IkH/IMH can be identified with a subgroup 

of lkE/ =k+\. Making this identification we show that if H is GLm(A^)-invariant then 
IkH/Ik+\H is a ATGLm(X)-submodule of lkEJ =k+\ and 

L(H) = ®hH/Ik+iH 
k>2 

is a subalgebra of L(E). Furthermore we prove that if H\ and H^ are subgroups of Aut F 
such that GLm(̂ T) Ç H\ Ç //2 then H\ is dense in Hi with respect to the formal power se­
ries topology if and only if L(H\) — LiFLi). In Section 3 we apply these ideas to the study 
of Lm/L'^ by means of representation theory. We completely determine the KGLm{K)-
modules lkT/Ik+\ T and IkA/Ik+[A where T is the group of tame automorphisms of Lm /L'^ 
and A = Aut Lm/L^. 
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1. Relatively free algebras. Throughout this paper K will be a field of characteris­
tic 0. By an "algebra" we shall mean a vector space R over K endowed with a multipli­
cation which satisfies the left and right distributive laws and the law a{r\r2) — (ar\)r2 = 
r\ (ar2) for all n , r2 G R, a G K. (Thus R is non-unitary and need not be commutative 
or associative.) Let d\ be the class of all algebras and denote by F0R) the absolutely 
free algebra freely generated by the countable set {JCI,JC2, . . . } . Thus the elements of 
F0R) may be regarded as polynomials without constant terms in non-commuting and 
non-associative variables. For each positive integer ra, Fm0R) denotes the subalgebra of 
F(SK) generated by {x\,... ,xm}. 

Iff — f{x\,... 9xm) E F(9t) we say that/ is a polynomial identity of an algebra R 
i f / ( n , . . . , rm) — 0 for all n , . . . , rm G R. For a given subset W of F(d\), the class 11 
of all algebras in which all elements of W are polynomial identities is called the variety 
of algebras defined by W. The set T(tt) of all elements of F(9t) which are polynomial 
identities of all algebras of U is an ideal invariant under all endomorphisms of F0R). 
The quotient algebra F(U) — F(d\)/T(\\) is the so-called relatively free algebra of 11 of 
countable rank, freely generated by the set {vi, V2, • •.} where yi = x\ +7(11) for all i. 
Similarly Fm(ll) = Fm($i)/(Fm(9i) D F(U)) is a relatively free algebra of 11 of rank m. 
We identify it with the subalgebra of F(U) generated by {y\,...,ym}, so that Fm(ll) is 
freely generated by {y\,..., ym }. If r\,..., rm are elements of any algebra R of 11 then 
there is a unique homomorphism <j>: Fm(W) —> R such that <j>(yi) = 77 (1 < / < m). For a 
fixed variety II and fixed m we now write F — Fm(U). 

We may write Fm(d\) = (Bk>\ Fm(di)^ where Fm0H)^ is the subspace of Fm(di) 
spanned by all monomials of total degree kinx\,...,xm. Since K is infinite we may see 
by a Vandermonde determinant argument that 

Fm(W) H 7X11) = 0(Fw(9ft)(ik) H 7(11)). 
*>i 

Thus we may write F as a sum of homogeneous components, F = ©£>! F (^, where 

F(k) = FmWh)/{FmWh) H F(ll)) 

and F(jt) is the subspace of F spanned by all monomials of total degree kiny\,...,ym. 
Each element/ of F may be written uniquely in the form/ = T,k>if(k) with/*) £ F w 

for all k and fk) = 0 for all but finitely many k. We say that fk) is the homogeneous 
component of/ of degree &. Similarly, for any m-tuple a — ( a i , . . . , am) of non-negative 
integers we write Fa = F (a ] . ^w) for the multi-homogeneous component corresponding 
to a; that is, the subspace of F spanned by all monomials of total degree a/ in yi for 
/ = 1, . . . , m. Then, by similar arguments to those above, F = 0 a F a where a ranges 
over all m-tuples. Note that, for each positive integer k, F* = ©/>* F(/). 

We write G for the general linear group GLm(K) and let G act in the natural way on the 
subspace Fm(sJt)(i) of Fm(3\) spanned by x\,..., xm. We extend this action so that G acts 
on Fm(9î) by algebra automorphisms. Clearly the subspaces Fm0R)nT(Vi) and Fm(dl\Q, 
k > 1, are G-invariant. Thus G acts as a group of automorphisms of F such that each 
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F(£) is a A'G-submodule. From now on we assume that II is non-trivial, i.e., x\ ^ F(U). 
Thus F(i) has basis {yi,.. . ,ym} and F<D is the natural ATG-module. In particular G acts 
faithfully on F and we may regard G as a subgroup of Aut F. We write E = End F for 
the semigroup of all (algebra) endomorphisms of F. 

For each integer k,k>2, let IkE be the set of endomorphisms of F which induce the 
identity map on F/ Fk and write IE = hE. Thus 

E D IE = I2E D I3E D -• • 

and each IkE is a subsemigroup of F. For </>, t/; E £ and fc > 1 we write </> =* -0 if <j> 
and 0 induce the same endomorphism on F/F* or, equivalently, </>(>>;) — 0(y/) E F* for 
/ = 1, . . . , m. It is easily verified that =k is a congruence on F. For /: > 2 we write 
I^E/ =k+\ for the quotient semigroup of IkE corresponding to the congruence =k+{. 

For any element <j> of IkE let i/k((f>) = (/!,... ,/m) where/; = (</>Cy/))a) is the homo­
geneous component of <j>(yi) of degree fc, / = 1, . . . , m. Thus (j>(yï) = yi +/|- (mod F*+1 ), 
/ = 1, . . . , ra, and i/k(<j>) E F®?1 (the direct sum of m copies of the additive group F(k)). 
It is easily verified that vk. IkE —-» F^k™ is an epimorphism of semigroups. Clearly, for 
</>, 0 E /^F, !/*(</>) = ^(VO if and only if cj> =k+i 0. Thus vk induces an isomorphism 
of semigroups vk. IkE/ =k+\ —* FfkT- In particular, IkE/ =k+\ is an abelian group. Fur­
thermore, since F®"1 is a vector space over K we can give IkE/ =k+\ a similar structure 
so that vk becomes a vector space isomorphism. More explicitly, if [</>] E IkE/ =k+{ is 
represented by </> E 4 F and if a E Ĉ then a[</>] is represented by the endomorphism <j>\ 
defined by ̂ (yi) = yt + of» for all i, where i/*(</>) = (/i,... , /m). 

As observed above, F(i) is the natural ^G-module with basis {y\,...,ym}. It will 
sometimes be convenient to regard elements of G as m x m matrices, corresponding to 
the ordered basis {y\,...,ym} of* F(i)- Since G Ç E we can let G act by conjugation on E. 
Then it is easily verified that each IkE is G-invariant and that if <j> and ip are elements of 
IkE satisfying </> =k+x ^ then g(f)g~l =k+i g\/jg~l for all g E G. Thus G acts on /*£/ =*+1. 
It is also easy to see that the action of G on IkE/ =k+i commutes with multiplication by 
elements of K. Thus IkE/ =k+\ is a ATG-module. 

The action of G on IkE/ =k+\ is most easily written down using the map vk. Let 
</> E IkE,g E G and i/*(<£) = (/!,... ,/m). Then i/* maps g(j)g~x to (g(fi),.. .,g{fm))g~l. 
Here g(/j-) is calculated in the G-module F ^ , g_1 is regarded as an m x m matrix, and 
multiplication by g~l is multiplication of a 1 x m matrix by an m x m matrix. Let N( 1 )* be 
the vector space of 1 x m row-vectors over K regarded as a left KG-modu\e in which, for 
each g E G, g acts as right multiplication by g~{ (in other words, N(l)* is the dual of the 
natural ^G-module N( 1 )) and regard F^ (g)#Af(l)* as a ATG-module under the "diagonal" 
action of G. Then the map 

vk(#) = ( f 1 , . . . , / m ) ^ / 1 ^ ( l , 0 , . . . , 0 ) + - - .+ / m 0 ( 0 , . . . , 0,1) 

determines a ATG-module isomorphism from 4 F / =^+1 to F(^ 0A: N(l)*. Thus we have 
established the following result. 
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THEOREM 1.1. Let U be a non-trivial variety of algebras, let F = Fm(U) be the 
relatively free algebra of finite rank m in 11 and let G = GLm(K). Then, for k > 2, there 
is a KG-module isomorphism 

where N(l)* is the dual of the natural KG-module N(l). 

The proof we have given applies to any infinite field K (without need of our assump­
tion that charK = 0) and is based on the proof of [9, Theorem 2.1]. 

Before proceeding further we need to summarise some information about KG-
modules, particularly (finite dimensional) polynomial ^fG-modules (see [10] for basic 
facts and definitions). For an arbitrary integer n we write (det)" to denote a one-dimen­
sional ATG-module which affords the representation g H-> (det g)n for all g G G (where 
det g is the determinant of g). Every polynomial ATG-module is a direct sum of irreducible 
ones. The irreducible polynomial modules are indexed (up to isomorphism) by the m-
tuples of non-negative integers À = (Ai,..., Am), where Ai > • • • > Am. Such an m-tuple 
with Ai + • • • + Xm = k is called & partition oik into m parts and Part(&) denotes the set of 
all such partitions. For A = (Ai,..., Xm) the irreducible polynomial module correspond­
ing to A will be denoted by N(X) or N(X\,..., Am). The modules N(X) with A G Part(&) 
are precisely those irreducible polynomial modules which are homogeneous of degree k. 
Associated with each polynomial module W is an element of Z[X\,... ,Zm] called the 
character of W; and the character of N(X) has leading term x\x • • -X^m. When writing 
partitions we shall make use of standard abbreviations: thus, for example, (2,2,1,1,1,0) 
may be written as (22, l3). 

It is well known (and easy to verify by inspecting characters) that the w-dimensional 
natural KG-module is isomorphic to7V(l), and (det)1 <8>*W(1)* = 7V(lm_1). Thus N(l)* = 
(det)-1 <8>K N(lm~l) and Theorem 1.1 may be re-stated as follows. 

COROLLARY 1.2 (SEE [9, THEOREM 2.1]). For k>2 there is a KG-module isomor­
phism 

hE/ =k+l^ (det)'1 ®K N(lm-1) ®K F{k). 

It is easily verified that F^ is a homogeneous polynomial A'G-module of degree k. 
Thus F(k) can be decomposed as a direct sum of modules each of which is isomorphic to 
some N(X) with A G Part(&). 

We shall be particularly interested in varieties of Lie algebras (see [5]). Then, in all the 
above, we may replace F(di) by the free Lie algebra L freely generated by {x\,X2,...} 
and replace Fm(d\) by the free Lie algebra Lm of rank m freely generated by x\,... ,xm. 
We may take polynomial identities as coming from L and take relatively free Lie algebras 
of rank m as quotient algebras of Lm. The following result is well known. (For a proof 
see, for example, [9, Lemma 3.4].) 
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PROPOSITION 1.3. Let F = Lm/L^ be the free metabelian Lie algebra of finite rank 
m > 2 and let G = Ghm{K). Then the homogeneous components of F satisfy the KG-
module isomorphisms F(\) = N(l) and F^ = N(k — 1,1), k > 2. 

The tensor product of polynomial modules can be calculated by means of the 
Littlewood-Richardson rule. (For the rule itself see [11]. The application to GLm(K) is 
well known and is stated in [9, Proposition 1.4].) Thus by Proposition 1.3 and Corol­
lary 1.2 we can find the structure of the modules IkE/ =k+\ m the case where F — Lm/L"r 

The results are as follows (essentially as stated in [9, Lemma 3.5]). 

PROPOSITION 1.4. Let F = Lm/L^, where m>2. 

(i) Form = 2,12E/ = 3 = N(l) andIkE/ =k+l^ N(k - 2,1) 0N(k - 1), k > 3. 
(ii) Form > 3,12E/ = 3 ^ ((del)"1 ®K N(22, lm"3)) 0 N(l) and 

lkEJ =k+l*É ((det)"1 ®K N(k, 2, lm"3)) 0 N(k - 2,1) 0 N(k - 1), k> 3. 

2. Endomorphisms and automorphisms. We now return to the general situation 
where F = Fm(ll) and 11 is a non-trivial variety of algebras. We shall continue to use all 
the notation of Section 1. In particular, E = End F and G — GLm(Â )̂. 

We consider the topology on F corresponding to the series F D F2 2 F3 2 • • • ; 
that is, the topology in which the sets/ + Fk (f G F, k > 1) form a basis for the open 
sets. Since each element <f> of E corresponds uniquely to an m-tuple (</>0>i),. ..,</>(ym)) 
we may give E the topology of the direct product F x • • • x F of m copies of F. We call 
this topology the formal power series topology on £, following Anick [ 1 ]. (This topology 
can be described by the metric satisfying d((t>, t/0 = 0 if </> = V a nd d(</>, i/;) = exp(—k) 
if <j> ^ I/J and k is maximal subject to <j> =k ijj.) 

We aim to construct a graded Lie algebra L{E). In order to do this it is convenient 
to utilise the completions of F and E. The completion F of F with respect to the series 
E 2 E2 D • • • may be identified with the complete (unrestricted) direct sum ©/>iF(/). It 
has a natural algebra structure such that F is a subalgebra of F. Each element of F may 
be regarded as an infinite formal sum/ = E/>i/(/) with//) G F^ for all /. For each k > 1 
let ft® be the set of all such elements / with //) = 0 for / < k. (In other words ftk) 

is the completion of Fk.) Clearly the topology that F inherits from F is the same as the 
topology on F obtained from the series F 5 ft2) 2 • • •. It is straightforward to prove the 
following result. 

LEMMA 2.1. Ifw\,..., wm are arbitrary elements of F then there is a unique contin­
uous endomorphism <\> of F such that 4>(yt) = w/, / = 1, . . . , m. 

Let E be the semigroup of all continuous endomorphisms of F. Then Lemma 2.1 
shows that each element <j> of È corresponds uniquely to an element (</>(yi),..., </>(ym)) 
of the direct product F x • • • x F of m copies of F. Clearly the set È with the topology of 
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this direct product may be identified with the completion of E and we call this topology 
on È the formal power series topology. Note also that E is a subsemigroup of Ê. 

Because ftk) is the closure of/**, (j>(ftk)) Ç ftk) for all <j> G Ê. For k > 2 we let IkE be 
the set of all elements of E which induce the identity map on F j F"k). Thus E(~MkE — IkE 
and IkE is the completion of IkE. We also write IE — hË. 

LEMMA 2.2. IE is a group. 

PROOF. Clearly IE is a subsemigroup of È. Let <j> G IE. Then it is easy to see that 
</> induces the identity map on each factor F^/'ftk+lK Thus <j> induces an automorphism 
of F J ftk+X). It follows that for each k there is an element <j>k of E such that </></>* and (/>*</> 
induce the identity map on F/ftk+l\ The limit of the maps </>k is an inverse of </> in IE. 
Thus each element of IE is invertible. 

It follows from Lemma 2.2 that each IkE is a normal subgroup of IE and the topology 
induced on IE from È is the same as the topology associated with the series IE — IjE I) 

For each k > 2 we can extend the homomorphism */*: /^£ —> FS™ to a group ho-

momorphism i/̂ : /*£ —> F^™ in the obvious way. Thus vk induces a group isomorphism 

vk. IkÊ/Ik+iÊ —> F®™. For each k > 2 we write 

7*E = IkÊ/Ik+lÊ = (IkE)(Ik+lÊ)/Ik+lÊ. 

Thus J^F = IkEj =k+\. Furthermore we can use the map vk to give IkE the structure 
of a vector space over K so that vk. IkE —• FSf is a vector space isomorphism. Since 
G Ç E Ç Ê, G acts by conjugation on F and /^F becomes a ATG-module. Clearly 7^£ and 
IkEj =k+[ are isomorphic as ATG-modules. 

The following result is similar to several well known results and is straightforward to 
prove by direct calculation. 

LEMMA 2.3. Let <f> G IjE and xjj G IkE (J,k > 2). Then the group commutator 
(j)~lip~](j)il) satisfies (f)~li[)~l(f)ip G Ij+k-\E. Furthermore, if Vj(<j>) — (f\,...,fm) and 
vM) = (g\,..., gm) then i/j+k^i((j)~lil)-14>i[)) = (hi,..., hm) where, fori = \,...,m, 

hi = (gi(y\ +f\,...,ym+fm)){j+k_X)-(fi(y\ +g\,...,ym+gmj)(j+k_X). 

(Recall that, for/ G F,f(j+k_\) denotes the homogeneous component off of degree y + 
k- 1.) 

REMARK 2.4. In the notation of Lemma 2.3 we can write 

(/Kyi + gu • • • ,ym + &«))(,+*_!) =f!(y\ > • • •>ym, gi, • . ., gm), 

(^IOI +/i» • • • >ym
 +fm))(j+k_l) = g'iiyu- • • ,ym,fu- • • , / J , 

where// is linear in g i , . . . , gm (that is, a linear combination of monomials in y\,... ,ym, 
g\,... ,gm each of which contains precisely one factor from g\,..., gm) and g\ is linear 
mf,...,fm. 
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PROPOSITION 2.5. Let E = End F where F = Fm(U). Then the vector space direct 
sum L(E) — ©£>2 hE has the structure of a graded Lie algebra over K with IkE as 
component of degree k — 1 in the grading and Lie multiplication given by 

[<j>lhXÊ^IMÈ\ = (<p-l^-lM)Ij+kÊ 

for all <j) G IjE, -0 G IkÊ (/, k > 2). Furthermore G — GLm(K) acts on L(E) as a group 
of Lie algebra automorphisms. 

PROOF. By Lemma 2.3 the mutual commutator groups (IjÊ, IkÊ) of the terms of the 
series hE D I3Ê D • • • satisfy (IjÊ,IkÊ) Ç Ij+k-\Ê for ally,/: > 2. Therefore the direct 
sum of abelian groups L(E) — (Bk>i(hE/'h+\E) may be given the structure of a graded 
Lie ring in the standard way such that 

for all </> G /,£, 0 G IkÊJ, k>2. (See [13, Part I, Chapter II].) 
We have to show that L(E) is a Lie algebra over K. Let <j> G IjÊ, ip G IkÊ (/, k > 2) 

and let a G AT. In the notation of Lemma 2.3 and Remark 2.4, 

a ( (<^~ 1V ;~VV ; (yi) ) ( / + j k_ 1 )J = « S / t o , • • • , ^ m , / l , • • • ,/m) - q^'Cyi, • • • ,Vm,gl, . • • ,gm) 

= g-Cvi,..., vm,a/i,...,a/OT) - q/j'(yi,... ,ym,g\, • • •,8m) 

= (^i(yi + û/l» • • • > ym + û / m ) ) ^ . ! ) 

where </>i G 7/Ê is defined by </>i(>>;) = yt + af, i = 1 , . . . , m. Thus 

a[(f>Ij+iÊ,i;Ik+lÊ] = [acf)Ij+iÊ,i;Ik+lÊl 

and £(£) is a Lie algebra over K. It is easy to verify that the action of G on Ê by conju­
gation induces an action of G on L{E) by Lie algebra automorphisms. 

Note that, for <j> G IjE, 0 £ /*£, {<j>~1 tj)~l <j>i))Ij+kE depends only on the elements 

(</>(y*))n and {^(yù)(ky Thus the Lie algebra operations on L(E) can be defined purely 

in terms of E rather than Ê. 
For any subgroup H of AutF we write IkH = H Pi 4Ê, £ > 2, and IH = hH. Thus 

IkH is the set of elements of H which induce the identity map on F/F* and is a normal 
subgroup of H. We also write lkH = IkH(Ik+iÊ)/lk+\Ê. Since IkHfMk+\Ê = Ik+\H, IkH 
is naturally isomorphic to IkH/Ik+\H. It is convenient to use /*// rather than IkH/Ik+\H 
because of the inclusion îkH Ç IkE. Thus if H\ and //2 are subgroups of Aut F with 
H\ Ç //2 we have ïkH\ Ç J*/^. The topology induced on H from £ is clearly the same 
as the topology corresponding to the series H I) hH D I3H D • • •. 
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PROPOSITION 2.6. Let H be a subgroup of Aut F which is invariant under conjuga­
tion by elements ofG. Then, for k > 2, lkH is a KG-submodule ofïkE. 

PROOF. It is easy to verify that IkH is invariant under the action of G. It remains to 
show that it is closed under multiplication by elements of K. We repeat arguments from 
[1, Lemma 6] and [9, Lemma 3.1]. Let </> G IkH and a G K. Since Pk: IkE —> F^1 is a 
vector space isomorphism, it is enough to prove that ai/k(4>) G vk{IkH). Suppose first that 
a is rational: a = p/q where p and q are integers (q ^ 0). Let d be the scalar matrix of 
G with all diagonal entries equal to 1 jq and let n = pqk~2. Then, by an easy calculation, 

vk{{d(j>d-xf) = nvk{d(j>d-x) = n(\/qk-x)vk(<}>) = ai/k(<l>). 

Thus ai/k((t)) G i/k(IkH), as required. Now let a b e a non-rational element of K. For 
r = 0,1 ,...,& — 1, let dr be the scalar matrix of G with all diagonal entries equal to a + r. 
Then 

vk(dr<l>(Çl) = (a + r)k-lvk(<l>) 

and so (a + r)k~xvk(cj)) G vk(IkH) for r = 0 , 1 , . . . , / : — 1. But a can be written as a 
linear combination of {a + 0)k~l, ...,(a + (k— 1)) with rational coefficients. Thus 
avk{(j>) G i/k(IkH), as required. 

PROPOSITION 2.7. Let H be a G-invariant subgroup ofAut F. ThenL(H) = ®k>2lkH 
is a graded Lie algebra over K which is a G-invariant graded subalgebra of L(E). 

PROOF. By Proposition 2.6, IkH is a subspace of lkE for all k. By the definition of 
the Lie product in L(E), [77//, lkH] Ç Ij+k-\H for ally, /: > 2. The result follows. 

If 7^7/ is identified with IkH/Ik+\H for each k then it is clear that L(H) is the same 
as the Lie algebra ®k>2(IkH / Ik+\H) obtained by means of group commutators from the 
series IH = I2H D I3H D • • •. 

PROPOSITION 2.8. Let H\ and H2 be G-invariant subgroups of Aut F such that H\ Ç 
H2. Then IH\ is dense in IH2 with respect to the formal power series topology on End/7 

if and only if L(H\) = L(H2). 

PROOF. Suppose that IH\ is dense in IH2 and let <j> G IkH2, k>2. Then there exists 
V> G IHi such that ^~ V G Ik+\H2. Hence xp G 4//1 and so IkH2 = {IkHx)(IMH2). Thus, 
for all &, 7fc//i = 7^2 and so L(H\) = L(H2). The converse is similar. 

COROLLARY 2.9. Lef #1 am/ 7/2 be subgroups of Aut F such that G Ç H\ Ç //2. 
77zm #1 w dens£ m H2 if and only if L{H\) — L(H2). 

PROOF. Note that Ht = G(IHt), i = 1,2. If Hx is dense in H2 then clearly IH\ is 
dense in IH2. Conversely, if IH\ is dense in IH2 then, for all k>2, IH2 — (IH\)(Ik+\H2) 
and so 

H2 = G(///2) = G(IHX)(IMH2) = Hi(Ik+lH2), 

which implies that H\ is dense in H2. The result now follows from Proposition 2.8. 
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3. Automorphisms of free metabelian Lie algebras. Let m > 2 and let Lm be 
the free Lie algebra of rank m freely generated by x\,... ,xm. We shall study the free 
metabelian Lie algebra Lm/L^ of rank m freely generated byy\,...,ym where yi = xi + 
L^, / = 1, . . . , m. From now on we write F — Lm/L'^ and use all the notation previously 
developed for F — Fm(W) in the special case where II is the variety of all metabelian Lie 
algebras. In particular, recall that E = End/7, A = AutF and G = GLm(K). Furthermore 
T will denote the group of all tame automorphisms of F. We use commutator notation for 
the Lie multiplication in F: thus Fk, as used previously, now denotes [F,F,...,F] with 
k factors. 

Let Q = K[t\,..., tm] be the (commutative, associative, unitary) polynomial algebra 
over K freely generated by variables t\,...,tm. For k>0 write Q(jt) for the homogeneous 
component of Q of degree k and Q(k) = 0 ^ Q(/). Note that every element of the derived 
algebra F' of F may be written in the form 

E [j/,>7
7]/;)(ady1,...,advm) 

1 <i,j<m 

where fij{t\,..., tm) G £1 for all / j ' . (For each v G F, ad v: F —• F is defined by w(ad v) = 
[w, v] for all w G F.) 

We shall use a special case of the idea of the wreath product of Lie algebras as intro­
duced by Shmel'kin [14]. Let Am and Bm be abelian Lie algebras (in other words vector 
spaces over K) with bases {a\,...,am} and {tm,..., tm}, respectively, and let Cm be the 
free right Q-module with free generators a\9...,am. Then the wreath product Am wrBm 

is defined to be the vector space Cm 0 Bm made into a Lie algebra over K in such a way 
that Cm and Bm are abelian subalgebras and 

[dif(tu • • • , tm\ tj] = aif(tU • • • , tm)tj 

for al l / ( / i , . . . Jm) G Q and all ij G { 1 , . . . , m}. Thus Cm is an ideal and Am wrBm is 
metabelian. 

As a special case of Shmel'kin's embedding theorem [14, Theorem 1], the homo-
morphism e\ F —> Am wrBm defined by £(yt) — at + tt (1 < / < m) is a Lie algebra 
monomorphism. If 

/ = Sb ' i»»Wad^ i , . . . , ady m ) 

then 

£(/") = ZK a ^ _ Cljti)fij{tU. . . , ^m). 

LEMMA 3.1. 77ze element T!JL\ aifi(t\, • • • ,tm) of Cm belongs to e{Ff) if and only if 

PROOF. This follows from [14, Theorem 2]. It may also be proved directly as in [4, 
Proposition 3.1]. 

Our next objective is to give a matrix representation for IE which is similar to the well 
known representation for endomorphisms of a free metabelian group (see [4]). 
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Let M = Mm(Q) be the associative algebra of all m x m matrices with entries from 
Q. For k > 0 let M^k) = Mm(Q.(k)) be the subspace of M consisting of those matrices (/#) 
such that/y G Q(it) for all ij and let M{k) = ®t>k M(i). The series M = M(0) D M(1) D • • • 
determines a topology on M with completion M where M = 0/>oM(/) (complete direct 
sum). Thus M may be identified with the algebra of all m x m matrices over the formal 
power series algebra K[[t\,...,tm]]. 

Let S be the subspace of M defined by 

r m ) 
S= ( / i y ) G M : X : ^ = O j = l , . . . , m 

1 i=\ ] 

and, for k > l,\etS(k) = SnM(k)<mdS{k) = SnM(k\ It is easily verified that S = ®k>{ S(k) 

and S^k) = ®i>k S(i), k>\. The condition Y!?=\ tjftj = 0,j = 1, . . . , m, may be written as 
(fi, . . . , ^)(/i>) = (0,.. . ,0), or, alternatively, (tu..., im){\ + (/;>)) = fa,..., tm), where 
1 denotes the identity matrix. Thus S is a right ideal of M and 1 + S is a multiplicative 
semigroup. We write S for the closure of S in M and S(Â:) for the closure of &k\ k > 1. 
Thus 5 - ©*>!%) and S(k) = ^ > ^ ( 0 . 

For </> G /£ we can write </>(j/) = j/+// with/J G F\ j = 1, . . . , m. Thus, by Lemma 3.1, 
we can write 

m 
£{<l>(yj)) = ^ + h + Zla$/» J = i,. •.,m, 

where the/}/ are elements of Q such that (fij) G 5. Let /x(c/>) denote the endomorphism of 
the free Q-module Cm defined by 

m 

li(<t>)(aj) = aj + J2aifij> J = 1, • • • ,"*, 
/=i 

and identify the endomorphism algebra of Cm with M in the obvious way. Thus p(4>) G 
1 + S for all 0 G /£. 

PROPOSITION 3.2. 77z£ mapping \i\IE —> I + S is a semigroup isomorphism such 
that, for all k>2, [i(IkE) — 1 + 5(/c_1) and fi(IA) is the set of invertible matrices of\+S. 
Furthermore \i extends to a continuous group isomorphism ft: IE —> 1 + S. 

PROOF. It is straightforward to check that \x is a semigroup monomorphism. By 
Lemma 3.1, for every matrix (fij) G S there exist elements f \ , . . . ,fm G F' such that 
e(fj) = T!jLi aifijJ — 1, • • •, w, and consequently the element <\> of IE defined by <j>{yj) = 
yj +fjj = 1, •.., m, satisfies /i(</>) = 1 + if if). Thus \i is surjective. 

It may easily be verified that, for/ G F and k > 2, e(f) G £ £ ! a/fl**-1* if and only if 
/ G F*. Thus 

/xfa£) = l + ( 5 n M ^ 1 } ) - 1 +Sik~l\ 

Since 1 H- S is the set of matrices fixing fa,..., fm), the inverse of an invertible matrix 
of 1 + S also belongs to 1 + S. Thus, for <j> G IE, we have <j> G IA if and only if //(</>) is 
invertible. 
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By the above description of e(f) for/ G F*, we see that, for </>, x/j G IE and k > 2, 
<j> =k xftïï and only if /i(</>) — /i(?/0 G M^k~l}. Hence /i sends Cauchy sequences of IE 
to Cauchy sequences of M. It follows easily that [i extends to a continuous semigroup 
isomorphism /2: /£ —> 1 + S. Since IE is a group (by Lemma 2.2) so is 1 + £, and ft is a 
group isomorphism. 

Since S is a graded associative algebra, S — @k>\ %)> it has the structure of a graded 
Lie algebra over K under the commutator operation defined by |>i, S2] = s\S2 — S2S\ for 
all s\,S2 G S. 

PROPOSITION 3.3. For k>2,(i induces a semigroup epimorphism jik: IkE —> % - D 
from IkE to the additive group S^-iy The maps \ik induce vector space isomorphisms 
fib'. IkE —> S(/t-i) and an isomorphism of graded Lie algebras from L(E) to S. 

PROOF. Clearly (x(hÈ) = 1 + S(k~l) for all k>2. There is a group homomorphism 
from 1 + 5(/:_1) on to the additive group S(*_i) defined by 1 + W(*_i) + u^) + • • • '—> U(k-\), 
where u^ G S^ for all /. This induces a group isomorphism^ from (1 +S{k~V))/(\ +S{k)) 
to %_i). Thus we obtain a group epimorphism /z*: 4Ê —•> %_!) and a group isomor­
phism fa: IfçE —^ 5(jt_i). It is easy to check that fa is a vector space isomorphism. Since 
(i:IÊ—> 1 + S is a group isomorphism and /2(4£) = 1 + 5(*_1) for all k > 2 we obtain an 
isomorphism from L(E) to the graded Lie ring 

£(1+5) = ©(1 +S(*-1))/(1 + S(/:)). 
k>2 

It is easy to prove that the maps 6k give an isomorphism of graded Lie rings from 
L(\ + S) to S — ®k>2 S{k-\y (One can calculate directly or use the logarithm map and 
the Campbell-Hausdorff formula.) Thus the maps jlk give an isomorphism of graded Lie 
rings from L(E) to S. Clearly this isomorphism is also an isomorphism of Lie algebras 
over K. 

By Proposition 3.2, IE = 1 + S. We next calculate the action of G on 1 + S which 
corresponds to the action of G by conjugation on IE. Let G act in the natural way on Q (D 
and extend this action so that G becomes a group of unitary algebra automorphisms of 
£1. Let <j> G IE and /x(</>) = 1 + (/#). It is easy to see that, for all g G G, 

»(g$g-l) = g(l + {g(fij)))g-1 

where (g(fyj) G M, g G G Ç M and the triple product on the right hand side is the matrix 
product in M. We can identify M with Q, ®A: Mm(K). Then the action of G on 1 + S is the 
restriction to 1 + S of the "diagonal" action of G on Q ®K Mm(K) where G acts on Q, as 
described above and G acts by conjugation on Mm(K). From now on when we regard M 
or a subspace of M as a ATG-module it is always assumed that the G-action is the one just 
described. It is straightforward to prove the following fact. 

LEMMA 3.4. The maps fa: IkE —> S(*-i), k > 2, are KG-module isomorphisms. Here 
S(ic-i) is a submodule ofM^-x) = £2(*-i) ®K Mm(K). 

We shall now summarise some properties of (finite dimensional) rational KG-
modules. For the purposes of this paper we may define a rational ATG-module as one 
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which is isomorphic to a module of the form (det)~n ®A: V where V is a polynomial 
module, n is a non-negative integer, and (det)~n is as defined in Section 1. Most of the 
properties of rational modules we need follow from elementary properties of polynomial 
modules as given in [10]. 

For ij G { 1 , . . . , m}, let e^ be the element of Mm(K) or of M — Mm(Çï) which has 
entry 1 in the (ij)-th position and 0 elsewhere. For z\,...,zm € K\ {0} let 

d(zi,...,Zm) = z\e\\ + • • ' + zmemm 

be the corresponding diagonal element of G. If W is any rational A'G-module and a = 
( a j , . . . , ctm) is any ordered ra-tuple of integers, the weight space Wa of W is defined 
to be the set of those elements w of W for which d(z\,..., zm)(w) — z^1 • • • z^mw for all 
z\, • • • ,zm £ K \ {0}- The elements of Wa are called homogeneous of weight a. Each 
rational module W is the vector space direct sum of its weight spaces: W = ®a W

a. If 
w G W and w = £ a wa with wa G Wa for each a then we shall call wa the component 
of w of weight a. Every rational module is a direct sum of irreducible ones. The only 
irreducible rational modules (up to isomorphism) are the modules (det)~"(8)A:A (̂A), where 
n > 0 and N(\) is the irreducible polynomial module corresponding to À = (Ai,.. . , Àm) 
with Ai > • • • > \m > 0 as in Section 1. The weight spaces of (det)~n ®KN(\) and N(X) 
are related by 

((det)-" ®K N(\))iai~n'-,am~n) = (det)"'1 ®A-A^(A)(ttI "">. 

Furthermore, N(\)a ^ {0} only if a\,..., am are non-negative integers satisfying «i + 
• • - + am — Ai + • • • + Aw, and the dimension of N(X)a in this case is the number of 
semistandard tableaux of shape A and content a. (In the terminology of [11], dimA^(A)a 

is the number of tableaux of shape A and weight a: see also [9, Proposition 1.3].) 
Regard Mm(K) as a /^G-module, as before, with G acting by conjugation. Then Mm(K) 

is easily seen to be rational, and for ij G { 1 , . . . , m} the element e^ is homogeneous of 
weight (e\,..., £m) where er = 0 for r £ {ij}, £/ = £/ = 0 if i — j , and et = 1 
and £j = —\ if / ^ 7. It follows that the module Af(*_i) = Q(A:_i) (8)̂  Mm{K) is also 
rational and for all non-negative integers <*i,..., am with a\ + • • • + am — k — 1 the 
element ĵ*1 • • • f£m ®e// is homogeneous of weight (a\ +e\,..., aw+em) where £1 , . . . , em 

are as above. Consequently each weight space of M(^_D is spanned by those elements 
*V " ' fmm ® eij which belong to it, and the weight components of any element of M^-\) 
may be calculated by expressing it as a linear combination of elements f"1 • • • t%" 0 e^. 

We shall now begin a detailed study of A = AutF. For </> G 4 F Ç IkE it will be 
convenient to write </> = 04+1F to denote the corresponding element ofîkE. 

For each element/ of the subalgebra F(j2,... ,3>m) of F generated by y 2,. .. ,;ym we 
define ry G A by 7y(yi) = yi + / and Tfiyi) — yi (i ^ 1). By the description of AutLm 

given in the introduction, each 7y is tame and the group T of tame automorphisms of 
F is generated by G together with the set of elements ry-. If / = f\ + • • - +fn where 
fi G F(y2, • • • ,ym)(ih l' — !».••,«, then 7y, G G and 7y = r/, • • -T^. Thus F is generated 
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by G together with those 7y for which/ is homogeneous of degree at least 2. Since gTf = 
(gTfg~l)g for all g G G, 7 can be written as a product of subgroups, 

T = (gTfg-1 : g G G , / G U F(y2,... ,ym)(k))a 

Since IT H G = {1} it follows that 

iT=(gTfg-l:geG9fe U ^ 2 , . . . , y w ) ( A 

For k > 2 let Pk be the KG-submodule of IkE generated by those elements ff for 
which/ G F(y2,.. • ,ym)(k)' Note that when m — 2 we have / \ = {0} for all k. For 
/ £ ^(j2, • • • ,ym\k) £ (̂fc) w e c a n write/ as a finite sum/ = J2afa where each a has 
the form a = (a2, • • • » <*m) for non-negative integers a2,... ,am with «2 + • • • + #m = k 
and where/a G Fa(y2j... ,;ym) is the multi-homogeneous component of/ corresponding 
to a. Then iy is the product of the automorphisms Tfa. Hence Pk is generated by those ff 
for which/ G F(y2,..., vm)(^ and/ is multi-homogeneous. 

For each u G F' define £w G £ by £M(j;) = yt + Ly/» w], / = 1,... ,m. Since F is 
metabelian it follows that £M(w) = w + [w, w] for all w G F and so £M is an automorphism 
with inverse £_M. (In fact, since [w, w, u] = 0, 

Cw(w) = vv + [w, w]/l! + [w, w, M]/2! + • • • = exp(adw)(w) 

and so £M is an "inner" automorphism.) Let Q2 = {0} Ç 12E and for /c > 3 let Qk = 
{£M : w G /^it-i)} Ç /*£. It is easily verified that if k > 3, </> G AutF, u,u\,u2 G ^ - D 
and a G £, then <^ t t0

-1 = ^ M ) , £U]£U2 = £Ml+W2 and a£M = £au. Hence Q* is a #G-
submodule of /^F. 

Let O = £ ( s i , . . . , sm) be the free associative algebra (without identity) freely gen­
erated by variables s\,... ,sm and let G act on O in the obvious way. (Thus O can be 
identified with the tensor algebra on the natural ATG-module N(\).) For k > 1 let 0 ( ^ be 
the homogeneous component of O of degree /c. Furthermore let OJk, be the subspace of 
O(jt) spanned by the elements of the form Eo- ^a(]) • • • st where 1 < /j < • • • < ik < m 
and G ranges over all permutations of { 1 , . . . , k}. (This may be identified with the space 
of symmetric tensors of degree k.) It is well known and easy to prove that 0*k) is a KG-
submodule of O isomorphic to Q ^ (the /c-th symmetric power of N(\ )). But £l{k) = N(k) 
(see, for example, [10, p. 54]). Thus &*{k) = N(k) as #G-module. 

For each element h(s\,. ..,sm) of O ^ ^ , k > 2, define ^ G IkE by ^( j / ) = y, + 
yih(ady\,...,adym), i = 1,... ,ra. For fc > 2 let ^ = {fjh : h G <&**_!)} ^ /*#• It 
is easily verified that if g G G, h,h\,h2 G ^ _ D and a G AT, then grfhg~x = 77^), 
^/z,^, = r7/z,+/22 and ar^ = fjah. Hence Rk is a A^G-submodule of JkE. 

PROPOSITION 3.5. In the above notation let k>2. 
(i) IkE = />* ® Q* © Rk. Furthermore Pk = {0} for m = 2 and Pk = (det)^1 ®^ 

N(fc,2, \m~3)for m > 3, g2 = {0} anJ g^ = N(£ - 2, l ) /or it > 3, and 
Rk^N(k-\). 
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(ii) IkA = Pk® Qk. 

PROOF, (i) We apply an idea from the proof of [9, Theorem 2.2]. Assume that k > 3 
and m > 3. (The other cases are treated similarly.) By Proposition 1.4, we can write 
IkE = TV! 0 7V2 0 N3 where Ni ^ (det)"1 ®K N(k,2, lm~3), N2 = N(k - 2,1) and 
Â 3 = N(k — 1). Suppose/ G F(y2,... ,ym\k) where/ is multi-homogeneous of multi-
degree (0, «2, • • •, #m) in yi, _y2» • • • » ̂ m- Then it is easy to verify that ^tk(Tf) has the form 
T!jL2fii

en where/i G Q(*_i), / = 2,... ' , m, and where/i = 0 if a/ = 0 and/i has multi-
de gree (0, (x2,..., < /̂~i, of/ — 1, a i + i , . . . , otm) if a, > 0. It follows that /i&(7y) £ ^ _ i ) 

where /3 = (—l,or2 ocm). Thus, by Lemma 3.4, ff G ( 7 ^ = Tvf © A^ 0 TVf. But 
Â2 = Â3 = {0} since the first co-ordinate of (3 is negative. Thus ff E N\ and so Pk Ç N\. 
Since ATi is irreducible and P*. ^ {0}, Pk = N\. 

The map F^-i) —• Q>t defined by u v--» £M is a non-zero ^G-module epimorphism, 
and F (*_D ~ Af(fc - 2,1) by Proposition 1.3. Thus Qk = N(k - 2,1). Similarly, using the 
map 0*k_{) -^ Rk, h *-^ ijh, we obtain Rk = N(k- 1). It follows that IkE = Pk®Qk®Rk. 

(ii) By Proposition 2.6, 7jA is a ATG-submodule of 4F. Since the r/ and the £u are 
automorphisms, Pk (B Qk Ç IkA. Let /z = ^ _ 1 G 0>*k-\y ^ n u s *toCy/) = )V + y/(ad*_1 y\) 
for all / and 

lL(7)h) = 1 + tk
{~

2((-t2ei2 + ^ 2 2 ) + • ' ' + {-tme\m + ^mm))-

Since 77̂  G /?* it is enough to prove that fjh ^ IkA. Suppose to get a contradiction that 
fjh G 7̂ A. Then rjh =k+x </> for some <f> G 7̂ A- Hence n(r]h) = //((/>) (mod M(Â:)) and the 
determinants of //(r/^) and //(</>) are congruent modulo £2W. But 

det/x(r/A) = (1 +f{-1)m-1 = 1 + (m - l )^" 1 (mod Q<*>). 

Hence det £/(</>) = 1 + (ra — 1)^_1 (mod £l(k)). On the other hand, by Proposition 3.2, 
/x(</>) is invertible and so det //(</>) is a unit of £2. This is a contradiction. 

By Proposition 2.6, IkT is a ̂ G-submodule of îkA, k > 2. Our main task now is the 
calculation of these submodules. 

REMARK 3.6. 72F = F2 = 72A for all m > 2, since Q2 = {0}. When m = 2, 
7*F = {0} for all A; > 2, since 7F = {1}. 

LEMMA 3.7. 7^F = IkAfor allm>3,k> 4. 

PROOF. By Proposition 3.5, IkA = Pk ® Qk and Pk and (^ are irreducible KG-
modules. Since Pk Ç 7^F it suffices to show that QkDÏkT ^ {0}. Define xi £ 4 ^ 
by 

xiiys) = ys + yi(adk ]vi), xi(y/) = 3'i 0V 3)-

Then, by an easy calculation, ^(xi) = 1 — t\~2t2ei3+t\~xe23. Define gi G Gbygi(yi) = 

y\ +^3, giO,-) = # (i ¥ ! ) • T h e n 

M^iXi^r1) = g\ (l - gi(^"2^2>i3 + gM~l)e23)gTl 

= (1 + é?3i)(l - (t{ + r3)*"^2^13 + (*1 + t3)
k~le23)(l - ^3l) 

= l + (fl +t3)
k~2(t2(eu +e3X - ^ l 3 - ^ 3 3 ) + (^l+^3)(^23 ~ ^ 2 l ) ) , 

https://doi.org/10.4153/CJM-1993-063-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-063-5


1150 R. M. BRYANT AND V. DRENSKY 

Vk(g\X\g\ l) = Ci +^3)* 2(h(en + e3\ -en -e33) + (t\ + t3)(e23 - ^21 ) ) . 

If W is any ATG-submodule of M^-\) and we write W as the sum of weight spaces 

W = ® a W a then Wa Ç M®k_{) for all a. Thus the weight components of an element w 

of W coincide with those obtained by regarding w as an element of M^_i). 

The component of fik(g\ \ 1 gf1 ) of weight (k — 2 , 1 , 0 , . . . , 0) in M<*_ 1 ) is easily calcu­

lated to be 

*î~3(fi(f2en ~ hen + f3é?23 - ^ 3 3 ) + (A: - 2)t3(-t2ei3 + txe23)). 

Thus, since ^k(g\X\gTl) £ VkihT), there exists (1 £ IkJ such that 

M*(0) = A'3(t\(t2e\\ - t\e2\ + t3e23 - t2e33) + (k - 2)t3(-t2el3 + t{e23)). 

Similarly define \ 2 G hT by 

X2CV3) = ?3 +y2(diàk~2y\)(diày2), x2(yd = yt (i ^ 3), 

and g2 G G by ^2(^2) = y2 + J3, g2(y*) = y; 0 7̂  2). By considering the component of 

Vk(g2Xig2
X) of weight (k — 2 , 1 , 0 , . . . ,0), we find that there exists (2 G 1{T such that 

/**(&) = t\~3(t2(t2el2 - he22 - t3eX3 + ^ 3 3 ) + t3{.-t2e\3 + tXe23)). 

Similarly define r G l2T by r(yi) = yi + [^2^3], T(V/) = y* 0* 7̂  1), and #3 G G by 

£3(^2) = y\ + j>2, g3(j/) = yi (i ^ 2). Consideration of the component of ii2{g3rg^x) of 

weight ( 0 , 0 , 1 , 0 , . . . , 0) shows that there exists G G I2T such that /i2(o") — ^ 1 1 ~ ' 1̂ 31 — 

f3<?22 + f2e32. Finally define £ G V - i ^ b y ^ O ^ ) = y3 +y2(adk~2 yi), (3(yi) = yt (i ^ 3). 

T h u s ^ _ i « 3 ) = ^ 3 ( - ^ 1 3 + ^ 2 3 ) . 
We apply Proposition 3.3 to the subalgebra L(T) of L(E). Let LO\ = a~{^la(^. Then 

uj\ G 7*7 a n d 

lik(uj\) = [/x2(cr),/xjfe_i(C3)] 

= ^ ~ 3 ( f f e l - f 1*2*11 + ^ 1 2 - t\t2e22 - ^ 3 * 1 3 ~ ^ 3 * 2 3 + 2tXt2e33). 

By Proposition 2.6 there exist u3, ouo G hT such that 

M*(̂ 3> = j ^ ~ 3 (^(Cl) ~ M*(6) + M*(^l)) = ^t3{~t2e\3 + ^1^23), 

M*(^o) = - ( ^ ( C i ) + ^ ( C 2 ) - ^ ( ^ 3 ) ) = 4 " 3 ( ^ i ( - ^ n + txe2x) + t2{-t2e\2 + t\e22)). 

By replacing ^3 with yp (3 < p < m) in the above calculation we obtain automorphisms 

ujp G luT such that 

l*>k(up) = t\~~3tp(-t2elp + f ^ ) . 

Let LJ = o;o^3^4 • • -ujm. Then LU G hTand 

m m 

/Xik(a;) = /ijfe(a;o) + XI M ^ ) = S *î~%(-*2eip + fié?2p). 
p = 3 /?=1 

Hence /i*(a;) = /^(£w) where w = — y2(ad^ 2 yi) . Thus Ô) = <£M is a non-zero element of 
QknlkT. 
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LEMMA 3.8. 13T = hA for all m>4. 

PROOF. AS in Lemma 3.7 it is enough to show that Q3Dl3T ^ {0}. Define G\ , o2 G 

I2T by a{(y4) = J4 + [y\,y3], ^lG7/) = yt (i ¥ 4X ^ t e ) = J3 + fe^L ^Cv/) = yi 
(i ^ 3). Thus 

IH(P\) = ^ 1 4 - '1^34, 1^2(^2) = Ue23 - '2<?43-

L e t l i = G\1G2
XG\G2. Then7i G ^ T a n d 

M3(7l) = [/i2(0"l),M2(^2)] = f2(-f3*?13 + * 1*33) + ' l ('4^24 ~ ^ 4 4 ) -

Analogously, define pup2 G 72Tby /Oi(y4) = y4 + [v2,y3], PiO7/) = yt 0' ^ 4)> P2O3) = 

ys + buyd, Pity) = y« 0' 7̂  3). Let7 2 = PYlP2
lP\P2 G / 3 r a n d 7 = 7 i7 j * G / 3 7 . Then 

M3(72) = t\(-t3e23+t2e33) + r 2 ( ^ i 4 ~ ^1^44), 

M3O0 = M3(7i) - /i3(72) = *3(-*2ei3 + ^ 2 3 ) + t4(-t2ei4 + ̂ 1^24). 

Now we make use of (1,(2 G I3 T as obtained in the proof of Lemma 3.7, but with k = 3. 

Let 1/71 = C1C2 G /37\ Then we have 

M3(Ci) = h(he\\ -t\e2\ +t3e23 - t2e33) + t3(-t2el3 +t\e23), 

M3(6) = 2̂(̂ 2̂ 12 - 1̂̂ 22 - ^ 1 3 + txe33) + h{-t2e\3 + txe23), 

M3(^i) = fiteeii - '1*21) + 2̂(̂ 2̂ 12 - ^1^22) ~ 3/3(^2^13 - ^1^23)-

Similarly there exists \p2 G I3T such that 

^3(^2) = ti(t2e\i -t\e2\) + t2{t2en - txe22) - 3t4(t2eX4 - t\e24). 

Thus there exist ĉ o, ^3 G ̂ 7 such that 

M3<M)) = - ( - ^ 3 ( ^ 0 - ^ 3 ( ^ 2 ) + 3 ^ ( 7 ) ) = t\(-t2e\\ + txe2X) + t2(-t2eX2 + txe22), 

M3(^3)= T ( ^ 3 ( ^ O ) + M3(V ;I)) ==^(-^2^13 + ^1^23). 

The proof can now be completed as in Lemma 3.7. 

LEMMA 3.9. For m = 3, the Lie algebra L(A) satisfies [I2A, 12A] = P3 C I3A. 

PROOF. By Remark 3.6,12A = P2 and, by Proposition 3.5,13A = P 3 © g 3 , where F 3 

and Q3 are non-isomorphic irreducible modules. Since [P2,P2] is a submodule of I3A it 

suffices to show that [P2, P2] does not contain Q3 and [P2, P2] ^ {0}. Since Q3 = N(l2) 

we have g^1'1,0* ^ {0}. Therefore it suffices to prove that {0} ^ [/^/^l0 , 1 , 0* Ç P 3 . We 

shall work in S(X) and 5(2) (using Proposition 3.3 and Lemma 3.4). Let V = p2(P2) = 

/ i2 (M) Ç 5(i), 

C = fi3([P2,P2]) = [fciPilMPi)] = [V, V] Ç 5(2) 
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and D = /23(ft) Ç S(2). We wish to prove that {0} ^ C<u '0 ) Ç D. 

Since V ^ ft = (det)-1 <g)* N(22), Va ^ {0} only for 

a G { ( - l , l , l ) , ( l , - l , l ) , ( l , l , - l ) , ( l , 0 , 0 ) , ( 0 , l , 0 ) , ( 0 , 0 , l ) } , 

when y a is one-dimensional. It is easy to verify that, for all a, /3, [Va, V^] Ç [V, y] a + / 3 , 

where a + /3 is the componentwise sum. But C = [ £ Va , E V^] = E l Va, V^]. Thus 

£(1,1,0) = y jya^ y/3j _ jyd.1,-1)^ y(0,0,l)] + |-y(l,0,0)? y(0,l,0)^ 

a+/3=( 1,1,0) 

LetTr,^ G72Abedefinedby7r(j3) = y3+\y2,yi],n(yù = yi0V 3 ) > ^ 2 ) = >^2+l>3^i], 
^(J/) = ?i 0' 7̂  2), and let g G G be given by g(y3) = y2 + y3, g(y/) = y; (/ ^ 3). Let 
6\ = 7Til)~lgil)g~l G 72A. Then, by easy calculations, 

^2(TT) = - ^ 1 3 + '1^23, V>i(0\) = -tien + t\e2i + '3^3 - ^ 3 3 . 

Similarly there exist 62, #3 G 72A such that 

M2(#2) = -he23 + t2e-n + t\e2\ - r2^n, 

^2(^3) = -^1^31 + hen + t2e32 - /3e2 2 . 

It follows that V0'1'"1*, V°'0 '0), \A°'l'0), Ve0'0*1} are spanned by the elements /I2(TT), //2(0i), 

^2(^2)» ^2(^3)» respectively. Thus C*1'1'0* is spanned by ci = [/i2(7r), /i2(03)] and c2 = 

LM2(#I)> ^2(^2)]- By direct calculation, 

Cl = ^ ( r ^ n - t\e2\) + f2(—f2ei2 + ^ 2 2 ) + 2̂̂ 3̂ 13 + ' 1^23 - 2 ^ 2 e 3 3 , 

c2 = ti(—t2en + t\e2{) + f2(-f2«?i2 + ^1^22) + 3f3(f2é?i3 - fie23). 

In particular C 0 1 0 ^ {0}. 
Now we use x i , X2»Ci»C2 £ ^3^ a s m the proof of Lemma 3.7 (but with k = 3). It 

is easy to see that X1.X2 € ft. Thus /x3(xi),M3(X2) G D. Because /i3(0),/x3(C2) are 

weight components of /i3(xi)> M3(X2) we obtain /i3((i), ^3(^2) £ 7). It is easy to see that 

ci = /x3(Ci) - M3(C2) and c2 = —/x3(Ci) ~ M3«2>- T h u s C ( U ' 0 ) Ç D, as required. 

LEMMA 3.10. For m = 3, 7 3 r = ft C 73A 

PROOF. A S we saw earlier, IT is generated by the automorphisms gT/g"[ where g G 

G — GL3(^Q, / i s a homogeneous element of F(y2,y?>)' and Ty is defined by Ty(yi) = yi+/ , 

-7yCy2) = J2, T/(y3) = y3. We have fi(rf) = 1 +/ 2e 2 i +/3e3 i where / 2 , / 3 G #[f2 ,r3] Ç 

£ï*i, *2, ^3]. Hence ( M 0 / ) — l ) = 0. Also, for all g G G, 

VigTfg~X) = # ( l + g(/2>2i + g(/3>3i)g~1. 

Hence ( / i t e r , * " 1 ) - l ) 2 = 0. 
Let </> G 737\ Since </> G 77, there exist homogeneous elements/1, . . . , / « of F(y2 ,y3y 

and elements g i , . . . , gn of G such that <j> = <t>\(j>2' "<t>n where (/>/ = giTf.gj~ \ i = 1 , . . . , n. 
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(Note that (gTfg l) 1 = gr-fg 1.) Write /i(</>/) = 1 + w/, / = 1,... ,n. Thus each U[ is 
homogeneous of degree at least 1 and 

fi((j)) = (1 + u\) • • • (1 + un) = 1 + (u\ + • - • + un) + ^ uiUj (mod M(3)). 

Let those ut of degree 1 be v\,..., vp (taken in the same order as in u\,..., un) and let 
those ut of degree 2 be w\,..., wq. Then 

//(</>) = 1 + (vi + • • • + vp) + (w\ + • • • + wq) + J2 yivj (mocl ^ ( 3 ) ) -

Since <j> G 73r, //(</>) = 1 (mod M(2)). Thus vi + • • • + vp = 0 and 

fl3((j)) = (Wi + • • • + Wq) + YJ V/V,-. 

0 for all i we have v\ = • • • = v2 — 0. Thus 

0 = (Vi + • • • + Vp)
2 = J2(viVJ + K/V|), 

*'</ z K/ 

/i3(</>) = (Wi + • • • + Wq) + - ^ [ V i , V,-]. 

By the definition of w\,..., wq, v\,..., vp we have wi , . . . , wq G ^3(^3) and vi , . . . , vp G 
fiiiPi) = fiiihA). Thus, by Lemma 3.9, [v/,v/] G p,?>(P?) for all / j . Hence //3((/>) G 
p3(P3). This holds for all </> E I3T and S0Î3T Ç P3. The result follows since P3 Ç 737 
and g 3 ^ {0}. 

We now obtain the main result of this section. 

THEOREM 3.11. Let T be the group of tame automorphisms of the free metabelian 
Lie algebra of finite rank m > 2. 

(i) For m>4,T is dense in A = Aut F. 

(ii) For m = 2 and m = 3, T is not dense in A and so F possesses non-tame auto­
morphisms. 

PROOF, (i) By Corollary 2.9 it suffices to show that L(T) = L(A)\ that is, lkT = IkA 
for all k>2. This follows from Remark 3.6, Lemma 3.7 and Lemma 3.8. 

(ii) It suffices to show that L(T) ^ L(A). For m = 2, L(T) = {0}, by Remark 3.6, 
and X(A) ^ {0} since 0 3 7̂  {0}. For m = 3, X(7) ^ £(A) by Lemma 3.10. 

Since (/x(</>,-) — l) 
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